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FORWARD

This ebook is about learning some basic and essential mathematics from the author's perspective and considerations.
Mathematics is the study of measurements, numerical relationships, quantifying, solving, and where arithmetic is the
general study of counting, which can be called basic or fundamental mathematics. | have considered this book to be
practical for the average person who just needs some basic knowledge on a particular subject and-or concept and then
goes and does something useful with it. Each other math book is usually a trade-off between the maximum number of
topics and an extensive and-or complicated view of a few topics. This book may be just right for those seeking a way to
finally learn math, especially for its unique overview of topics and an informal approach, rather than leaving the casual
reader wondering if they should have taken some kind of advanced calculus and-or perhaps being born with exceptional
mathematical abilities and thought processes. There is already many other math books available, and for me to write
something new would mean writing something that is hopefully different in some ways. This book will hopefully make you
feel comfortable about mathematics to the point where you actually want to keep reading this and other learning material
and applying what you know when needed. Most books, inducing this book, are also lacking in some way and are
therefore never completely finished, and at some point, they are still presented to the readers at its current edit or version
so as some hopeful and timely use can be made of what is expressed. Editing this large book like this is a lengthy
process and it has become increasingly difficult, but what is presented here is reasonable, and more than | originally
intended since many concepts then needed to be included for the readers sake. This book does not discuss any
particular branch of mathematics in great depth, due to the huge number or pages that would be required, and then not
having the particular or simpler style of this book. Still, this book does show you the essentials and power of
mathematics. To acquire that power, the reader must give a reasonable effort. Be patient since math and science books
are usually not known for being "fast" or "lite" reading material, and then we sometimes need to learn how to learn new
things. The decimal number symbols and the language of mathematics is necessary, standardized and used world-wide.

Some form of mathematics is found almost everywhere these days, even within some home cooking recipes, and you
need to have some knowledge of math to help feel comfortable when you do encounter it. If you like modern technology
and science (to study so as to find and understand knowledge) and want to learn how it ticks, then a good place to begin
is with some math. Each page or topic, when understood, and even applied, can be a potential achievement in itself,
especially for the casual user or reader who may only need to learn a few things on occasion from this book. You can
even have and store this book as an available and useful "knowledge resource" for when it is promptly needed rather than
as an information overload, burden to complete, and easy to forget, hence there is no need, requirement or pressure to
read this entire book just to have some basic and useful knowledge on just a few specific topics in need. There is
probably enough material within this book for a course and-or a lifetime of usefulness if you are willing. Some may only
have a partial need for this book, while others may consider all within. You should first skim through the table of contents
and book pages so as to have a general idea of what is within it.

The homemade "grassroots effort” and thoughtful style of this book was especially written with compassion for the readers
having some difficulty learning math and-or science, and as an effort to help prevent those who may otherwise fail or
leave an education because they can't yet manage to understand something that has to do with math. It was also written
for those who desire to reeducate themselves, and-or for those who lack the resources for other ways to learn, and yet
still hope, desire and need to have something available to reach for and explore so as to move a step forward. From
having just occasional interest, a beginner, master, or even a practical computer programmer at any level can benefit from
at least some of the material within. All books have their own style, methods, material, and available knowledge within,
and so if this book currently seems excessive to the reader, or perhaps not even sufficiently detailed enough for some,
there are other fine, well written and printed on paper, math books available to consider at some point in your learning
journey. Please check the books available at book seller websites such as Amazon.com and-or other websites that focus
on a specific topic that you are interested in, and which may also offer more than books about a topic. Please take a visit
to your local bookstore shops for there may be books there that are unavailable elsewhere. This relatively basic ebook
may sometimes be considered as somewhat less than the higher standards set by some rigorous (strict, formalized, "pure
mathematical science" - the study of math itself) books in several ways, and yet it still excels in simplified, practical ways
for the average person. Due to the number of pages in this book, it is currently too costly to print into a paper book(s).

This book contains much, perhaps enough for several books (practical math, basic science, basic electronics, and some
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C language example math programs) on their own, or a collective volume of books, and you are in no way expected to
read it all and-or to try to memorize it, but rather at least have a minimal or basic reasonable idea of a topic in order to
begin someplace when needed, and so enjoy this book at your own pace, interest and needs - even if its just one topic or
page now and then for this book is not a formal course having specific educational goals and with many practice
problems, and therfore, generally not having much of a variety as a book such as this. Placing these writing together into
one book or volume also helps with the distribution of them, for it is easier to distribute just one book in one instance,
rather than three (ex., math, science, computer programs) books and three instances over time and availability. This book
started out to be a basic three chapter math book with many new helpful ideas, yet | still had to somehow make this book
different enough to be even be considered as something to obtain, and so | then included many practical science topics
and computer programs.

As for trying to learn and-or understand things, it is surely much better to learn slowly and easily, than not at all. Consider
math as a helpful tool to learn, build and apply other knowledge, rather than just as a temporary goal to complete some
kind of study or course. This book can be viewed before, during, and after any course (tutor, private or public course such
as from a local college) as a helpful supplement to learning. One thing to always remember is that it is not how much that
you know of a seemingly infinite or endless topic, but how you can apply what little you do know so as to make some type
of practical and beneficial use of it for yourself and-or others. To learn more about the infinite subject of mathematics, just
apply what you already know as the first step to begin leaning new concepts. This process could be called the
"fundamental math learning concept" where each new concept is built upon previous concepts. It's like a logical chain,
steps or progression of concepts from one to the next following one. Some concepts can be fascinating and an
achievement to learn, but there is nothing within this book that is only for the magically gifted to attempt. Concepts are
rather given in successive steps so as anyone could reach and learn them. Even the most highly advanced math topics
are built upon and utilize the basics of math such as: addition, subtraction, multiplication, and division to a great
extent, and therefore knowing just these, you can go a long way in terms of practicality, usefulness and learning new
things.

This book also includes some example plain text, readable and editable, computer source code programs that are
mostly based on the math material found within this book. The computer programming language used is the popular C
programming language. Even if you may never program a computer, you are still encouraged to take a glance at them
when your able for the sake of familiarization. A computer can quickly calculate many mathematical values that would
otherwise be very difficult and-or time consuming to do. Computer programming is an interesting, joyful, artful, and
rewarding hobby that could even become beneficial to others when making even relatively simple computer programs that
can easily calculate values that others such as scientists, hobbyists and businesses could benefit from. Always remember

that there is "strength in numbers", "numbers matter", and that nobody is magically born knowing how to do math, but they
can learn the knowledge step by step at their own pace and needs.

Some history and facts were included in some topics so as to help provide a more practical understanding of what has
previously taken place in our world so as to get to this modern level of understanding, and also to give some readers a
"good read" of many things to consider further.

Book and Computer Safety Statement

This PDF (Public Document Format) ebook, and having the .pdf flename extension, is meant to be safe to obtain and
read. Itis a single file with no attachments and-or associated files needed. There is no active links within it to send you to
some other website. You will have to actively copy and-or type a link or internet website address into your web or internet
browser. This book contains no active code such as to play music, display an image, etc. ("etcetera" which means "and
further", "and so on"), although your internet browser and-or .html webpage viewer system usually has these abilities to
call or access when needed. This book contains a few internal hyperlinks to a few selected pages and-or topics within this
book such as to easily go to the table of contents page, and the donate page.
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Please help the author of this book

THIS FULL VERSION OF THE MATHHIZATION EBOOK IS FREE TO SHARE TO OTHERS IN NEED.
PLEASE HELP THE AUTHOR WITH A DONATION FOR SOME HELPFUL LIVING NEEDS. YOU MAY ALSO
DONATE ON BEHALF OF SOME OTHERS WHO ARE NOT SO ABLE TO DONATE AND-OR DO NOT HAVE
A PAYPAL ACCOUNT, ETC.

YOU MAY HELP THE AUTHOR BY SHARING THIS BOOK VIA YOUR OWN EMAIL ACCOUNTS, ETC. TO
YOUR RELATIVES, FRIENDS. GIVE A MENTION ON YOUR SOCIAL MEDIA CHANNELS AND WEBSITES
THAT YOU ARE ABLE TO SEND SOME PEOPLE THIS EBOOK AND AT NO COST TO THEM VIA AN
EMAIL ATTACHMENT, WEBSITE DOWNLOAD, DISK, ETC. THIS BOOK CAN ALSO BE USED AS A FREE
GIFT SO AS TO HELP A WEBSITE OBTAIN SUBSCRIBERS, ETC.

I, the author of this book, am humbly asking for general donations for my wellbeing, and not in exchange for
this book or any other item, service or debt. Even small donations of a few dollars can make the difference to help get
some things | need to function day by day as a veteran in need. People should donate according to their own personal
ability. The donation will be used for some basic living items such as for health, well-being, and other expenses such as
for transportation to the hospital and other appointments. There is a saying that "If you do not ask, you will not receive".
You may kindly send your (non-tax deductible) donation for my wellbeing via this verified Paypal link:

The Author's Donation Link Is: https://www.Paypal.me/JonAlbert

NOTE: For both our records of helpful communication, please send me an email if you have donated or have a
message, and so as to prevent any issues of your donation or message not arriving to me for some reason. It
would help greatly if you leave a comment including the date you sent it, and at the text Post | made about emails,
messages and donations on my YouTube.com channel called Mathization and as long as it still exists, and if not,
my email should be sufficient. If | need your email due to a comment on my YouTube channel, | will then ask you
in a reply so as to send it to my email if you do not yet know it. Resend emails and messages if | have not
responded, and please leave another comment about it on my Post section on my YouTube channel if you want. |
do not delete these messages, and so as to provide helpful communicatin and verification. Thanks in advance for
any donation. If you like the ebook, it would be nice to hear from some people of what you think about it.

Some people wishing to donate might not yet have a Paypal or other electronic payment account, and those who are
more able may also consider donating on their behalf (ie., for them). If you do not have a Paypal account, you may ask
someone with an account so as to donate on your behalf. Those who support education may also donate whether they
have received this book or not. If you do not have a Paypal account, there may be some other options so as to still
donate to me through the Paypal website, etc. Please write and-or copy and paste the above link where needed.

My contact email is: mathhization@gmail.com , and an alternate or carbon-copy email in case there is any
communication issues is: mathization@aol.com Please notify the author of any issues. | try to read my emails in a
reasonable amount of time, but due to spam emails, or a valid emails being placed into spam folder automatically by the
email company, it makes everything slow down. | do not collect, misuse, or sell any email addresses or data other than
for the purposes needed for this book effort and in the case that | have to responsibly contact you for some reason. |
understand that some may wish to use a spare and-or alternate email address rather than their main email address.
Please be patient when corresponding, and-or occasionally resend your message if | have not responded in a timely
manner. | will not reply to people seeking to cause problems. | will generally only reply to the address of the sender of the
email, and not to another one mentioned in the email. Occasionally, | may send a verification email so as to help prevent
misuse and-or other issues.

If you want to be helpful to education, please let others know about this ebook on your website and-or social media, such
as Twitter, Facebook, email, etc., so that some others in need may also obtain this ebook. This book was made out of
necessity for people needing more accessible education and-or some assistance at work or with a course (public, private,
tutor) they are currently taking or may take in the future. You may also email me about any significant and-or logical

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 4



errors to be freely corrected, and that were overlooked during editing, and if so, thank-you in advance for your
considerations and positive addition(s) which will help others who obtain any further editions of this ebook.

____________________________________________________________________________________________________________________________________________________________________________________________|

LEGAL DISCLAIMER: By using this book, the reader and-or user of accepts general and fair
responsibility, and all liability for its use and-or application of.

|

This book effort is still an ongoing process, and there is some room to always correct and-or improve it. | apologize in
advance for any possible logical errors, typos (spelling mistakes), omissions, amateur articles (usually topics beyond the
full scope of this limited, practical book), and occasional sentences that could be rewritten. This book has become difficult
to edit as of the year 2024, and new edit versions wilil take longer. | also have some health issues, and second-hand
cigarrette smoke has made my situation worse throughout my life and living places, and even as | write this now -
"challenging" my health, particularly my circulation, and "peace of mind", and it makes this book creation difficult. Please
donate. This book does does not compete with the educational books commissioned and-or professionally made by
others, and it was rather made to be an interesting and helpful educational supplement for any book, course, hobby,
household needs, work, etc. Each writer and-or book has a style to appreciate in some way.

What is given in this book is worthwhile and can be enjoyed through the years and needs as they arise. This book slowly
grew from being a basic math book to be now of a very large size, and therefore, it is very time consuming to edit, and it is
the main reason to publish what is available in it as of now. In the current state of this book, | feel it is acceptable enough
to help others in some way, even as supplementary material for any course, book or needs they may have. | believe this
book can inspire others just like many other books can, and it might also put some helpful wind into the sails of some
various educational assistants. You are also encouraged to take a course, public or private, in what you feel is needed or
required, and regardless if you have this book or not as an additional source of helpful information and ideas. Many
articles or topics in this practical book are not meant to be a full rigorous study of it, but rather just a practical introduction
with just enough knowledge for the average person to consider and-or be satisfied with, and without it then being
overwhelming. Some articles may contain a mention of previous topics and-or values, and so as to provide some
assistance and convenience to the reader, although it does increase the number of pages in this book. There are many
other nice math and science topics and details which could of been placed in this book, however, | know that it already
has more than enough material for the average reader to consider from just one single book, and that all books of this
nature can be lacking or incomplete in some way. | will continue to work on this book effort so as to improve it in a variety
of ways just as any book already written may be improved.

Math books of all types, well written and presented by other authors are often available in some stores. This book is a
helpful supplement or educational support for any book, course, hobby, work or home-learning that you already have or
may then consider. This book is not a replacement for a formal and-or required education in math, and in fact, it probably
falls short in many areas. This book is not to express or showcase any special mathematical topics, ability or knowledge
so as to impress people or challenge their previously learned mathematical abilities with various unlearned, random and
clever mathematical puzzles that perhaps would be generally difficult to solve at first, but once you know the solution it
make you question your mental abilities. This book is rather another way to express the most common and practical math
topics. This book was also written due to the mention by others on various media outlets that the average student math
grades and worker abilities in the United States were lower than those of other countries. Some employers may require a
training certificate and-or graduation certificate in some field of study, or perhaps from just a single course or lecture, and
this book can not formally offer that, but it rather offers some additional education so as to help facilitate or supplement a
more formal book, course, home study, hobby, work, or for inspiration to understand many things of math and science.

This book can also be placed on a modern phone so as to have it immediatly available for use if your phone or device has
enough power remaining in it, or where the internet reception is not available such as during some hiking or camping trip.

This book is also very helpful for both new or experienced computer programmers regardless of the specific programming

language of choice, and both the programming concepts of a computer programming language, and a program's source
code (ie., the plain text, readable version of it) can be translated and applied wherever needed.

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 5



"Thank-You", from the author.

LINKS AND OFFERS

The following are some fairly stable links of many years of availability to some offers, causes, programs or apps, and
websites | found, and thought | would then share them as an effort to help each other and give the reader somethings to
go check if they would like to. Since this book may take a while to view and-or read, they were arbitrarily placed upfront
here as part of the book introduction area. These links, which are like readable electronic addresses to (internet) websites
and-or web pages are subject to possible change beyond the knowledge and control of the author of this book, and if so,
you may sometimes need to do an internet search such as by using an internet web browser (access and viewer program
or website such as Google.com) when considering a link. Simply type and-or copy and paste any links into your internet
browser and-or email program to begin.

mathization@gmail.com The email address to contact the author of this book. Use something such as: ebook or
math book on the email subject line. You may also use: mathization@aol.com

Scientific Calculator There are some free versions of many calculator programs and-or apps (applications) for
modern phones. One for phones with the Android operating system is called RealCalc.
This app is available from their website or at the Google Play Store. Search for RealCalc.

C Language Compiler TinyC is a fast C-language compiler that will take a plain text (.txt) file of C language,
computer programming text source code, and creates an executable (.exe) program file
from it. This works in a DOS or text computer command-line environment, even if you have
a Windows ® computer operating system. The text source code programs in this ebook
were compiled into computer programs with TinyC. For advanced programmers, there may
also be some TinyC functions or code libraries available for basic Windows system
accessing and programming. C++ is an advanced form of the C programming language
that includes
a programming concept called classes which is somewhat similar to the struct data-type
in regular C. The main website to get TinyC is: bellard.org , and select DOWNLOAD.

ELECTRONICS Talking Electronics is a popular electronics website for the electronics hobbyist. There are many
educational articles, circuits and kits available: Their website is: talkingelectronics.com

WORD PROCESSOR The free program called OpenOffice Writer, a computer program for the (PC) Windows operating
system was used to help edit the initial text, and then create this .PDF ebook. It has many other advanced features
available, and was downloaded from: openoffice.org The Windows computer operating system, Paint computer
program was used to help create and-or edit most of the figures or images in this ebook. Write a page a day, and you will
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have about a 300 page book in just 1 year, and editing it and so on could take as much time. This program has been later
superseded by another program called LibreOffice, and you should then check that out also.

AFRICA WITHOUT BORDERS INTERNATIONAL
Please Donate to Africa Without Borders International. Any donations is significant and helpful to the cause of
improving basic living conditions and lives in Africa. Jason, a learned Biblical scholar and author, and his wife have
given much in terms of telling people about the Gospel religious message. Supporting those who a have a helpful
message and-or community in need is a way for you to be a real and valued part of it. Their current website is:
africawithoutborders.co.uk

MIRACLES STILL HAPPEN This is an ebook of the personal account and testimony of the Gospel message in the
life of its author Marlies Zechner and the people encountered in various countries and circumstances, and so as to
also share with and help inspire others. This book has the .pdf format and is about 133 pages. It is currently
permitted as free to read and share with others so as to help improve our lives. Book contact is:
m_zechner@hotmail.com To see and-or obtain this book online at a hosting website, the webpage's internet
address is: https://www.archive.org/search.php?query=Miracles%20still%20Happen%20marlies%20Zechner

Basic Supplementary Income (BSI), or Basic Supplementary Assistance (BSA) is only concept created by the author
of this book, and it is for the destitute in financial need, and so as to improve health and well-being, reduce physical and
financial stress, potentially reduce crime and help prevent very high medical costs via a relatively low cost prevention
method. This can create a better quality of life and social dignity. Perhaps $5 to $10 USD (2025), and depending on the
specific location and its local costs for items, added per day on a debit card, and so as to help prevent misuse and to
promote financial responsibility. This money will also directly improve many businesses in need, and this is very similar to
how the "Food Stamp" program that helps maintain and improve society, and it indirectly helps the entire food industry,
jobs and other businesses. Perhaps higher valued items that are in need such as shoes and clothing can be saved up for
day by day. Surely, this value wont even come close to paying someones rent, but it can still do much, and it should then
also be easier to pass into legislation. BSI is not the same concept as the UBI - Universal Basic Income concept which
basically costs several times more, and it is usually then not made into legislation to help people, and then nothing is
getting done in terms of UBI. The BSI concept should be more passable into legislation.

Animal Wellbeing - Support animal wellbeing and the banning of animal testing. Animals are innocent beings who can
not speak as we do or hold fairness rallies against such matters. Try to not eat meat, and try to eat more vegetables,
nuts and a variety of plant matter. There are many new alternatives to using animal testing. Peanut butter is said as
being a complete protein. Nuts and-or nut butters are also high in certain minerals (ie., elements). Vegetables, etc, can
be shredded using a grater, ground up in a machine and-or mashed in a soup, and so as to be easier to eat and digest,
and then have more surface area for nutrient release and absorption into the body. This helps prevent overeating so as to
get enough nutrients. A vegetarian may eat some animal products like milk, cheese and eggs, but a vegan does not eat
any animal products, and both avoid animal meat for their health and-or conscience, nonetheless, everyone should have
a goal of eating less or no meat. There is no joy in taking the life of a living being, and-or having it suffer its life in poor
living conditions.. PETA (People For The Ethical Treatment Of Animals) is a nice organization.

Project Gutenberg - Various books, free to dowload and read in their electronic, digital form such as having the
standard PDF format, etc., and some are free to distribute. There is a wide variety there, and some are old religious texts.

Van Nostrand's Scientific Encyclopedia - This is a very thick book, many topics available, old copies can be found for
less, but | recommend purchasing a new, updated copy for your library.

A few other books, authors and websites are also mentioned in this book.
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PLEASE TELL OTHERS ABOUT THIS BOOK

THIS EBOOK IS FREE TO HAVE AND DISTRIBUTE ("SHARE") AT NO COST TO THE RECIPIENT VIA
EMAIL, WEBSITE DOWNLOAD, ETC. IN ITS ORIGINAL FORM. PLEASE MAKE A DONATION TO THE
AUTHOR FOR SOME COMMON LIVING NEEDS. EVEN A FEW DOLLARS CAN BE ENOUGH TO HELP
MAKE A DIFFERENCE TO THE AUTHOR WHO HAS PUT MUCH EFFORT INTO THIS BOOK SO AS TO
HELP OTHERS, AND THEN THEIR COMMUNITIES.

This book can be a helpful part of setting people on a better path in life, and which then helps improve our communities in
a variety of ways, either now and-or many years distant in the future. Please tell others about this book, and that they
will need to have or download a PDF ebook viewer and-or reader application (ie., an app is a computer program,
usually made for a modern electronic phone-computer device which is often called a "smart phone") such as from the
Google Play Store (https://play.google.com) website, and so as to view this book on their computer or phone device.
These ebooks should have the .pdf filename extension and are to be compatable and viewble on most modern computers
and-or phones. There is even a convenient app that you can download and-or update there for this specific website
mentioned, and it is called The Google Play Store App. While there, you may need to select which computer and or
phone operating system that it will be used with or on. Many inexpensive phones usually have the Android operating
system.

Math and science are knowledge and-or educational fields of growth which have taken many hundreds of years of
previous growth of new ideas and discoveries by many other people, and so as others can access, learn, improve and
build upon them. No one should ever feel that they should have been somehow born with knowledge and-or special
abilities to do something which can only be learned over time and-or with some helpful course. A person who appears as
"smart" is often just someone who has taken the time to memorized a few things already known, perhaps just a specific
subject and probably just a niche in that, and to then simply recall them when needed. This book itself might even be one
that a niche of people are also looking for and need.

This book is dedicated to my wife Elizabeth, and to our relatives, helpers, animal lovers and friends. Special
mention to Mr. Norman Borofski for helping to raise me and my brothers, and also to Mr. Dana Schweitzer for
his academic inspiration to many, both from Pennsylvania. This book is also dedicated to the future thinkers
and tinkerers who may help the future of humanity in some way.

This Edition is 1.0 as of July 7, 2025. All previous beta versions are still very useful, but there are some new
writings and edits available in the newer versions of this book. For the latest version number or date, etc., search the
popular https://lwww.youtube.com video website for: Mathization ebook or @mathization

Mathization, Edition 1.0, Copyright © 2017-2025, JP Albertson
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INTRODUCTION

This book is intended for readers who are just beginning with arithmetic, algebra, and trigonometry, or for those
who always wanted or needed another grasp on these subjects. Knowing how to work with numbers can enlighten you
and give you confidence in problem solving, reading comprehension and discussions. This book is composed of four
general mathematical topics and a generous science and appendix section, and each is given an entire section of this
book. This book is intended for a rapid understanding of these topics by basically using a less formal or less critical
approach to mathematics. Due to the style of this book, it can also be used as a basic reference, a helpful supplement or
complement to another book or course you are currently taking, an aid for a teacher or those being educated at home, or
as a step to a more formal or advanced mathematics course. If a topic or example seems of no certain need or interest,
or perhaps too complicated at the moment, please skip over it to another useful topic or example and consider that which
was skipped over to be reviewed at a later time. If a topic needs to be referenced at another time, please write down the
topic and the page number(s) and-or formula(s). Some of the concepts are not explicitly noted in the table of contents,
and are rather given "on the fly" and-or briefly, that is, they are given as you read and come upon them as necessary or
helpful, but out of the general book order, and so you may need to write the topic and page number on a piece of paper.

With some available liberties of creating an e-book, such as having an unfixed length or number of pages, style, content,
an effort to be different so as to be more desired, etc., this book contains many pages needed to convey many thoughts
that can be roughly grouped into the following categories: main text and knowledge, examples, figures or graphics (many
in a simple homemade form), computer programs, and numeric data tables. There is about 40 pages worth of "blank
space" is either due to the leftover space of unfilled pages and-or pages intentionally left blank to help assist with the
editing (ie., corrections and-or additions) of this ebook. The many pages helps to give the reader much material to have
available and learn from just obtaining one book, especially if your access to other materials is limited and-or having a
limited amount of money to purchase books, etc. There is a saying that can be adapted here, as that there is sometimes
a certain quality to be found in having a large quantity or volume of material to access immediately when needed. For
writers, if just two pages a day are written, a person could create about a 600 page book during just one year or less if the
book contains many images or graphics.

Many topics that are frequently reserved only for algebra studies are shown in the first section: ARITHMETIC. Here,
instead of using algebraic variables to show a concept, actual numeric values are utilized instead. By doing this,
understanding basic algebra becomes easier since many of its concepts were already effectively shown using actual
numbers instead of variables. Likewise, the transition from BASIC ALGEBRA to the BASIC TRIGONOMETRY section
was made to be as smooth as possible. The concepts of trigonometry should also not be overlooked since they seem to
arise everywhere in mathematics, and in the least expected places elsewhere in life.

A special section of some ADVANCED TOPICS is included at the end of this book. It is intended to mainly show
you how to make some very important calculations when a scientific calculator (a preprogrammed, multifunctional
calculator) is unavailable. An inexpensive regular "home" calculator can also be a great assistance throughout this book,
especially for performing otherwise tedious and time consuming computations, such as finding the square-root of a
number, and for checking results easily and quickly so as you can move on to other things without loosing your train of
thought due to lengthy calculations. There are many calculator programs for computers, and apps (applications,
programs) for phones such as RealCalc. The basic versions of these programs are often free to download, and you often
will have a generous option of purchasing a fuller version and so as to fairly support the creators of it. If you already have
a scientific calculator, or not, you will effectively learn throughout this book what the common buttons, commands or
functions on most scientific calculators actually do. It should be noted that this section can still be considered as a
continuation of the topics covered in this book. Don't forget the SCIENCE AND APPENDIX section, for it also contains
much very useful information and derivations related to the other book sections, and is itself a good mathematical read.

At the beginning of the ARITHMETIC section, their is a discussion about the decimal number system. Here, you
might find out that there is more to "plain old numbers" than you might think. After that topic, discussions about
expressions and units (of reference or measurement) are given. To get through these discussions, you should (hopefully)
already of had some initial thought, education, or understanding of the basic mathematical operations of addition,
subtraction, multiplication and division. Those operations are given a more general discussion after these more
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fundamental concepts are first used to build upon.
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SECTION 1: ARITHMETIC

THE DECIMAL NUMBER SYSTEM

The decimal number system is the common number system we are all taught to use as the accepted standard
numeric or number system in the modern world. For many people, many of the fundamental concepts of numbers are
either unknown, weak, and-or taken for granted. Because of a lack of a firm understanding of the basic concepts and
fundamentals of numbers in general, this is where some problems may start in learning math and-or using math in a more
practical manner with confidence.

We are first taught to count things, items or objects which may, or may not even be similar. To count (as a verb)
things or items is a repetitive (to repeat, "do again, and again") process of steps of a measurement so as to numerically
quantify (to express as a numerical representation) the total (all, entire) amount, "number of" or quantity of things or items
being considered. Here, to measure is the act or process to find (often by comparing to some standard or reference) and
give a certain type of "size" or "size of it all (things or items)", and that this measurement (the result of measuring) is called
the quantity or "the count (as a noun, and a single number result)", sum or total of the items or things. The measurement
result, or simply, "the count", is expressed or represented numerically as a single, symbolic and representative number. In
a way, a number is much like a special type of word, and a unique word which has a unique meaning. With the decimal
numeric system, a number can be a single symbol (0 through 9) called a single digit number or numeral, or a grouping of
several of these symbols so as to represent larger counts, values or results of a calculation such as combining or
summing two counts together so as to have another representative count (measurement) of things and a number to
represent that count.

We measure a quantity or amount of items or things by considering (identifying or reckoning) each individual item
or thing and then (numerically) summing each item as an increment of 1 to the total or previous count of items that were
already considered. We will consider 1 thing or item can be numerically considered and represented as equal (=) to a
count of 1 numerically. Summing (summation) is to take this numeric value or representation of 1 and mathematically or
numerically successively combine it to or increment (increase, here by 1) the current count or number value so as to make
an updated, larger and more accurate numerical (number) representation. Before the final or true total or sum is found of
all the things, the active (in the process), or "running" sum is called an "intermediate", or incomplete or partial sum of the
entire quantity being considered. We see that to count is a process to successively (ie., summing, addition), and
numerically quantify (quantize, quantization, account for, calculate) so as to represent any quantity (several, many) or
amount of items or things so as to produce a single numerical (number) representation of the total (including all, complete,
sum, result) amount, "(final) count" or quantity of them. Each item, whether the same or not, can be assigned and
represented as a numeric value of 1. For example, a count of several, here two items can be expressed as: "one and
one" in written or spoken form, or (1 + 1) in numeric representation, and the result or sum is written or expressed as:
1+ 1= 2, and is spoken as: "one plus one, equals two".

In Europe (or the "old world"), the decimal (based on 10) number system has only been in practical use since the
1300's AD, hence about 700 years ago. With their invention of the decimal (base 10, based on a count of 10), number
system and positional notation in about the 5th century AD, about 1500 years ago, the people of the country of India
("Hindu's") made many initial advances in mathematical calculations. This superior (positional) counting and recording
system is the main model and influence of the Arab (Arabian, middle-east area) numbering system with its more refined
and standardized number symbols, and the decimal system eventually became known as the Hindu-Arabic (decimal and
positional) numbering system. This system eventually replaced most other numerical systems in use throughout the world,
such as the Roman Numeral system (with symbols: 1=1, X=10, V=5, etc.) which could represent any number (after a
possible calculation, hence not always explicitly, for example: IX=9, VII=7, XV=15, XVI=16) but was generally good for
only very simple calculations. The Roman Numeral system is lacking and insufficient for these modern times, and is rarely
used. For the decimal system, the name "decimal" is given due to the "deci"or "ten" (10) counting symbols it utilizes.
Many people believe this system was brought about from the fact that we have ten fingers, and surely people counted
with their fingers as placeholders (ie., as a memory) and-or to quickly express a value to someone via sight. Before
writing as we know it was invented, ancient mankind in ancient Africa was already aware of the use and need for
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mathematics and was already using objects such as fingers, stones or notches (a primitive digital-like, binary system with
something=set=1 and-or nothing=not-set=0) for a long lasting artificial memory or record, and a primitive form of writing to
(symbolically) represent, store (record), and communicate things such as a quantity of something. For example, notches
on a stick or stone, or perhaps dots on a wall were used for representing quantities or amounts of things like the number
(quantity) of apples, people, and-or days. Each finger (often called a digit in ancient times) or notch symbolically (with a
visual symbol such as |, a recording) represented a quantity of one. By using two hands, a single and unique quantity of
one through ten could be represented by using that many fingers. Thereafter, such as in India, other simple or compact
written (for expression and record) symbols were invented so as to easily represent these and larger quantities. Three
items ( | | |) and-or fingers could be expressed as 3. Four items and-or fingers (| | | | ) could be represented and-or
expressed as the (more compact) symbol 4. The initial seeds of math were planted long ago in Africa, and the usefulness
of it are still being used ever since, and it was only a matter of time till mankind created machines like calculators and
computers to quickly calculate values. It is interesting to note that computer and-or digital binary numbers are essentially
composed of a series of notch and-or its absence of symbols. For example, a count of ten in the computer, binary is
1010.

Once writing was developed in ancient times before the decimal system, various written symbols (ex. such as an "X" for
ten) could now represent and-or store (in writing as a written record or memory for later use) the 10 possible "finger" or
"digit" representations of a quantity. When the decimal system was developed, the symbols were simplified as these
incrementing numerical values and symbols of: 1, 2, 3, 4, 5, 6, 7, 8, and 9. A quantity of "no quantity at all" or "none" had
to be considered and was assigned and represented as the a numeric symbol of: 0. We call this the "zero" symbol, and it
was created by the Mayan people in the "New World", commonly known as the Americas. It was quickly adopted by the
rest of the world as a standard decimal symbol, often replacing just a blank or empty space previously used for 0. Note
that today, a value of ten (or larger) is not considered as one of the basic decimal (ten) counting symbols or numbers in
the decimal number system. The ten symbols and values, typically called digits or the digits of a decimal number, used in
the decimal system, where each next symbol represents a count or value of one (1) greater than the preceding value are:
0,1,2,3,45,6,7,8 and 9. 0 will also sometimes be utilized to create numbers that represent quantities equal to or
larger than ten (10) which is the next value after an increment (of 1) is applied to 9. 10 ("ten") is therefore now using two
decimal symbols and places to represent one unique numerical value or number. A single symbol or even a large group
of these numeric symbols placed together, so as to represent a unique count (number of items) and its corresponding
numeric value, is sometimes called a (unique) decimal, or (decimal represented, or representational) number. Each
particular number, displayed or written, mathematically represents a particular quantity (often just spoken as simply a
"number" due to the common numeric or mathematical symbolic representation of quantities) of something. Numbers
used for common counting are simply called as the "counting" (quantifying or measuring) or "natural" (individual units (ex.
an apple) that often occur in nature) numbers. When the symbol 0 ("zero", none or nothing) is also considered along with
the counting numbers, numbers of this type are classified as the "whole" numbers. For example, if you had 5 whole or
individual things and gave them all away, you now have 0 whole or individual things remaining or left. Here, O (as a
"logical" or "thought" number) is the valid numerical symbol and the representation for the quantity left or remaining.
Including (ie., adding , combining, grouping) another whole object with 9 whole objects will create 10 whole objects.

A good method to understand and use these ten (10) basic numbers is to both physically and-or mentally visualize, think,
memorize, compare, and draw each number as a group of similar objects (perhaps coins, fingers ("digits" is the equivalent
old Roman word), a certain graphic shape, or simple pencil dots. Here below, arranged in arbitrary groups of 4 so as to
have a nice orderly appearance and arrangement for faster recognition, counting, and so as to also reduce the possibility
of error while summing. An advantage of this method below is that it is pure and without a number system needed.

See the following graphic:
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zero one two three four five six seven  eight nine : English words for the
first ten numbers.
0 1 2 3 4 5 6 7 8 9 These are generally
a form of the North

* * * * * * * * * * * * * * * * * European GermanlC
* * * * * * * * * * * * * area WOI'd,S
Sometimes, "zero" is
* * * * * * * * * Spoken aS "nOt".
* * * * *

The above dot numerical representation system can also be thought of and-or counted as:

2
4

[SSIEEN

~N O
[eclNe)]

9

A common question then arises: How then are larger quantities or values greater than 9 numerically or symbolically
represented using the decimal numeric system? The answer is to use what is called positional notation. To use positional
notation, the symbols are properly (standardized) arranged and set next to each other in new locations or positions of the
indicated number, These positions are also called "digit" positions. A digit of a number is composed of a one-symbol
number (0 to 9) of the decimal system, and its (digit) position within the overall number. The quantity or value that this
arrangement of digits of the number represents (being equivalent or equal to) is not simply the sum of its digits:

Ex. 35 does not represent, and is not equal to the addition of 3an5, or=3plus5, or=(3+5) =8

First consider that you have a count of 8 and add 1 to it. We know that the symbol to represent this new count is the nine
symbol (9):

8 + 1 = 9
8 :**** * k k % + * = * k k k k k k% * =8+1=9,“elghtplusone'sn'ne"
+_1_ "eight and one equals nine"
9 "eight combined with one is nine" , "one added to eight is nine"

If we add 1 to this value of 9, we will either need a new symbol (which doesn't exist in the decimal humber system) or a
combination of the existing symbols to represent this new value. What symbols that we already have should we use?
The apparent choice is to let 9 "roll-over" (as if all the (incremented) symbols were all on a rotating and repetitive whee) or
"reset" back to the lowest symbol of 0 (so this position can possibly be reused for representing higher quantities and for
further additions) and increase the next leftward digit (considered 0 if not indicated or shown) or decimal number and-or
position, by a count of 1:

08 : Leading 0O's are alright to express some viewpoint about something
+ 1 or 1 since it will not add any value to the total

09 = 09
+_ 1 +_01_ 9 + 1 = 10

10 10 :********* + * - * k% k k *k * k * * % = 9+1=1O

The number 10, spoken as "ten", or sometimes "one, zero", represents the quantity of "nine and (plus) one", ( 9+1 ). It
can also be said that for the decimal (based on 10) number system, each 1 or count in the next leftward position
represents (9+1) = 10 ("ten") of the previous position - of which even for itself represents 10 of any previous existing
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rightward position in the number. This concept is called positional notation. Notation is an accepted or standard way to
indicate or express something.

The specific value of representing 10, or "ten times", more of the previous position is called the positional weight, the
digits weight, or simply the weight of that position. Note that weight has nothing to do with the specific digit value (0 to 9)
or count in that single position or location. The product (multiplication) of the positional count (the digit shown at that
position in the number) and its corresponding positional weight yields (produces) a positional product. The total value or
quantity being represented by a series of digits of a number is simply the sum of their positional products, and which
produces a positional sum which represents the entire number being considered. Don't forget to add in the first digit's
positional product which has a positional weight of one (or (single) "units") only. For example, in the number 275, starting
with 2, which is in the position or column having a positional weight of 100 ("one-hundred”, or (a) hundred), the positional
products are: 2 times 100, which is 200, and 7 times 10, which is 70, and 5 times 1, which is 5. The positional sum is
therefore: 200, plus 70, plus 5, is or equals (=) 275, and this can be spoken of a in terms of its digits from left to right:
"two, seven, five", or more often as: "two-hundred, and seventy, and five", or even more simply as: "two-hundred and
seventy five".

Digits leftward in a number are called more significant digits since they represent a larger part of the value and positional
sum. This is so since their positional weights are larger. The most leftward digit that has a value greater than zero is
called the more or most significant digit (MSD). Likewise, digits more rightward are called less or least significant since
they represent the least or smallest part of the positional sum. The most rightward digit having a value greater than zero
is called the least significant digit (LSD). For approximations of a number, the least significant digits often become
unnecessary and are not used or indicated since they only represent a small (as an insignificant small percentage or
fractional part of the whole value) value and part of the total value or number. For example, if you have or counted 559 or
561 things, you could say something like "I have about, or approximately, five-hundred and sixty (=560) things". Here, a
value of 1 was omitted from the sum, quantity or number, and this value of 1 is a very small value as compared to 560.

To be proficient in addition, a student must first know how to add (and subtract) any two of the basic (0 through 9) decimal
numbers. Since addition is normally performed column by column (starting from the least significant digits), and the
highest value for each digit is 9, the highest possible column sum is 9 plus 9 which equals 18, plus 1 possible count as a
carry or "carry over" from the previous column making a total of 19. The series of whole numbers from 0 to 19 where the
next number is a count of 1 higheris: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19

A good method to illustrate the concept of the addition of two numbers is to display or draw an object or group for each
number, and then count or mathematically quantify and express them by successively recognizing (ie., "reckoning") the
quantity that each number represents, and then increasing (repeated incrementing) the intermediate sum being found so
as to find the total quantity or sum of the two numbers and-or the quantity of all of the objects those numbers represent.

Ex. 1 + 2 = 3 = 3

* + * * * * * * *

As an aid to adding, or rather than use your fingers, you can discretely use dots on paper or in your mind as previously
indicated for the basic decimal numbers. Usually a 4-dot system that has a square layout is a practical method.

* *

* *

For higher values, you can simply reuse the same 4-dot system locations, or start another one. For example:

5 would be something like this when expressed as items or dots:
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Let's say you need to add 4 and 3. You can first put 4 (the initial running total) in your mind, and then tap or draw out 3
dots (of the 4-dot system) while adding one (1) to the running or incrementing (increasing) sum or total in your mind for
each new dot considered. For this example we would not even need all 4 dots of the 4-dot system, but only 3:

3

o : You can see that a "visualization memorization" method of knowing
* how many dots to make, and-or how many you are viewing needs to
available when needed.

The steps in your mind would be something like: You first have 4 in your mind, and you need to make 3 more dots to add
to that value. Then make a dot and add 1, making a (updated, modified, intermediate or partial) total of 5. Then make
another dot and add 1 more making a total of 6. Then make another dot (the final third dot) and add 1 more in your mind,
making a total of 7. The result can be said as: "four plus three, equals seven" or perhaps written as: "4 plus 3, equals
7".  This "dot system" might seem very primitive and almost silly to some, but | think many people, even advanced
mathematicians, still utilize it to some extent. It's an alternative to counting with the help of your fingers, but that matter is
up to you, so as to use whatever works best for you. Another tip is that you can switch the two values being summed and
the result will still be the same. This method often helps to perform an addition. Consider adding 1 and 9. It is easier to
start with 9 in your mind than then simply add 1 to it so as to have 10, rather than starting with 1 and then having to add or
increment 9 to it.

The result of adding any number with 0 is that same number since nothing was effectively added to that number and the
number should remain the same:

Ex. 7+0 =7 Ex. 0 + 41 = 4.1
The basic "addition table" is a "look-up" table. With a table, you can view, seek and find corresponding values so as to

find the answers or results already solved for. The addition table or chart is a good aid for learning the addition of small
numbers. It can even be extended as needed to included larger numbers and their sums.

ADDITION TABLE
0 1 2 3 4 5 6 7 8 9
1 2 3 4 5 6 7 8 9 10
2 3 4 5 6 7 8 9 10 M
3 4 5 6 7 8 9 10 11 12
4 5 6 7 8 9 10 11 12 13
5 6 7 8 9 10 11 12 13 14
6 7 8 9 10 11 12 13 14 15
7 8 9 10 11 12 13 14 15 16
8 9 10 11 12 13 14 15 16 17
9 10 11 12 13 14 15 16 17 18

To use the table, the sum of any two numbers is at the intersection (meeting, crossing or joining) of the horizontal (left and
right direction) row, and vertical (up and down direction) column. For example, if you were to add 3 and 2 you would look
for a row or column of 3, and then find the corresponding (here, this means the only other, single and unique part of the
row and column pair) intersection of the 2 row or column, and the result (sum) seen at their intersection will be 5. Just
the same, you could of also started by taking the 2 row or column, and then finding the intersection of the 3 row or
column. The result will be the same value of 5. To be proficient in addition and subtraction, all the possible sums (for the
basic (0 through 9) decimal number values) above should be memorized or available without too much difficulty. If you
can't memorize all of it, then the "dot method" to help add two values, as described above, can be utilized as an aid to
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counting and-or summing to higher values.

If you are given a number from the table, you can then find two numbers (a corresponding pair) that were, or can be,
summed up together to make that given number, hence the table above can also be used in a backwards or reverse type
of manner for subtraction purposes. That is, given a sum (the total) and you have or take away either the row or column
value part, you can arrive at the other corresponding value part required to make that given sum. Given one number
(here the row or column number), you can find the other or "remaining part" corresponding row or column number that
was part of that given sum or number. If you take a number in the table and subtract (or "reverse count", "reverse
increment" which is called decrement) either the row or column value, you can then see the other corresponding row or
column value (technically called the "difference" when subtraction is being considered) needed to make that number total
(or sum). For example, take value 10, and you want to subtract or remove 6 from it. Look up 10 in the addition table, and
then look for either the row or column of 6. The other corresponding row or column (required to make that specific pair
with an intersection at 10) will be 4. You could say that subtraction is the "backwards" or "reverse" of addition since you
are first given the result and are to find the other (corresponding) number of a pair (two) of numbers that will sum to that
value or quantity.

Some examples of how to say multi-digit numbers, and the word "and" is often used for the word "plus" or "added to or
with":

10="ten" , 10+1 = 11 = "ten plus, and or added to one"

11 ="eleven" , 12 ="twelve" , 13 = "thirteen" , 14 = "fourteen" , 15 = "fifteen" , 16 = "sixteen" , 17 = "seventeen" ,
18 = "eighteen" , 19.57 = "nineteen point fifty-seven" or "nineteen point (and) fifty-seven hundredths" ,
20 = "twenty" , 21 ="twenty-one" , 30 = "thirty" , 32 = "thirty-two" , 40 = "forty" , 43 = "forty-three" ,
50 = "fifty" , 54 = "fifty-four" , 60 ="sixty" , 66 = "sixty-six" , 70 ="seventy" , 77 = "seventy-seven" ,
80 = "eighty" , 89 = "eighty-nine" , 90 = "ninety" , 98 = "ninety-eight",

100 = "one-hundred" , 105 ="one-hundred and five" , 123 = "one-hundred and twenty-three"

1,000 = "one-thousand" , 1123 = "one-thousand , (and or plus) one-hundred and twenty-three"

10,437 = "ten-thousand, ("and" or "plus") four-hundred and thirty-seven"

100,987 = "one-hundred-thousand, (and) nine-hundred and eighty-seven"

1,531,251 = "one-million, (and) five-hundred and thirty-one thousand, (and) two-hundred and fifty-one"
1,907,000,000 = "one-billion, (and) nine-hundred and seven million"

More examples of how to say various numbers:

0O =2zero ,1=o0one , 2=two , 3 =three , 4=four , 5=five , 6 =six , 7 =seven , 8 =eight , 9 =nine

10 =ten , 11 = eleven=10+1 |, 12 = twelve , 13 =thirteen , 14 =fourteen , 15 =fifteen =10+ 5
16 = sixteen , 17 =seventeen , 18 =eighteen , 19 =nineteen = 10+ 9

20 = twenty , 21 =twenty one =twenty plus one =twentyandone , 22=twentytwo = 20+ 2
30 = thirty

40 = forty

50 = fifty , 53 = fiftythree = 50 +3

60 = sixty

70 = seventy

80 = eighty

90 = ninety , 95 = ninety and five = ninety plus five = 90 + 5 = ninety-five

100 = one-hundred
125 = one-hundred and twenty and five or= one-hundred and twenty-five = 100 +25 = 100+20 +5
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Spanish words for the ten number symbols:

O=cero ,1=uno ,2=dos ,3 = tres ,4 =cuatro, 5=cinco ,6 =seis ,7 =siete ,8 = ocho , 9 =nueve , 10 diez

French words for the ten number symbols:

O=zero, 1=un ,2=deux ,3=trois , 4=quatre ,5=cinq, 6=six , 7=sept, 8=huit , 9=neuf , 10 =dix

German words for the ten number symbols:

O=null, 1=eins ,2=2zwei ,3=drei ,4 = vier , 5= funf , 6 =sechs ,7 sieben ,8=acht , 9= neun, 10 = zehn
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WHAT DOES MEASURE MEAN?

To measure is to find the size (length, weight or mass [amount of matter or material], volume or amount) of
something, or the quantity of several things or objects in a group or collection of objects. Today, numbers are the most
common way of (humerically and symbolically) representing a quantity or the result of a measurement. Other than that, it
is possible to use words such as: "small", "medium", and "big" as measurements, but these can sometimes be ambiguous
(unclear, uncertain) to someone else. To measure is done by the act of comparing, or the comparison of one thing to
another (often similar) thing that is used as a reference for the comparison. The word of "meter" is similar to the word of
"measurement” and "metrics", and is also the name given to the basic unit of length or distance in the metric
(measurement, reference) system. A measurement value or number is the numeric result, count or sum of comparing. If
the thing was a stone, or stick of a certain dimensions or qualities (ie. width, length, weight), that thing could be used as
the basis (reference) of comparison or measurement for all other similar things. A common scaled ruler, having one to
several unit sized markings (indications, steps) is basically a replica (a similar representation or copy) of something, such
as another standardized or agreed upon reference ruler. The ruler or (measurement) reference gauge is then used as the
"rule" or "standard (standard reference)" to consider and use with all similar types of measurements such as lengths,
weights, etc. The simplest (non-numeric) kinds of comparison is to state that the things being compared are not the same
or are equal, or that something is simply more or less than something else without giving a numeric quantity of some
specific size or the difference in sizes and-or amounts. To measure quantitatively, numbers and some form of a
standardized measurement unit which is one specific instance and-or identification of the reference and comparison value
used for a measurement. More about units or "units of measurement" will also be discussed further ahead in this book.
For measuring the weight of stones, the units could be some small reference stone, and this "reference-stone" would then
be the units (of reference for the measurement) of weight and for measuring the weight of any other thing, including other
stone weights and so as to also have a weight reference or unit that is twice or other multiples as heavy. Even the
numbers in the decimal number (counting, quantifying) system that we use for everyday counting are in reference to
something, and that something is number 1, the numeric unit. Each count greater, higher, or the "next higher or larger
number”, is based on this reference of 1. Given a number, to find the next higher number, add or combine this 1 to that
given number. To measure something quantitatively is to express how many (ie., the number of) units (the standardized
thing of reference, comparison to, and measurement of) that something has, or can be compared to something
considered as the reference. [FIG 1]
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— Letting this length be the standard {reference)
unit of measurement for all other measurements.

This will be the "rule" of measurement. Itis a

"unit ruler" or ruler that is only one unit long.

Joining several together will help us measure larger or longer lengths

more quickly and prevent error:

The points indicate the start and end of each reference unit. Since they
are the same. the ruler consists of many. or a multiple. of that unit.

Indicating how many in an increasing or incremental {(integer) order:

. o

- - v bt saruler
0 1 2 3 4 5

The branch of science for the study of measurements, standards and references is called meterology.

The above discussion was how units of distance or length can be added so as to make a larger distance. In a similar way,
this is also true for any other unit of measrment such as weight, mass, area, volume, time, or even for similar objects.
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EXPRESSIONS

A mathematical expression is essentially another form or representation of a number, a process (such as a single
formula [ie., a "mathematical recipe"]), some mathematical manipulations (such as to use the square root of a number), or
steps (explicitly indicated or understood) so as to find a single number or result that represents the given expression for it.
That is, the expression or representation, however it is written or contains, and the actual number that it represents, have
exactly the same value, hence they are equal (equivalent, =) and either can actually take the place or be (mathematically)
substituted for of the other. For example, 5, and the expression of (3 + 2) are equal, and either could take the place or
represent the other. Even a representation of just a number can consist of mathematical operations (processes) such as
addition (+, "plus" is the common symbol or instruction for addition), subtraction (-, "minus"), multiplication (x, "times") ,
division (% or /, "divided by"), and operands (the numbers or values to be acted upon by the operations), which when taken
as one single group, it represents a single value (the given number). Some of this was previously indicated with the basic
concepts of positional products and sums, hence, even a number can be "viewed", "thought of", or considered as being an
(special) expression and vice-versa since they are equivalent.

operand operation operand : A basic technical format of a basic expression. The (mathematical)
operation is to be applied to, or in reference to the operands (numbers).
Some expressions might only have or need one operand.

The 4 most common mathematical operations and their corresponding mathematical symboil(s) are:

Operation Symbol(s) Example Some Common Wording

addition + 1+2 =3 "one plus two, equals three"

subtraction - 3-1 =2 "three minus or take away one, equals two"
multiplication X, (), *, (dot) 5x2 =10 "five times two, equals ten"

division [, - 10/5 = 2 "ten divided by five, equals two" or

"five goes into ten, two times, or twice"
"5 can be subtracted from 10, a total of 2 times".

Ex. 30+ 5 This is an expression containing one operation and two operands. The operation is the addition operation,
indicated by the "add", "plus”, "join" or "combine" symbol of (+), and the operands are 30 and 5. The
symbol usually chosen to indicate an addition (operation, "add") of two values is called the addition or
"plus" symbol, and was made popular by Michael Stiple (~ 1554) and Robert Recorde (~ 1557), although
the concept of addition, etc., was already known for thousands of years, and the (+) symbol was beginning
to be used in the late 1400's as meaning "and". Recorde is also credited to the subtraction (-) operation
symbol, and the equals (=) or equality symbol. This Math book uses the tilde symbol: ~ to mean "about".
~= means "about equal", and =~ means "equals about", hence these mean nearly or approximately.

In a reverse type of manner, it is very possible for an entire expression to be considered as a single operand.

Ex. Considering the last example and having any expression that represents a value of 30 as an operand:

(20+10) + 5 = 35 : (The entirety or grouping of: (20 + 10) can be considered as a single operand (to be
30 + 5 = 35 first "simplified", or solved, to a value of 30) to be added to the operand of 5.
35 = 35
(31-1) + 5 = 35
30 + 5 = 35
35 = 35

We see in both cases that the expression within the parenthesis is equal to (an operand of) 30 when it is "simplified" (by
performing or processing the mathematical operations) or represented as a single value. More is said about this below.
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TO REDUCE OR SIMPLIFY AN EXPRESSION

To reduce an expression or to "simplify" an expression is to perform the indicated operations within the
expression, or arranging it in another manner to effectively produce less or no further operations on the remaining
operands. This process is also known as "simplification". As shown above, the simplified expression is 35 after
performing the additions. In a natural conversation, you would normally say something like "I have thirty-five of
something", rather than say something like "I have thirty, and then | have five more of that something" - which is sort of an
indirect or roundabout way of saying a total and single value of 35. So then, we often see the need to simplify things
such as mathematical expressions by solving them or making them uncomplicated, simpler, and nicer (easier to work
with).

Ex. Simplify the expression: 2 + 3 + 4

The simplified form of this expression is 9. That is, the entire value of : (2+3 +4)=09.

As previously indicated, even basic numbers can be expressed (ie. in a mathematical expression) as a positional sum (of
the numbers' digits, or digits of that number). The positional sum is an expression containing the sum of each digit times
the positional (decimal system) weight corresponding to that digit or (column) position within the given number.

Ex. Show 35 as a positional sum of its digits.

Here, we are to write an expression for 35. Use the positional notation concepts summarized below:

Positional Weight
Positional Product

Is 10 times the previous (next rightward) position's weight.

The value in that position times its corresponding positional weight.

You can consider this expression or its value as an operand in the final sum.
Sum of all positional products. This expression represents and equals

the total value represented by the number.

Positional Sum

Taking 5 as the first digit in question, the weight for this position is understood as 1. This is known as the (basic) "units"
(of measurement) or "ones" position. Note that even this weight too is 10 times the previous (next rightward) digits weight
which is 0.1. That s, 10 times 0.1 is 1. The second digit will also have a weight of 10 times the previous positions weight.
Hence , its weight is 10 times 1, which is 10. This is known as the "tens of one" or simply the "tens" position. Breaking
each digit into its' positional product (separated by the addition symbol needed for the positional sum):

35
3x(10) + 5x(1) : here, showing the expression for the sum of the positional products, or:
30 + 5 : here, after multiplying for some simplification, showing a positional sum

(of the positional products) expression

Note, we now know the second digit does not represent 3, but it actually represents 30, or 30 units, and in strict
mathematical or numerical terms, this would be 30 ones.

Ex. Show the number 3215 as a positional sum.

Taking 5 as the first digit, the weight of the first digit is one (1). The weight of the second digit is ten times that of the
previous (first digit's) weight or 1x10=10. The third digits positional weight is 10 times that of the second digits positional
weight or 10x10=100. This is known as the "tens of ten", "hundreds of one" or simply "hundreds" position. Likewise, the
fourth digits positional weight is 10 times that of the third digits positional weight or 100x10=1000. This is known as the
"tens of hundred", "thousands of one" or simply the "thousands" position. Expressing this information as a sum of
positional products of 3215, we now have:
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3215

3 2 1 5
(3x1000) + (2x100) + (1x10) + (5x1) : an expression for the positional products. After some simplification:
3000 + 200 + 10 + 5 : expression for the positional sum of 3215

: "three thousand, two hundred and fifteen"
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POSITIONAL WEIGHTS IN THE DECIMAL NUMBER SYSTEM

The discussion above about expressing a number as an expression has lead us to this. The names for the commonly
used weights in the decimal system are summarized below. The commas used when writing the numbers, being a visual

aid, are optional. Here, the value of one (1) is used only to indicate the position in question since the value in any position
can be between and including 0 through 9.

Whole Portion Weights

Fractional (values smaller than one) Portion Weights
(In Increasing Weights)

(In Decreasing Weights)

ones or units 1

tens 10 tenths 0.1 (or 1/10 =1/10M =1 (10"-1)
hundreds 100 hundredths 0.01 (or 1/100) = 1/1072 =1 (107-2)
thousands 1,000 thousandths 0.001 (or 1/1000) = 1/1073 = 1 (107-3)
ten-thousands 10,000 tenth-thousandths 0.000,1

hundred-thousands 100,000 hundredth-thousandths  0.000,01

millions 1,000,000 millionths 0.000,001

ten-millions 10,000,000 tenth-millionths 0.000,000,1

hundred-millions 100,000,000 hundredth-millionths 0.000,000,01

billions 1,000,000,000 billionths 0.000,000,001

etc. etc.

Ex. 5.2 = "five pointtwo" := 5+0.2 , "point"is formally "decimal point" or "(decimal) number point"

Ex. 0.0015 or with helpful commas as: 0.001,5

This value above would be commonly spoken as: "one, point, five-thousandths". It is also possible for the value to be
described in many other ways such as:

"one-thousandth and (plus) five ten-thousandths"

"one-thousandth and five-hundred millionths"

Considering just digits, rather than digits and their positional weights, this can be spoken or thought as::
"zero, (decimal) point, zero, zero, one, five".

The decimal point (written as a period character = .) is a separator that separates the number of whole units from the
number or value that numerically represents some part, fraction or portion of only 1 single unit. Before the decimal point
was introduced by John Napier, and who studied logarithms, other symbols and methods were used. A portion or fraction
(part of) is only a part of 1 whole unit. A fractional part of a number is that part less than 1. The decimal point also means
to the effect: to add this part or portion of 1 unit also to the total. A number that contains a decimal point, and a fractional

value, is sometimes loosely spoken as being a "decimal number". The parts of a decimal number can be expressed or
considered as:

whole_value decimal_point fractional_value

whole_value . fractional _value :Ex: 100.5 = "one hundred point five"
whole_value and fractional value

whole_value plus fractional value

whole_value + fractional value

A value can be a complete fractional value where that value is less than 1. That is, the value
does not even have a whole portion except the value of 0.

Ex. 0.5 :The whole portion is 0, and the fractional portion is 0.5 = "zero point five" = "five tenths (of one)"

More advanced mathematics (that will be shown) shows that each positional weight can be represented as an
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indicated power of 10. In an expression form, this is a base of 10 with an exponent. The exponent increases by one for
each digit position leftward and likewise decreases by one for each digit position rightward. The weights in the decimal
number system using exponential notation, and the common decimal equivalent form are:

,10,000 , 1000, 100, 10, 1 . 01, 0.01, 0.001, 0.000,1,
, 10 | 1073, 1072, 10, 1070 . 101, 10”2, 1073, 10"4,

Note for example: 102 = 10x10 = 100 : basically, the exponent means repeated multiplication, here twice (2)
103 = 10x10x10 = (10x10)x10 = 100x 10 = 1,000
104 = 10x10x10x10 = (10x10x10)x 10 = 1,000 x 10 = 10,000

Note also that 1070 is the weight of the ones position. That is, 100 = 1. Notice that for the whole units weights, that
each greater weight essentially has "another zero" placed onto the end of the previous weight. In fact, this is a simple
method to multiply any value by 10; simply put a zero at the "end" (in the "ones position") of the number (also move the
decimal point one position rightward of course). Ex. 7x10 =7.0x10 =70.0 =70, Ex. 3.52x10 = 3.520x10 = 35.20 = 35.2
Notice also that when 10 is the base of a power, that the exponent indicates the number of zeros in the decimal
equivalent. For example 10”4 equals one with four zeros after it or 10,000.

Ex. Here is the positional sum of 0.0015
0() + 0(10M1) + 0(10M2) + 1(104-3) + 5(10-4) or perhaps more commonly:

0 + _0 + 0 + 1 + 5 : here, the first 0, is for the "ones" whole units position
10 100 1000 10,000

For an extra note, the first three values in the sum are equal to 0 after simplification (ie, here solving or simplifying the
fraction; no or 0 parts of anything is always 0. Also, anything times 0 is always 0), and for the sum, this then leaves us
with just:

1 + 5 combining (summing) these fractions to a single (fraction) value -
1000 10,000 the method which will be shown further in this book, we have:
_15__ : "fifteen ten-thousandths" (= 0.0015 after performing the division expression )
10,000

Here is some more explanation of the weights that are less than 1. Let's begin at the weight of 1000. Since any weight is
a product (result of multiplication) of and factor of 10 times more than the previous (lesser) weight, previous weights are
always a factor of 10 times less, therefore divide this factor of 10 out of a weight to find the previous weight. Dividing
1000 by 10 results in 100. Dividing 100 by 10 results in 10. Dividing 10 by 10 results in 1 which is the weight of the
"ones" column or position. Dividing 1 by 10 and expressing the weight in various forms, we have:

10 |>_1 = 1 or= 01 or= 10M : weight of the tenths column
10 : a "tenth of one"
1 = " one " or simply: "one-tenth" or a "tenth" (of one)
10 ten

Dividing the weight of the tenths column by 10 we have the weight of the hundredths column:

A 1
10 = 10 = _1_ = 001 or= 10”2 : weight of the hundredths column
10 10 100 : a "tenth of a tenth"

1 :Note, 0.1/10 = 0.01 = 1/100
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1 = one

_1 or simply: "one-hundredth" or a "hundredth" (of one)
100 one-hundred

Many other counting systems such as hexadecimal (has a base 12 instead of the common 10 as used in the
decimal system, and often used with machine language/computer programming), octal (base 8), and the binary (base 2)
number system that is used for understanding computers and other digital electronic circuits, use the same concepts of
positional notation as the decimal (base 10) number system. The basic difference among these systems is that they use

more or less counting symbols. The ADVANCED TOPIC section of this book contains a short discussion about the binary
number system.
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UNITS OF MEASUREMENT

To add properly, you must add things that are similar. These similar things are mathematically referred to as
having "similar" or "like" (ie. same or common) units (of measuring, measurement or reference). Consider the numeric
part of a value as: "how many", and the units part of the value as: "of what". Units are said as being that to which the
numeric quantity or value (expressed and represented mathematically as a number) is in reference or measurement to.
For example, it could be an inch, a mile or meter of which a measurement is based upon or in reference to. For example,
you can add (mathematically, or even physically combine or group together similar items, such as into a container) a
quantity of oranges to another quantity of oranges, and get a larger net (final sum) quantity of oranges. That is, here the
like units (or "identifiers" or "type") of the items or objects being added are oranges. When you see the word "units" used
in mathematics, it is a short version of the phrase: "units of measurement".

Ex. 5oranges + 5oranges= (5+5)oranges = 10 oranges

This mathematical writing or expression also indicates that you can simply add the numerical values or quantities of "like
things" that have "like" or similar or units, and the resulting sum will have those same units.

You cannot add a quantity of oranges to a quantity of apples or anything else, since their units are unlike or not similar,
and get a larger quantity of either apples or oranges. Their will be more fruit, but the quantity of either apples or oranges
will still be the same even when placed in the same basket.

Many times you will be working with "plain" or unitless numeric values. You can consider their units as being "units" or
"wholes" as in an entirety or completeness of something, or as "ones" for a more numeric sense.

Ex. 5+ 2

= 50nes + 2ones = 7 ones
Ex. 20 + 10 =

20 ones + 10 ones = 30 ones

When the quantities or values being added are measurements, their units are correctly called units of measurement.
Again, to add properly, their units, or the unit, of measurement must be the same. If they are not the same, such as when
adding "apples and oranges" (unlike units), it is possible to convert one value (its numeric part) to an equivalent
representation that will have the same units of measurement which is needed for their combining (addition) and to express
the result as having just one unit of measurement or reference.

Ex. 5ft. +10ft. =151ft. :ft. = feet, which is a specific length unit, or unit of length
Ex. 3ft. +12in.= . in. = inches which is another length measurement unit :

This expression above cannot be simplified as is since the units of feet (ft.) and inches (in.) are unlike. One of the units
must be changed to that of the other. For example, the quantity of inches can be converted to its equivalent measurement
with units of feet, or the quantity of feet can be converted to its equivalent measurement with units of inches.

Since 1ft. =12in., orlikewise, 12in.=1ft. , and substituting this into the expression above:
3ft. +12in. = 3ft.+1ft = 3+1)ft. = 4ft.

Note, that which is said about having similar or like units for addition, also holds true for subtraction and other
mathematical operations.

Occasionally, a values units must be the combination of unlike units that were used during the mathematical
operation or definition. The concept of the (necessary) use of several units (as like one new unit) is sometimes called
"derived units", and may or may not be identified as a single unit name. For example, speed (or average velocity) equals
distance, which has units of measurement of length, divided by a time value with its own units of measurement of time.

speed (length units/time units) = Distance (length units) : ex. of a value that can have a combination of units or
Time (time units) derived units. Mathematically: D=st=vt
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Hence, the units for speed is a length unit divided by a time unit which are unlike units of measurement.

Ex. 50 mi./hr. = 100 mi. : perhaps you went 100 miles in 2 hours, your average speed is then 50mi/hr
2 hr. Why is the word average used? Because usually, or normally, you sometimes
will go slower, and perhaps even a bit faster than 50mi/hr during your travel.

The units for speed in this example is (miles/hour), and the speed in this example is said to be "fifty miles per (1) hour".

Sometimes, combinations of units may be assigned a single unit name. For example, in physics (physical science) and
electronic studies, a quantity or number of charged particles (Q), typically electrons from atoms, is measured in reference
to a specific amount of charged particles called a coulomb (C) of charge. Hence, the units for charge are coulombs (C).
Current (| ) is defined as the amount of this charge passing a point per second (s) of time (T):

| = Qc
Ts

Hence, the units of measurement for current is coulombs/second or (c/s). This quotient of c/s, or 1 coulomb per 1
second, is commonly assigned the new and single (derived) unit name, or identifier, of amperes (A), that is (c/s) = A.

Ex. 10c = 2c
5s 1s

= 2cls = 2A : Amps are a derived unit consisting of the units of coulombs, and time or seconds.

When dividing quantities or values that have like or similar units, the units are effectively "canceled out" (and-or
reduced to 1, since anything times 1 does not change that value) as if they were some value or algebraic variable (an
alphabetical symbol(s) representing, and as a "placeholder", a numeric value or quantity) by themselves. The result is
said to be unitless or a ("plain", literal, "strict" and specific value only) numeric value.

Ex. The ratio (which essentially is, and resolves to a quotient, which is a division result) of 10 ft. to 5 ft. is 2, and not 2 ft.:

10ft. = 2 since5ft. x2=10ft. also, = (5 x 2)ft. = 10ft.
5 ft.

The result is not indicated as 2 ft. since 5 ft. x 2 ft. = 10 feet x feet = 10 ft.A2 : "ten feet squared" or more
commonly as "ten square feet"
Note: 10ft. = 2ft., since2ft. x5=10ft.
5

That is, the units of a result of a multiplication or division operation where only one operand has units, will have those
indicated or expressed units, and for the division operation, the units must be in the "top number" or dividend operand.

Even the plain, unit-less numbers that we use are in actually reference to the value of 0. If given the number 5, it is a

value that is in reference to 0, and is a count of 5 counting numbers and-or positions greater than 0 on the continuous,
unbroken "string" or "line" of numbers called the number line.
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BASIC MATHEMATICAL OPERATIONS
ADDITION

When we "add" quantities, we are performing a mathematical operation called addition which is essentially joining,
mixing-in, summing, or combining; usually making something greater or larger. The standard symbol for the addition
operation is the "plus" symbol (+). But remember, the quantities being added must be "like" or "similar" quantities. That
is, they must have the same units or units of measurement to be added, otherwise, there will be an awkward "apples and
oranges" situation where they can't be combined as needed to produce one numeric result having just one of those units
of either apples or oranges. Formally (some accepted standard, though somewhat rarely used in everyday
conversations), the operands or values of an addition operation are called the augend and addend. These both are
infrequently called summands since they compose, or are part of their sum (result of a summation or addition process)
value. The result of an addition operation is called the sum which means the total value of all the combined numbers.

number + another number = sum : This can be read or spoken as: "number plus another number equals (the) sum".
"sum" is sometimes called the "total"

Ex. 5+2=7 : "five plus two equals seven" or "the sum of 5 and 2 is seven"
augend + addend = sum : formal or fundamental addition (symbolic) expression, expressed horizontally, or:
augend : addition expressed vertically : augend is a word somewhat similar to augmentation,
+ _addend and other similar words, most containing the letters aug,
sum and has the basic meaning of increase or change. The words augend

and addend are not heavily used today. Sum has its origins in the
word summit as in the (noun, thing) peak (highest part) of a mountain,
and (verb, action, "summation") to go to the top or peak.

When the units are different, as in feet and miles, a conversion of one of the quantities can be made so that the units are
identical for the addition.

Ex. Add 5280 feet and 2 miles.
5280 ft. + 2 mi. : The above placed into or expressed as a mathematical expression
Since the values being added have different or unlike units, a direct addition cannot be performed such as would

incorrectly result in either 5282 feet or 5282 miles. By converting (representing) 5280 feet as (equivalent to) 1 mile, we
will have values with like units, and the addition can then be properly performed:

5280 ft. + 2 mi. After converting or expressing 5,280 feet to it's equivalent value in miles (with miles units), we have:
1mi.+ 2mi. :The operands now have like units and can therefore be combined or added.
(1+2) mi. : An equivalent expression that indicates that the numeric parts (of the similar units) will be added.
3 mi. : After adding the numeric part of the values with like units, and keeping and expressing the

same, common, identical or like units in the total.

Below is an example that shows mathematical expressions for both horizontal (left and right) and vertical (up and
down) addition. Vertical addition, because of its practicality, is usually the preferred method to calculate the sum of any
two numbers since corresponding digit positions can be aligned into columns having the same weight value. Adding the
digit values of each column produces a sum having the same weight as the columns weight. The addition begins in the
rightmost column. Showing horizontal addition, or other mathematical operations, is a good way to get comfortable with
writing or presenting mathematical expressions or formulas (standardized or commonly accepted (known) expressions).
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Ex. Add 35 and 24

Horizontally: 35 + 24
Bx10)+(Bx1) + (2x10)+(4x1) : expression showing the sum of the positional products
30 + 5 + 20 + 4 . after some simplification we have this positional sum
59 :since: 30+5=35, 35+20=55, and 55+4 =59
Vertically: 35
+24
59

checking (to help verify, locate any errors, and accept the result):
sum = (sum of tens columns positional products) + (sum of ones columns positional products)

(3x10)+(2x10))+((5x 1)+ (4 x1))

(3+2)x (10) + (5+4)x (1) Or: (30 +20) + (5 + 4)
5x10  + 9x 1 50 + 9
50 + 9 59

59

A carry or carry-over is produced when the sum of corresponding (same column) digit positions exceeds 9 as in
the decimal system. This was also mentioned during the discussion of positional notation.

Ex. 35

+_9
Here, by first adding the rightmost or "ones" column, we get 14 which is two digits, hence greater than the maximum digit
value of 9. Simply "carry" or move the second digit (the 1), which has a positional weight of 10, to the second column
which has a (corresponding) positional weight of 10, or 10 more than the previous, and continue to add.

1 : this 1 could be shown as 10, but the zero is often not written since it does not contribute to/affect the sum.
35 Or the rarely used 35 : In this method, you need not start
+ 9 non-carry method: +_09 adding at the ones column.
44 (summing corresponding 14 :(5x1) + 9x1) = 5+9 = 14
positional products): + 30 :(3x10)+(0x10) = 30+0= 30
44

Again, each unit (1) of carry is 10 of the previous digits positional weight.

checking:
35 + 9
(Bx10)+(5x1)) + (9x1) with some simplification of the expressions:
( 30 + 5 ) + 9
30+5+9 : expressed as a sum of the positional products
30+14
44

Note above, in the expression (30 + 14), that this is an intermediate simplified expression showing that the 5 ones and 9
ones were combined (added). Often intermediate expressions like this are not shown, but it can assist you in
understanding or remembering the steps you took to simplify an expression or to solve an equation (two different
expressions that are equal each other).

Another, more popular, method to check an addition problem is with subtraction. Subtracting either operand from the sum
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should yield the other operand of the addition operation. This was mentioned during the discussion about the "addition
table". Using the last example:

44 or: 44 : instead of "carries" (of 10) as used with addition, we now have "borrows" used
- 35 -_9 with subtraction. Essentially, these are reverse concepts of each other.
9 35 In common speak, people may say "a borrow of 1", or "a carry of 1", however,

this 1 is actually 10 of the smaller weight, next rightward position that receives it.

Extra, an advanced technical note: The "(calculation and result comparison) checking process" for an addition operation
can be formally expressed as subtracting either operand from both sides of the addition (operation) expression or formula:

augend + addend = sum subtracting the addend value from each side:
augend + addend - addend = sum - addend since subtracting or removing a value from itself (the

same value) results in, and is equal to, 0:
value - value =0, therefore, addend-addend =0 :

augend + 0 =sum - addend since adding 0 to any value or sum does not change it, we can express this as simply:
augend = sum - addend by "switching sides" (for clarity) this can be expressed as the examples indicated:
sum - addend = augend in more generalized or representative expressions:

From: sum = value1 + value2 therefore, sum - value1 = value2 and sum - value2 = value1

About the fancy words used in mathematics:

The fancy word terms used above, like augend, are for some formality and knowledge, and in case you read
some rare math text. In general, you will not encounter many of these rare-like words in your mathematical
journey. In short, you do not have to worry about memorizing them, but at least have a basic idea about them
and what they may mean. On occasion, it helps to know what a math word or concept is and means, and so as to
express it in writing and-or verbally. Many English math and science words are based on old Greek and Roman
words of which the English audience is not exactly familiar with, but they can eventually become familarized to
and accept them.
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SOLVING FOR AN UNKNOWN VALUE OF AN ADDITION PROBLEM

This discussion is about solving addition problems where the sum is not necessarily being found, but one of the numbers
(ie. operands; formally the augend or addend) that is part of the given sum. As you will see, the method may seem trivial
at first, but has far reaching potential as the basis for solving equations ("equa" is from "equate" and "equals" meaning
that which is equivalent or the same value) as in math and-or algebra. To equate is to make or state an equivalence to,

usually with the "equals" (=) mathematical symbol, and it can be interpreted as "is", "is this", "is equals or equivalent to
this", "is the same as this". Some of this discussion was mentioned in the last topic.

If you add 2 to 3, you get 5:
3 +2 =25 : the (entire) expression of: (3 + 2) is being equated to 5, and vice-versa.
Commonly spoken as: "three plus two equals five", or

"three plus two is the same as five"

Hence, if you take or remove that 2 back out of the total sum of 5, by subtraction, you should arrive at the other number
that is part of the sum (here, 5), which is 3. Or, if you take 3 out of the 5, you should arrive at the other number which is 2.

5 -2 =23 and 5 -3 =2

Therefore, we see a method of solving problems such as the following that is identical to 3 + 2 = 5 that was first given
above , except that one operand here is now unknown and is to be found:

3+ = 5 or as: + 3 = 5 :after simply switching the operands being summed, and:
2 + =5 or as: +2 =5
Instead of which means "blank", "unknown", or "find this value", you might also have the word "number", or a letter

symbol such as used in algebra for a symbolic (ie. a placeholder or representative) number, such as ?, n, x, or whatever
happens to be used to represent and express a value that is to be found.

Ex. Solve this equation : __+ 4 =7 : To solve this equation, we are to find the number which makes
the equation true, hence we are to find the correct "unknown"
value that makes the equation true so as to have a balance
(equivalence) on both sides of the equals symbol. To have
this balance, both sides must always be kept equal.

To find the other specific or corresponding number that is part of the sum, remove or subtract the known or given
(operand) number, the 4, which is the known other part (operand) that made that sum, from 7 to see what is the remaining
or other part that made up or is part of that sum of 7:

7 -4 =3 , hence, = 3 : we find that the "unknown" or "unknown value" equals 3

Checking by substituting the value of 3 into the "unknown values" placeholder or position:

+ 4 =7
3 +4 =7 : this equation is correct since both sides, or expressions, of the equality sign, equal 7:
7 =7

In the formal methods of equation solving, which will be describe further ahead in this book, 4 will actually be subtracted
from the total values on both sides of the equals signs, and not just from 7, during the process of solving for the unknown
value. This formally keeps both sides of the equation always in "balance" (equivalent or equivalence) when they are both
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mathematically acted upon or processed together:

left-side =  right-side
+ 4 = 7
+4-4 = 7 -4
+0 = 3
= 3

: a simple description of an equation. Each side can be any valid expression,

and that both expressions equal the same value or number.

: the (incomplete, unsolved) equation in question

. expressing the subtracting of 4 from both sides of the equation

since any value, known or unknown, plus (+) zero is itself or still the same
value, this can be expressed as:

: this indicates that the unknown value is equal to 3, and it is the same result

as shown above

If 4 was not also subtracted from the left-side, and only subtracted from the right side, we would of created an
unacceptable "inbalance" of the equation, and which would lead to an incorrect result than the true or actual result such as

when given:
+ 4 = 7
+ 4 = 7 -4
+ 4 = 3

Mathization Ebook V1.0

: an incorrect method to solving this equation for an unknown, because
4 is being subtracted from just one side of the equation, rather than both:

: more advanced math (where signed numbers are considered) will
show that the solution here is: (3 - 4)=-1. and -1 is obviously not equal
to 3, the true result being found. In short, an unbalance (non-equivalence,
error) and incorrect result was created by not applying the same
mathematical operation to or upon each, and entire, side or expression.
The application and incorrect process used here could be said as being
wrong since it was only "one-sided"; applied to just one side of the
equation, and not correctly to both sides of the equation.
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ADDITION WITH FRACTIONAL PARTS

The decimal point ( . ) within a number is used to visually separate the number of "whole" (complete) or unit
values from that which is a fraction ("part of", or "portion of", you can also think of the word fracture [break/shatter into
pieces or smaller parts]) of one single "whole" or unit. That is, (true) fractional parts of 1 are always less than 1. A piece
of a whole thing is always less than the whole or entirety of which it came from. If you like, you can consider the decimal
point as meaning "add this (fraction part) also", or as a small hidden plus (+) symbol. For example, 5.2 can be considered
as 5+ 0.2, or 5.0+ 0.2. This is also the positional sum expression for 5.2. Addition (or subtraction) of values that may
contain fractional parts is performed in exactly the same manner as those without. Just be sure to add corresponding
columns, that is, they must have the same weight (as when units must be identical) to added properly. A quick and
simple method to do this is to align the decimal points of the two or more values (and of the resulting sum), and then all
the corresponding columns will be in alignment and easier to work (process, add, combine) with.

Note that even if one or both numbers do not have a decimal point, you can still place one there. Adding leading or
trailing zeros to a number will not change the value of a number.

4 +2 = 40+20 , 43+2= 43+20

Ex. Add nine-tenths (0.9) and one-tenth (0.1)

0.9 : nine-tenths, plus
+.0.1 : one-tenths, equals
1.0 : or= (nine + one) tenths = (9/10) + (1/10) = (9+1)/10 = (10/10) = ten tenths = one =1

Ex. Add 1043 and 2.1005

1043.0000 : Any leading zeros in the whole number part, or trailing zeros in the fractional part
+ 2.1005 are insignificant and will not change the numbers or the result after using them in
1045.1005 mathematical operations.
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SUBTRACTION

Subtraction, or to "subtract", is to reduce, remove, deduct, take-away, take-out, or decrease a value, quantity or its
representative ("quantized", "quantization") numerical value or number by some amount. The accepted symbol for a
subtraction operation is the "minus" (-) symbol. The word minus is based up or "rooted" in the words and meanings of:
"tract" (to pull, remove or take away from), "smaller", "subject", "piece" ("sub" word prefix), "less" or "lesser", "minimal",
"minimum”, "minor" (for "minus"), and "diminish" (to "lessen", "reduce"). The general "formula" for a subtraction operation
is:

minuend - subtrahend = difference : The difference is sometimes called the remaining or

value "left over". In monetary use, such as at a store, it

is often called the "change" value. Change has another more
important or technical meaning such as how much did a value,
such as the minuend value, change in value so as to be

equal to that difference value. The answer here is that the
subtrahend value is equal to that change value of the minuend
value. The word difference is rooted in the words "different" and
"diverse".

Minuend and subtrahend represent the operands of a subtraction operation or problem, and the difference represents the
result or output of the subtraction operation. You can think of the subtrahend as that which is being subtracted. Actually, a
difference or difference value is the simplest, and perhaps the greatest mathematical measure or representation of the
comparison of two values. Given the values of the minuend and subtrahend, we can say that the minuend is difference
larger than the subtrahend, and the subtrahend is difference smaller than the minuend. The mathematical measure of the
comparison of two similar values by division is called a ratio which yields a ratio value or result, and this will be discussed
further ahead in this book, and it basically indicates how many times larger one value is than the other value, or how one
value changes when another value changes by some amount (usually by 1, so as to have a fundamental rate or ratio).

Note that by "switching (the left and right) sides" of the equality sign, or equation, that this could also be correctly
expressed or written as:

difference = minuend - subtrahend

To advance your math skills, and in particular, for solving for some unknown value in an equation, you should try to feel
comfortable with switching both sides of an equation.

A good method to illustrate the concept of subtraction is to display a group of objects that represents the larger number
(the minuend) and remove (perhaps circle or cross-out the objects if paper is being used) the number that is to be
subtracted, the answer, formally called the difference, will be that which is "left over" or remaining.

* * *

Ex. Show 3minus2 = 3takeaway2 = =1 , and-or:

3 - 2

1 : "three, take-away two, is one"

*

To be good at subtraction, you first need to know the sum of any two of the basic (0 through 9) decimal values. These
values may represent groups of objects. For example if you were to add a group of 3 and a group of 4 together, you could
create a new and larger group of 7 objects:

3 +4 = 7 :(***) + (****) = (*******)
If you had a basket containing 7 apples, you could say, for example, that in the basket there is a group of 3 apples, and a

group of 4 apples, and a total of 7 apples if you added those two groups together, perhaps to make just 1 group. If you
took out, or mathematically subtracted, either group of apples, you would be left with the other group of apples. To
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illustrate this point, "grouping symbols" (here, parenthesis) are used around each group of which can be regrouped into
two smaller groups, of which a group can be removed or taken away during the subtraction:

7 -3 = 4 +3 - 3 = 4 = 4
7_3:4 :(*******)_(***) :(****)+(***)_(***) :(****) = * *x * % and
3 3

7 - 4 = 3 + 4 - 4
:(*******)_(****):(***)+(****)_(****)

7-4

1
w

(***)

When both groups (here, groups of apples) are combined together into one new (and larger) group, either physically or
mathematically with addition, you will then have the sum of objects of both groups, and the number of objects in the new
combined group:

4+3 = 7 :(****)+(***) = ****+ * % % = * k% k k %k % % = (*******)

Above, parentheses were used to express each group being considered. Parentheses (), and brackets [ ], are common

grouping symbols used in math. Grouping symbols are sometimes used to clarify an expression, and-or to treat it as like
one value.

Like addition, subtraction problems are often expressed horizontally, but are usually solved vertically "by hand" (manually):

minuend
- subtrahend
difference

To check the result (the difference) of a subtraction problem is to sum (add) the subtrahend to the difference. If this result

is equal to the minuend, the result is correct. As done in addition, in subtraction, values or quantities with only like units
can be subtracted.

In "vertical subtraction”, to borrow is to "reverse carry". That is, the borrow of 1 is equivalent to 10 times the positional
weight which receives it.

Ex. 45

-7
Here, without using signed number concepts that will be discussed ahead, 7 cannot be taken from or out of 5 since "5
does not have enough", or 5 is simply less than 7. We can make enough by borrowing 1 (or 1 tens) from or "out of" the
second digit (the 4). We are actually taking 10 ones since the positional weight there is 10. The digit value which gave us
these 10 ones must then be reduced by one. These 10 ones borrowed are added to the 5 to make a sum of 15. Now, 7
can be taken from 15, leaving 8.

checking: 15-7 =8 since 8 + 7 =15

3
4(15)
- 7
38
checking: 1
38 . difference
+_7 . + subtrahend
45 ;= minuend
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Ex. Subtract 7 from 105

105
- _7
Obviously, 5 is less than 7. Since the second digit position has no value other than 0 in it, there is nothing immediately
there to borrow from. To place a value there to borrow from, the second digit can borrow from the third digit (the 1 shown).
Borrowing 1 from the third digit leaves zero. Since the weight of the third position is 100, it is actually borrowing 100
which is 10 times that of the previous digits weight (the second digits weight) of 10.

0
1(10)5
- 7

Now that there is a value in the second digit position, the first digit can borrow from it. Borrowing 1 from the 10 leaves 9:

0 9
1(10)(15)
- 7
9 8 : difference = minuend - subtrahend = difference
checking:
1
98 . difference
+_ 7 :+ subtrahend
105 : minuend > minuend = difference + subtrahend = minuend

When several zeros are "in a row", and you need to borrow, start the borrowing at the first leftward non-zero value.

Ex. Subtract 5 from 3002 Showing this with enumerated (numbered) steps of the calculation process:

1) 2 2) 29
3(10)02 3(10)(10)2 : showing some intermediate steps
- 5 - 5
3) 29 9 checking: 111
3(10)(10)(12) 2997
- 5 + 5
29 97 3002

The result of subtracting 0 from any number is that same number since nothing was effectively subtracted or removed:

Ex. 7-0 =7
If any number is subtracted from O, the results are somewhat similar to that mentioned above, but since the concepts of
signed numbers, particularly negative numbers, have not been discussed yet in this book,, examples will not be presented

here. We all seen or heard of 0 degrees on the thermometer, and even "negative temperatures" where the temperature
is actually less than the reference value of 0. For example, -10 ("negative ten") degrees Celsius or Fahrenheit. Anyway,
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without these more advanced concepts, it is common sense that nothing can actually be physically (as opposed to
logically) subtracted or taken away from nothing or 0.

Extra: The checking process for a subtraction operation can be formally expressed as:
minuend - subtrahend = difference , after adding the subtrahend to each side of this equivalence (same values):

minuend - subtrahend + subtrahend = difference + subtrahend

If you subtract value2 from value1, and then add that value2 back, the net result is that you have added or subtracted
nothing or 0:

valuel = valuel + value 2 -value2 = value1+0 = valuel = valuel-value2 +value2 = value1-0 = value1
minuend = difference + subtrahend or = difference + subtrahend = minuend here is a generalization:

value1 + value2 = value3 :a generalized addition formula, solving for value1 by subtracting value2 from each side:
value3 - value2 = value1 : a generalized subtraction formula, also:

value3d - value1 =value2 solving for value3, here, as the minuend, from either of these two equations:

value3 = valuel + value2 :minuend = difference + subtrahend or= subtrahend + difference
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SOLVING FOR AN UNKNOWN VALUE OF A SUBTRACTION PROBLEM

This discussion is about solving subtraction problems where the difference is not necessarily being found, but one
of the numbers, either the minuend or subtrahend operand of a subtraction operation or problem. This discussion is
similar to the previous discussion of SOLVING FOR AN UNKNOWN VALUE OF AN ADDITION PROBLEM.

For example, if we take 3 away from 7, the value of 7 is reduced to a value of 4:
7-3=4

If we do the exact reverse and add (rather than subtract) or combine this value of 3 (that was taken out of the 7) back with
or to the value of 4 (the difference, or "remainder" if you will, of which 7 was reduced or changed to), we should effectively
arrive at the original value in which 3 was subtracted from.

4 +3=17
Now, with this information in mind, if given:

7 - =4 : "Seven minus some number is equal to 4.". We know that 4 added to some number, that we are
to find, will sum to 7 and that this is the value that was subtracted from 7. Expressing this
mathematically, we get, and are to effectively solve the new (addition) problem or equation of:

4 + =7 : "Four plus some number is equal to seven."

Actually, in more formal equation solving, which will be discussed further ahead in this book, this new equation shown
above is easily arrived at by taking the original equation given: (7 - = 4) and adding __ (which represents some
unknown value that we are solving for) to each side. If you want to, you can also substitute (replace) the __ symbol
with ?, X, n or something to symbolically (ie. a symbol) represent a number to be found. When any value is both given to
or added (even if its O or nothing), and then taken away, removed, reduced or subtracted (regardless of the order of
events), it results in a value of 0, and effectively eliminating that value. We do this to eliminate a value from one side of an
equation and effectively move it to the other side of the equation. Again, that which is done to one side of an equation,
must also be done to the other side of the equation so as to keep the equation in mathematical true (equals) balance.
Now, simply solve for just like the method shown previously for solving addition problems (hint: subtract 4 from each
side):

Usually, we have been told verbally how to solve this when checking a subtraction problem: "add the difference and
subtrahend" to find the minuend, hence:

=3+ 4 or:4+3= : Which is effectively the result of adding 3 to each side of the above previous equation,
and eliminating the 3 on the left side since 3 - 3 = 0. Simplifying the right side we have:

=17 or. 7=___

Now, let's give some more reasoning to this, and it's based on the above discussion. If we reduce or takeaway a number

by 3 and get a smaller number (the difference), we can do the reverse and add or combine that which was taken away

back to this new or reduced number to get the original number before any subtracting had taken place.
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Before moving on to other topics, it must be mentioned that addition and subtraction are logically, inverse
operations of each other. You can think of an inverse operation as an operation that will "undo" or "reverse" the last
operation.

Ex. Starting with 10, and then performing an addition operation on it:
10 +5 = 15

To solve for the original value of (10) given this value of (15), you must perform the inverse operation of addition on i,
which is a subtraction operation:

15 - 5 = 10 : Subtracting 5 is the inverse process or operation of adding 5.
If you first started with (15) and then subtracted (5):
15 - 5 = 10

To solve for the original value of (15) given this value of (10), you must perform the inverse operation of subtraction on i,
which is an addition operation:

10 + 5 = 15

This is exactly what we did at the beginning of the example. Notice that the value of (5) was used in both inverse
operations. Performing an inverse operation is also a way to check a mathematical problem. Likewise, most other
mathematical operations have a corresponding inverse operation:

addition and subtraction,

multiplication and division,

powers and roots,

logarithms (basically an exponent) and antilogarithms (basically a power),
trigonometric functions and inverse, "arc" or "angle" trigonometric functions

A lot of ideas have just been mentioned above in this current topic which may very well seem a bit complex or
overwhelming, and perhaps even unnecessary at first. Just give it a look over once in a while, and you will begin to find
more and more reasoning, justification and understanding of it.
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MULTIPLICATION

Multiplication, or to multiply, is a "short-hand", or quick method of representing, expressing and performing
repeated addition. "Multi" is a word prefix that means: many, such as in the word multiple, hence multiplication basically
means many or multiple repeated additions of a value or something. Similarly, multiplication means a combination of the
words: "multiple" or "many", and "apply" or "application", hence to apply addition multiple times or repeatedly.

The symbols for multiplication are (x), (.), or sometimes parentheses or other grouping symbols surrounding the operands.
For example: 5 + 5 = (5)(2), here 5 is being added twice, and which is the same as 5 multiplied by two. (5)(2) = (5) x (2)
=5 x 2. The basic, general expression, format or "formula" for multiplication is:

operand1 x operand2 = result : the operands of a multiplication problem are called factors, and the
result is called the product, therefore, this can be expressed as:

factor1 x factor2 product after assigning formal names or identifiers to each factor:

multiplicand x multiplier product : common multiplication expression or formula

The symbol for the operation of multiplication is often called and spoken as the "times" symbol. It means repetition or the
number of times to repeat the addition of the given number, here the multiplicand. The (x) symbol for multiplication is
thought to be a plus sign that is turned or turning as if in a repeated process. At about 1700, the dot (.) symbol was
sometimes used between two factors being multiplied so as to avoid using the (x) symbol which looks like the variable or
"(number) placeholder" (x). This book does not use the dot symbol ( . ) for multiplication very much, but rather uses the
parentheses around each factor or operand of the multiplication expression. Computers programs often use the star or
asterisk symbol (*) between two factors of a multiplication expression, and this symbol was already sometimes used for
multiplication, possibly to look like a modified (x) symbol for multiplication. The multiplicand and multiplier are the
operands of a multiplication operation. The product (means something that was "produced") is the result of a
multiplication and-or an expression to multiply.

The multiplier is the number of times the multiplicand is to be repeatedly added (summed) to an initial sum or starting
value of zero or nothing. The multiplicand and multiplier are also called "(the) factors" of that result or product since these
factors will have influence (effect) on the resulting value (the product).
Adding any number just once (to a starting or initial sum of 0) is the same as multiplying that number by 1:
7+0=7 and,
7x1=7 : multiplying any number by 1 does not change it's value. 7 is being added to an initial working sum or
total of 0, only 1 time, and the result is therefore 7. Note that this is also equivalentto 1 x 7,
and 1 multiplied or increased 7 times, or added to itself 7 timesis: 1+1+1+1+1+1+1=7
Adding 5, ten times would result in an addition expression or problem (to solve for the result) looking like this:
5+5+5+5+5+5+5+5+5+5 :sum = 50
That is a very long addition problem or expression, and a "running total" of many "intermediate sums" would have to be
written down or remembered as you try to simplify or solve it. Since the above expression is of the repeated addition of
the same value (5 added to the running (processing) total (sum), or to itself, 10 times), transforming this expression into
an equivalent and simpler multiplication expression, we get:

5+5+5+5+5+5+5+5+5+5 = 5x 10 = (5)(10) : multiplication is repeated addition

Since both expressions are said to be equivalent in value, they are shown as equated (ie. equals) together.
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5x10 :product = 50, and this is a much "shorter" expression for 5 added to itself 10 times.
Multiplication with a zero operand: The product of any value multiplied by 0 is O.

Ex. 4x0=0 : With respect to addition, four added zero (or none) times is equal to zero.
Remember that4 x O is also equalto 0x4 = 0+0+0+0 = 0

Ex. 0x20=0 : With respect to addition, zero added to itself twenty times is zero.
20 multiplied to itself zero (or none) times is equal to 0 since no addition to the initial
starting sum of 0 has taken place.

To solve common multiplication problems, you must know from memory, or by using a multiplication table, the products of
many factors. Usually, all the products of factors between 1 and 10 are memorized, such as shown in the multiplication
table below:

A MULTIPLICATION TABLE

1 2 3 4 5 6 7 8 9 10

11 1 2 3 4 5 6 7 8 9 10
2] 2 4 6 8 10 12 14 16 18 20
3] 3 6 9 12 15 18 21 24 27 30
4| 4 8 12 16 20 24 28 32 36 40
5] 5 10 15 20 25 30 35 40 45 50
6| 6 12 18 24 30 36 42 48 54 60
71 7 14 21 28 35 42 49 56 63 70
8| 8 16 24 32 40 48 56 64 72 80
91 9 18 27 36 45 54 63 72 81 90
10 | 10 20 30 40 50 60 70 80 90 100

To use the table, the resulting product of any two factors (indicated at the top row, and at the left column) is the value at
the horizontal and vertical intersection. This table can also be used for division where the value at the intersection
becomes the dividend. Also notice in the table that there are two methods to find the same product:

multiplicand x multiplie

r = product
multiplier x multiplicand

= product : the product will be the same for both expressions and-or equations

Either value at the top and left side can be considered as either the multiplicand or multiplier. This can be very easily
verified by representing the multiplicand and multiplier in a physical or graphical form (such as with objects). For example,
3 x 2 can be represented by 3 objects and 2 groups of those three objects and which is the same as adding three to itself
twice: 3x2 = 3+ 3. Expressing this physically or graphically, where an object represents 1:

ook : ( 3 objects, first group )
ook : ( 3 objects, second group)

Since multiplication is repeated addition, the product is the sum of all the objects. Since there are 6 objects, the product
or repeated sum is 6.

Without removing or adding any objects, the product of 3 x 2 can be represented by tilting the above objects on to their
side, producing 2 objects and 3 groups of those 2 objects, hence 2x3=2+2+2:

* * : ( 2 objects, first group )
* * : ( 2 objects, second group )
* * : ( 2 objects, third group )
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1
(o))

The sumis still 6. Hence: 3x2 = 2x3 : Verifies that the multiplicand and multiplier factors can

be exchanged and still produce the same product or

result, just like the numbers (augend and addend) of

an addition problem can be exchanged.
Ex. There are 7 piles with 10 stones in each pile. How many total stones are there in all the piles?
Since we are totaling (summing) the number of stones, we are to add each (identical) group, or pile, of stones a total of 7
(piles) times. Since this is a repetitive or repeated addition problem, we can represent and solve this more easily as a
multiplication problem:

10stones x 7 = 70 stones : or more advanced as: (10 stones per [for each] pile) x 7 piles = 70 stones

The are all sorts of rhymes and apparent "tricks" to remember, and-or to check, the basic multiplication table and
problems. For example, to remember the 9's products, take that specific multiplier (or multiple of 9) and subtract 1 from it.
This will be the first or most significant number of the product. The other digit (if any) of the result will be that number
which when combined to the first number found sums up to 9.
Ex. 9x4

Subtracting 1 from 4 leaves 3. and the number that when added to 3 that creates the sum of 9 is 6 (you can simply use
subtraction to find this next digit value: 9 - 3 = 6).

9x4 = 36 : note that for the product, here 36, that its digits sumto 9: 3+6=9
Ex. 9x7
The first digit will be (7-1) = 6, and the second digit willbe 9 - (7-1)=9-6=3
9x7= 63 : note that the sum of the two digits of the productis9: 6+3=9
Perhaps the most simple method to use as an aid to basic multiplication is the fact that if you already know:
multiplicand x multiplier = product
Then you can easily solve for:

multiplicand x (multiplier + 1) = product : Increasing the multiplier by one
to find the next product.

Ex. If you already know that 6 x 4 = 24 , and you then want to know what 6 x 5 is, then simply add one more 6 to
the value of 24, since after all, multiplication is still repeated addition, and that you can use a previous sum or product as
an intermediate sum of another multiplication operation. Expressing this method and example in mathematical
statements:

Find 6 x 5

6 x 56 = 6+6+6+6 +6 : expressing the multiplication as its equivalent addition

6 x 56 = (6+6+6+6)+6 expressing the first 4 additions as multiplication we get :

6 x 56 =(6 x 4 + 6 : equivalent expressions, and what this discussion is about

6 x 5 = 24 + 6 : If you knew 6 x 4 = 24, you can then find 6 x 5 with just another addition of 6.
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6 x 5 30 : If you knew 5 x 6, you would have the same result of 30.

cIfyouknew 5x5,then5x6= (5x5)+5 = 25+5=30

Multiplication, like addition and subtraction, when done without a calculator, is usually performed vertically. To
multiply this way, the positional product of each digit of the multiplicand is multiplied to (or by) the positional product of
each digit of the multiplier once, producing an intermediate product (or intermediate sum to be added together, since a
product is technically a sum of repeated additions) that will be part of the sum.

Ex.  Multiply twenty and seven together.
(This example also shows how to multiply values (factors) greater than 10 that are not listed in the basic table.)

20 x 7 : expressed horizontally
20 : expressing this vertically
X_7
20
X_1
0 :0x7=0 ,apositional sum of 0
+ _ 140 :20x7=(2x10)x7 = (2x10x7) = (2x7)x10= 14 x 10 = 140, a positional sum of 140
140 : summing up these positional products (or intermediate sums)
Ex 28
x17
56 :8x7=56
140 :20x7
80 :8x10
+ 200 :20x 10
476

A more popular vertical method is to not use the positional products, but to use just the single digits of the multiplicand
and multiplier, and utilize any carry's:

Ex. 28

X_1
First, the 8 is multiplied by 7. The resulting product is 56. The 6 is placed into the "ones" digit position of the product
(which may be an intermediate product that will be used in the final sum). The second digit of this intermediate result, the
5, is a "carry" to its corresponding "tens" column and is added to the product of the next multiplication. That is: 7x2=14,
and then 5 is added to 14, making a sum of 19. This result is placed in the next leftward and significant available position
as the product of that multiplier digit is constructed:

196 :stepsof: 8x7=56, 7x2=14, 14+5 = 19 (ora 9 with a carry of 1 into the next column)

The basic reasoning that the carry of 5 was not added to the 2 before performing the multiplication is that, like above, 8 is
being multiplied by 7, and 20 (not 70) is to be multiplied by that 7 also giving:
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28x7 = ((2)(10) x(7) + (7x8) = 20 +(8x7) or: (20 +8) : "both twenty and eight, multiplied
X _ 7 by seven, and their products
added together"

(20x7) + (8x7) :or expressedas: (8x7) + (20x7)
140 + 56 56 + 140
196 196

Continuing with the above discussion, multiplying by the positional products (such as the 20 indicated above) is not
necessary as long as you place an appropriate amount of "trailing" zeros onto each next intermediate product(s) and
continue multiplying with just the single value or digit in that digits position. This is perhaps the easiest and most popular
method to multiply. The reason behind this method is that when you multiply with just the value in that digits position,
instead of the positional product, you are effectively dividing the correct intermediate product by the positional weight of
that digit, and placing in the "trailing zeros" will correct this (effectively multiplying, the intermediate product, by the
positional weight that was effectively "divided out" using this process). Excluding the first time, each time another digit of
the multiplier is used for multiplying, the intermediate product or sum is shifted leftward one digit position which essentially
means placing in another trailing 0 and effectively multiplying the result by the positional weight of the multiplier digit. This
multiplication by 10 is often thought of as simply shifting the decimal point one digit rightward. That is, when any value is
multiplied (or divided) by 10, or some power of 10 such as 10*2 = 100, the resulting digits are always the same, and only
the decimal point will moved. Leading or trailing zeros may sometimes be needed, and placed before (such as when
dividing by 10) or after (such as when multiplying by 10) the number, and only if needed. For example(s):

3x10 = 3.0x10 =30 , 25x10=250 , 25x10=25 , 2615x10=26.15 , 350/10=35.0 ,
3/10=3.0/10 = 0.3 , 3/1000 = 3.0/1000 = 0.003 and 0.003x 1000 = 3.0 =3

Ex. Multiply 28 by 17

5
28
x 17
196 : 8 x 7=56, carry the 5; 2 x 7=14, 14+5=19
+280 : First, place a trailing zero=0; 8 x 1=8 (instead of 8 x 10 = 80), and 2 x 1=2 (instead of 20 x 10 = 20)
476
alsonote, 196 = 28x7 = (20+8)x7 = (20x7) + (8x7) = 140 + 56 = 196
also note, 280 = 28x10= (20x10) + (8x10) = 200 + 80 = 280
Ex. Solve 107 x 304
107
x _304
428 :7x4 =28, carrythe2; 0x4=0 andthenthat 0+2 =2andplaceit; 4 x1=4 and place it
0000 : place a trailing 0. Here, all three products will also be 0.
+ 32100 : now place another, or 2 trailing zeros here, then continue multiplying
32528

It should also be mentioned that some of the steps presented in the above discussions about multiplication imply a
mathematical concept formally known as the distributive property or simply "distribution". It will be described and used
further ahead in this book, but here is a simple explanation:

Ex. Given 5 + 5 = 5(1)+5(1) , We know this repeated addition can be expressed using multiplication as:
5x2 = 5(1)+5(1) and this can then be expressed as:
5x(1+1) = 5(1)+5(1) hence:
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5(1+1) = 5(1) + 5(1) :This has the general format of the concept of distribution, where a product of
two factors, where one contains several terms (here as expressed additions or
a sum), is equal to the sum of the products of each term and the multiplying
factor . Here both sides and expressions equal 10.

Rather than simplify the second indicated factor of (1+1) to a value of 2, with the distributive concept, we can use a
reverse type of process to that mentioned above, 5 can be multiplied to each number that is a part of the sum that
comprises this factor of (1 + 1):

5(1+1) "distributing" (essentially multiplying) the factor of 5 to each term (ie. a partial sum of the
second factor) to create a new expression:
5(1) + 5(1) : this equivalence was also shown above
5+ 5

The main point to remember is that an initial factor multiplied to another factor that is composed or expressed as sum of
numbers is equal to the sum of all the products of that initial factor and each member of the factor that is composed of a
sum of numbers.

Ex. 7(1+1) = 7(1) + 7(1)
7(2) = 7 + 7
14 = 14 : checks
Ex. 7(1+2) = 7(1) + 7(2)
7(3) = 7 + 14
21 = 21 : checks
Ex. 15 = (10+5) = 3(10+5) = 3(10)+3(5) = (10x3) + (5x3) = 30+15 = 45
X _3 X 3
45 15 :5x3
+ 30 :10x 3
45

Here is another helpful discussion about multiplication, especially with multi-digit operands, and it is intended to
give more clarification and understanding to using a "left-shift" in the intermediate sums during vertical multiplication
solving. A left shit by one digit position is equivalent to multiplying a number by 10. This discussion is somewhat detailed,
and you may skip over it till perhaps another time.

Ex. Given 1, if we left-shift this one position to the left we have: 10 , and this is the same as multiplying 1 by 10 and the
product is 10. If you were to repeatedly sum 1 a total of 10 times you would have:

1T+1+1+1+1+1+1+1+1+1 = 1x10 = 10 : Hence, simply left-shift the digit leftward one position
and place a trailing 0 into the ones position or column.

Ex. Given 2 and we left-shit this one position, we get 20, and this is the same as multiplying 2 or= 2.0 by 10.

Notice that the result has the same digits used, but they are essentially shifted to the left one position and a trailing 0 is
put at the end of the number (in the ones position or column). This new value is 10 times more than the given value. 20
is ten times more than 2. If you were to repeatedly sum 2, a total of 10 times you would have:

2+2+42+2+2+2+2+2+2+2 = 2x10 =20

Hence, simply left-shift the digit(s) leftward one position and place a trailing O into the ones position or column.
Extra: 2 can be expressed as (1+1), and, we would have: (1 +1)10 =10(1+1) = 2(10) = (10)(2) = (1)(10) + (1)(10)
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The right hand expression is an example of what is known as applying the "distributive law" (essentially multiplication)
to the left hand expression. The left hand expression is essentially a "factored form" of the right hand expression.
The factors are (1 + 1) and 10 which is the common factor in both indicated (sum of) products or terms on the right
hand side.

2x10 = (1+1) + (1+1) + (1+1) + (1+1) + (1+1) + (1+1) + (1+1) + (1+1) + (1+1) + (1+1) which could be expressed as:
2x10 1T+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1 with some grouping:
2x10 =(1+1+1+1+1+1+1+1+1+1)+(1+1+1+1+1+1+1+1+1+1) which could be expressed as:

2x10 = (1x10)+(1x10) : which results in 1 left-shifted once, plus, 1 left shifted once (and not 1 left-shifted
twice), and this is: 10+10, and these are a group of "partial (part of) sums" of 20.

Now consider this, let symbol N symbolically represent the value of any basic number that you can think of:

N = N or= N = N Nx10= N (1x10)=N((1)(10)) = N(10)
x 10 x (10+0 x(10+0 x (1x10 Note, we cannot use distribution above,
N(10) + N(0) N(0) since the second factor: (1 x 10) is not a
+___N(10) sum of values such as: (1 + 10)

These can also be expressed as:

Nx10 = N(10) = N(10+0) = N(1x10) : note, you cannot use distribution on the right expression
to simplify it, since the second factor (1 x 10) is not a
sum of terms. N(1x10) = N((1)(10)) = N(1)(10) = N10 = 10N
The resultis NOT: 1N + 10N = 11N

Considering the indicated product on the right hand side, we essentially have 1 with a left-shift being multiplied to N:

That is: N(1x10) = (N)((1)(10)) = N(10). Anything multiplied by 1 is that same number, such as 10(1) = 10. Hence we
have: N(1)(10) = N(10), and when we left-shift all the digits of N, we have the product of it and 10. Symbolically using an
appended 0 to indicate a left- shift or multiplication by 10:

N(10) = NO : When N is a plain "integer" number that does not contain any fractional portion past the decimal
point, when it is multiplied by 10, N is left-shifted, that is, every digit in the number of N is shifted 1
position leftward, and a trailing 0 is placed rightward of N's last digit. If N does contain a fractional
decimal number part, then simply move the decimal point one position rightward when multiplying
by 10, for example: 1f N=3.49, N(10) = Nx10 = (3.49)(10) = 34.9

IfN=5 , N(10) = 5(10) = 5.0(10) = 50 = 50.0

Ex. N(11) = N(1+10)

We see that N will be summed 11 times, and this is equivalent to summing N once, and then combining that (partial)
sum to the summing of N ten times.

= N+N+N+N+N+N+N+N+N+N+N which can be expressed as:
(N) +(N+N+N+N+N+N+N+N+N+N)
(1xN) + (10xN) : this notation is also an example of the "distributive law" that will be discussed

10)
10)
Hence, the result is N, plus N left-shifted once. If N=15, N(11) = N(1+10) = N+NO = 15+ 150 = 165

Ex. To multiply a value by 20. Since 20 = (2 x 10) , this expression indicates that the summing of a value twenty times
(ie, repeated addition, which is multiplication) is equivalent to summing up that value twice to first produce a (partial)
sum, and then summing up that new (partial) sum a total of ten times to find the final sum or product. We now
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know that we can left-shift a value one digit position to quickly have the product of it and ten:
Nx20 = N(20) = N(2x10) = (Nx2)x(10) = (Nx2)0 : here, the last expression indicates
the left-shift of the value of: (Nx2), and
putting, or appending, a trailing 0
Ex. Nx23 = N(23) = N(20+3) = N((2x10) + 3) = 2(N)(10) + Nx3 = 2(NO)+ Nx3
To multiply a value by 100, simply perform two left shifts on that value and place on, or append, two trailing zeros since:
N(100) = N(10x 10) = (N(10))10 = (N0)10 = NOO
Ex. 573(100) = 57300
Clearly, the number of left-shifts when multiplying by a power of 10 is equal to the number of zeros in that value. For

example, to multiply a value by 1000, simply perform three left shifts on that value and place on three trailing zeros.

To help multiply (or divide) by or to a large constant (steady, unchanging in value) number that has many digits
quickly when not using the assistance of an electronic calculator, it is very helpful to first make a table of values of all the
products (or repeated additions) of that constant value and all the single digit decimal values from 0 through 9.

Ex. 1f 307,629 is to be multiplied by any other value:

Table Of 0 through 9 Multiples Of The Given Value

307,629x0 =0 Or by adding 307629 to each previous product to find the new product :
307,629 x1 = 307,629 307,629 + 307,629 or= 307,629x2 = 615,258 :
307,629 x2 = 615,258 615,258 + 307,629 or= 307,629x3 = 922,887 :
307,629 x 3 = 922,887 922,887 + 307,629 or= 307,629x4 = 1,230,516
307,629 x4 = 1,230,516
307,629 x5 = 1,538,145
307,629 x6 = 1,845,774
307,629 x7 = 2,153,403
307,629 x8 = 2,461,032
307,629 x9 = 2,768,661
307,629
x __ 57249
2768661 : write down the corresponding products in the table, and any trailing 0's needed,
12305160 then sum these intermediate products so as to have the resulting product
61525800
2153403000
+ 15381450000
17611452621

The above is also one method to use when the number of digits of the operand(s) and-or the result is excessive for the
device and cannot be directly entered into and-or displayed as a result by the computer or calculator.
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MULTIPLICATION WITH DECIMAL FRACTIONS

Multiplication by a number with decimal fractional values, with, or without. a whole or fractional part is performed
in the exact same manner as when multiplying just whole or "integer" values that do not contain a fractional part. The
fractional part of a decimal (system) number numerically represents a part less than one (1), and this is expressed
numerically to the right of the decimal point in a decimal number.

Example of a number containing a whole part and a fractional part: 7.32 = 7 + 0.32 = whole part + fractional part =
= whole part . fractional part Here, the whole partis 7, and the fractional part (of 1) is 0.32

Simply multiply the values and (initially) ignore any possible decimal points as you process or calculate the result. The
decimal point of the result must then be properly placed or positioned. Simply add up the number of digits that were not
only indicated, but actually used (during the calculation) rightward of the decimal point in each of the operands, and this is
the number of places to move the decimal point leftward in the product. Verification of this procedure is shown below,
though it requires some slightly more advanced concepts of fractions. Commonly, the words "decimal digits" or "decimal
places" are taken to mean the digits of the fractional part of a decimal number that are to the right side of the decimal
point.

Before continuing, you may first want to consider this about the basic concepts of both the decimal number system and
fractions or fractional values. This paragraph section may seem a bit complicated at first to some, and they may skip over
this till perhaps a later time. In the decimal system, when we count up to 10, each of the ten steps, each being an equal
or equivalent step, and here for this specific example,will result in an increment or increase of 1 to the entire number of
which the increment is being applied to. Note that the actual value (applied to the entire number that is being
incremented) of each step is technically, the (decimal system's) actual or specific value that the increment represents to
the entire decimal number, and this value is the numeric weight of that (digit, or column) position in question or reference
when just the decimal numeric system itself is being considered. and each step is one of the ten possible steps (before
digit or column position "rollover" back to the start or 0), or "one of ten (steps)" for each digit, column or ("decimal)
position, and this can therefore be expressed numerically as: 1 of 10. This concept, and each step or one increment out
of ten possible increments (per digit position or column), can be mathematically expressed as an indicated fractional part
as: 10of 10 = 1 per 10 = (1/10) or simply: 1/10, and this does equal 0.1 as expressed using the most basic or
fundamental decimal numeric form as just one value or number. Notice that the expression (1/10) does look like a
common division expression or problem, and that the value of 0.1 is also equal to the result of the indicated division
expression. Since each step is only part of the entirety or whole thing, the actual value of each step is said to be only a
fractional part. Considering even the number 1, it too, for example, can be, or considered as being composed of ten
equal steps. It need not be exactly ten steps, and another example or number system could have more or less steps, but
we are now just considering the basics of the decimal system with its common 10 steps in each digit position or column.
Ten increments or (fractional) steps, each being (0.1) numerically, will produce the numeric values or sums, starting at 0.0,
of 0.1 through 0.9, and 1.0 = 1. Remember, that in the decimal system, each count or step in the next greater or leftward
position is equal to ten, "ten more", or "ten of", steps, and therefore, each step or increment in the next lesser or rightward
position is "ten less", or "a tenth" of each step in the current or reference position. Some more will be explained about the
fundamentals of fractions later, and we will now continue with the current multiplication discussion.

Ex. 1 1.0 : one decimal digit used and,
x1 = x10 : one decimal digit used
1 00
+100
1.00 : decimal point has been moved two places leftward
Ex. (1)(0.1)

Note that multiplying anything by one is always equal to that same value. Here, a tenth of one is being multiplied by one:
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(1)(0.1) = (0.1)(1) = 0.1
0.

—_

: one decimal place used
X

o
BN N

: after moving the decimal place one position leftward

The "one-tenth" (of one) description is easily seen when this decimal (fractional) value is converted to a standard

fractional form with some help from the concepts of positional notation and-or scientific notation (SN) which will be
discussed ahead.

0.1 = (1)(0.1) = (1)(_1) = (1)(10*1) =

1_ :"atenth of one", and since any value multiplied by 1 is that value
(10) 10

Ex. (0.1)(0.1)

A good knowledge of the decimal system, which can happen with some routine practice, will quickly give an answer of
"a tenth, of a tenth", or "one-tenth, of one-tenth", or simply, "a hundredth" or "a hundredth of".

(0.1)(0.1) = (1)(1) = _1_ = 0.01
(10(10) 100

standard method: 0.1
x0.1
01
+.000
0.01
Ex. (0.5)(2.0)
(0.5)(2.0) = (5) (2) After simplification (using multiplication) of the indicated factors in the top (the numerator)
(10) (1) and bottom (the denominator) values of the fraction or division problem:
=10 = 1
10
standard method: 2.0
x 0.5
100
+ _000
1.00

For another check, multiplying any value by 2 is equivalent to adding that value twice:

_\‘oo_\
ol o;
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Ex. (0.3)(0.5)

(0.3)(0.5) = (3)(5) = 15_ = 15 = 15(10A-2) = 0.15
(10)(10) 100 1072

checking:
standard method: 1
0.3
x 0.5
15
+.000
0.15

Ex. (1.5)(0.2)
(1+ 0.5)(0.2)

First note that any number divided by itself is equal to 1 or 1/1. Below, 10/10 = 1/1 =1 will be used. Also, if you have
"ten-tenths" of something and add "five-tenths" of something, then it's obvious that you have "ten plus five tenths" of that
something, hence "fifteen-tenths" as shown below. The tenths are used here as the same or "like" (or common) units, and
the numeric parts can then be combined.

(1+5)(2) = (10 +5)(2) = (15)(2) = 30_ = 0.30
(1 10)10) (10 10)(10)  (10)(10) 100

standard method:
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DIVISION

Division is to divide (separate or split into groups) something into two or more smaller parts. The symbols to
indicate or express a division operation are shown below. The separate parts may possibly not even be the same value.
For example, you could divide a bag containing 6 apples among 2 people. Perhaps you will give one person 4 apples,
and give the other person 2 apples. Here, the apples would be completely (but not balanced or evenly (equally)) divided
out among the people. Formally, in mathematics, division is to separate that something into smaller parts all having the
same size and-or numeric value, hence the result of a division operation is generally thought to be "even" (equally, the
same, or in balance).

For the example noted above, to have an even division, each person would receive the exact same value of 3 apples.
With 6 apples for 2 people, we can divide the number of apples by the number of people to see how many apples each
person will receive. 6apples / 2 people = 3 apples / 1person = "3 apples per person". (6/2)=3. If there were 3 people,
for an even division (or "distribution" of and-or to) of the 6 apples, each would receive 2 apples since 6apples / 3people =
2apples /1people = "2 apples per person". (6/3) = 2. The apples are then said to have been "evenly divided (of-and) out"
to the people. We see that the word "even", or "evenly", actually means that each part or portion is in balance to any
other parts, that is, each part and-or its numeric value is the same or equal to all the other resulting parts after the division
is completed. For example, if something was divided into 3 parts, each part will have the same numeric value, and for
example, if 30 was divided into 3 parts, numerically expressed as: 30/3, each part of the three total parts will have the
same numeric value of: (30/3) = 10 = "ten". The sum of each of each smaller parts (same) value will equal the original or
total value before division was performed on it: (10 + 10 + 10) = (10)(3) = 30, and this multiplication is actually a way to
check a division problem, and here it's: (30/3) = 10.

Mathematically, division is the "inverse" of multiplication (repeated addition), hence, dividing is essentially
performing repeated subtraction. Essentially then, the "starting minuend" is called the dividend, and the divisor is
effectively the subtrahend. A quotient is the result or output of a division operation, and it is how many times the divisor
can be subtracted from (or "go into") the dividend.

In relation to division, you will often hear the question that is similar to: "How many times can value1 (the dividend) be
divided by value2 (the divisor)?", or in other words: "How many times can value2 (the divisor) go into value1 (the
dividend)?" A way to state the division process (that is somewhat like a factoring process) and result (quotient), is that it is
how many times that value2 (the divisor) must be increased or multiplied so that it equals value1 (the dividend). This is
the same as saying how many times bigger that value2 (the dividend) is than value1 (the divisor).

Consider: let: value1=factor1 and value2 = factor2

(factor1)(factor2) = product

product = factor2 : "productis factor2 times bigger than factor1" , product = (factor1)(factor2)
factor1 : "factor1 can go or divide into product a total of factor2 times"
product = factor1 :"productis factor1 times bigger than factor2" , product = (factor2)(factor1)
factor2 "factor2 can go or divide into product a total of factor1 times"

: product = (factor1)(factor2) = (factor2)(factor1)

The symbols for division along with the general "division formulas" or expression formats are:

dividend + divisor = quotient : quotient is a word derived from quot and quota which basically means
the current numerical value or size as in "how many (times)" or "how much"
dividend / divisor = quotient You may sometimes hear something like "Today's quota is 7 sales", which

means to the effect: "Today's goal or output of selling is to make 7 sales".
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dividend = quotient : In this "fractional like" form or expression, the quotient is and represents how many

divisor times greater (or sometimes, less) that the dividend is compared to the divisor.
_quotient
divisor | dividend : this is often the form to use when manually calculating division by hand

Before the concept of division by using repeated subtraction is shown, perhaps the simplest way to understand
the process of division or how to divide, is by observing and comparing. For example, if you had 6 objects (such as coins,
or dots on paper), how many times (ie. comparisons) can 1 of those objects correspond (ie. match) to all of those objects?
In other words, what is 6 divided by 1, hence how many times can 1 be subtracted or taken away from 6? The question
may also be stated as something like: How many times can 1 thing "go into" (or compare to) 6 things?

6 divided by 1, graphically:

* * * * * * . 6

now repeatedly compare to, or matching to 1 (or "1 to 1"):

:1time (1 comparison or correspondence, there are now 5 dots left)
: 2 times (2 comparisons or correspondences, there are 4 dots left)

: 3 times

: 4 times

: 5 times

: 6 times (there are now 0 dots left, the division process must stop)

We see that 6 divided by 1 is 6. It could be said that "1 can go into 6, a total of 6 times". Any value divided by 1
is always equal to that same value. If you are using objects such as coins, you can physically remove the
necessary coins, or if you are using objects drawn on paper, you can circle or cross-out the objects after each
comparison to indicate that they have already been used or considered.

Ex. 6 divided by 2:

* * * * * * 16 repeatedly comparing 2 (the divisor) to each 2 new and
remaining parts to be considered of the 6 total parts:

* * :1time
* * : 2 times
oo : 3 times
6 divided by 2 is 3. "2 can go into 6, a total of 3 times" or "2 can be subtracted from 6 a total of 3 times"
or perhaps something like: "6 can be divided by a group containing 2, a total of 3 times",
, or "there are 3 groups of 2, within, or out from, 6"
Ex. 6 divided by 3:
* * * * * * 6 repeatedly comparing to 3 (comparing 3
to each new 3 and remaining parts of the 6):
* * * : 1 time
* * * : 2 times

6 divided by 3is 2. "3 can go into 6, a total of 2 times"
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Ex. 6 divided by 6

* * * * * * . 6

repeatedly comparing to 6 (or the 6 smaller parts
to the 6 total parts):

11 time

6 divided by 6 is 1. Any value divided by itself (the same value) is always equal to 1.
Notice in the examples that the larger the divisor is for a given division problem, the
smaller the result or quotient, hence it could be said that the divisor and quotient are
(mathematically) inversely related, that is, as one value goes larger in value, the other
or corresponding value goes smaller in value, and vice-versa.

6/2 = 3 As the divisor goes larger, the quotient goes smaller. This is an (mathematical) inverse relationship.
6/3 =2 A direct (mathematical) relationship is where if a value grows, a corresponding value also grows.
6/6 = 1

If you had a quantity of 30 and kept removing or subtracting 5 from it, you will make 6 "even subtractions". The

word "even" here essentially means a full or complete division and that there was no part, difference or remainder (r), of
the 30, left over after all the subtractions.

1. 30 2. 25 3. 20 4. 15 5. 10 6. 5
- 5 -_9 -5 -5 -5 -9
25 20 15 10 5 0O=r
Or: (((30 -5) -5) -5-...) (... means"and so on") : expressing 30 divided by 5 as a

repeated subtraction expression
Or: 30 -5 -5-5-...

An easier way to express this subtraction problem is with division. The problem could be written as:

5|30 : "thirty divided by five", or = 30 divided by 5

You can check the result ( the quotient = 6 ) for correctness by repeatedly subtracting it from the dividend (30). If you get
the original divisor (by getting 5 even subtractions = 5 ), the result is correct. Since division is essentially repeated

subtraction, you can check a division problem with another division problem where the dividend is divided by the quotient.
If this quotient value is equal to the original divisor, the division was correct and the quotient (result) is correct.

6 _5
Ex. 5130 is correct since 6 i_36 This is so since:
30 = 30
5+5+5+5+5+5 = 6+6+6+6+6 :"sum of six, fives" = "sum of five, sixes"
5x6 = 6x5 : the repeated addition, expressed as a multiplication

Given just the left hand side of the equation, 5 can be removed (ie. subtracted) from 30, a total of 6 times.
Given just the right hand side of the equation, 6 can be removed from 30, a total of 5 times.
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To perform and check the results of division without using the slower and more tedious method of repeated subtraction or
performing another division, you can use multiplication (which is repeated addition as seen above). To check if the

quotient is correct, multiply the divisor and quotient, and if the result (a product) is equal to the dividend, the division
problem was performed correctly:

Since _dividend = quotient We mathematically have after multiplying both sides by the same value (so as to
divisor keep both sides of the equation in balance, or the same value), here, the divisor:

dividend (divisor) = quotient (divisor) After some canceling, this can be simplified or reduced to just:
divisor ( 1 )

dividend = (quotient)(divisor) : CHECKING A DIVISION PROBLEM (using multiplication).
We see that the quotient and divisor are essentially two (of the
many possible) corresponding factors of the dividend. If one of
these factors is wrong, their product will not match or check (be
equal to) with that dividend.

Since 5 can divide into, "go into", "sum into", "be taken from", or be part of the total sum of 30, a total of 6 times,
repeatedly adding 5, to an initial sum or start of 0, six total times can be represented by a simple multiplication problem:

0O0+5+5+5+5+5+5 = 30 orsimply:
5+5+5+5+5+5 = 30 which can be (mathematically) written or expressed in a simplified form as:
5x6 = 30 : Note, both 5 and 6 are factors of their product, or 30. Dividing 30 (as a dividend) by

either factor will yield (produce, or result to) the other factor. Multiplying these factors
together will yield that dividend.

As noted above, dividing 30 by 5, we get 6, and if we divide 30 by 6, we get the other factor which is 5. So if then given a
multiplication problem of the form:

x 6 =30 or = 6 X = 30 or:

x5 =230 ior= 5 x = 30

To solve these for the unknown factor, simply divide 30 (the product of factors) by the given factor, so as to find the other
(corresponding, correct) factor.

Division with a zero as an operand: 0 divided by any value, results in a quotient that is same value of 0.

Ex. 0=0 : "zero or no thirds, equals zero thirds, or simply zero". In reference to
3 subtraction, 3 cannot be subtracted from 0 even once, since there is
nothing there to subtract from that dividend. Zero, or no parts of
3 parts is 0.

This checks when multiplying the quotient and divisor together, yielding the dividend of 0.
3x0=0
The quotient of any value divided by 0 is not definable, hence this form of a division operation is often called "undefined".

This comes from the reasoning that their is no quotient, that when multiplied by a 0 divisor, that will yield a product equal
to the given dividend. Also, all values multiplied by 0 result in a product of 0.
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Ex. 10 = undefined since: 0x?=10 :here, ? does not represent a specific value, but rather indicates
0 an endless question, or one that can't be answered, hence
an unsolvable or undefined value, and equation.

Note that when checking the product of a multiplication by or with a 0 factor, that when using 0 as the dividing factor, that
other non-zero factor of that product cannot be confirmed:

Ex. 4x0=0
Using what was mentioned previously: product / factor = other factor of that product:

checking: _0_ = 0 :checks and _0_ =7 (not4) : here, ? means undefined
4 0

When using a modern electronic computer or hand-held electronic calculator, division by zero is usually noted as
the symbol (E) displayed, and which means "Error" because division by 0 as a dividend or factor does not have any result.

How would you solve for the unknown, here a divisor (or denominator), represented as , of a problem of the form:
10 = 5 : 10 divided by what number is 5 ?
_?_ (here, 10 is the dividend, and 5 is the quotient)

First, we know that to check a division problem, we multiply the quotient and divisor to get the dividend, (that is, the
quotient and divisor are both (corresponding) factors of the dividend) hence:

5 x = 10

And by the above discussion, dividing a product of two factors by either factor will give the other corresponding or correct
factor. Therefore, to find the value of the other factor (here, being equal to the divisor in question), we divide 10 by 5:

A0 =
5
10_ = 2
5
checking: _10_ = 5 : checks since 5x2 =10

2
Let us now estimate the value of a quotient. Consider this problem:
6 |15

From the multiplication table or our memory, we know that the quotient is greater than 2 and less than 3 since 6 x 2 = 12,
6 x 3 = 18, and 15 is numerically located someplace between 12 and 18. 2 will be chosen as a start since 6 can go into
15 at least 2 times (but not 3 times) and there will now be a remainder (the value or difference "left over" or unprocessed
amount of the dividend, here 15) of the quotient or "starting minuend" since the division has not been completed yet.
Hence, the result or quotient will be 2, plus some fractional value of the divisor, here 6. That is,

quotient = number of times the entire divisor can be used in the division, or evenly divide into the dividend
+ any portion (fraction) of a possible one single division by the divisor to account for any remainder

or quotient = number of even (whole or entire) divisions + any portion (fraction) of one division ,and for the example:
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quotient = (2 + some fractional value of 6 ) : and for checking: (this quotient value) x6 =15

"Some multiple (a value between 2 and 3) of 6, equals 15". Since it's a value between 2 and 3, its not one of the
whole or "counting numbers" (sometimes called "integers" for incrementing or incremental "steps" of numbers).
Here, the quotient value will have both a whole part and a fractional part, and this kind of a decimal number is
sometimes called a "real number". Consider that values are not always incremented by 1, but could be
incremented or changed by smaller values such as a part or fraction of 1, and hence the need for real numbers
to both represent these increment values and results (such as a sum).

Here, the whole part (the value of 2) of the quotient, can be interpreted as being 2 whole or entire sixes, hence "twice" or
occurring 2 times in that dividend, and therefore, at least 2 even divisions are possible. Since there is a remainder "left
over" to account for the entire dividend, added (or "plus") to this quotient value is some numeric (fractional, less than 1)
value that represents this fractional part of a partial division, and not a complete division. This division is applied to the
remainder or what is left of the dividend. The numeric representation, using decimal positional notation, of a fractional
part of anything or any value is always less than the entirety or whole thing which can be represented numerically as
100% ("one-hundred percent") or just 1.00 = 1, and hence any fractional value or part will be less than (< is the "less than"
mathematical symbol) 1.0

Here is how much of the dividend (here for this example, it's 15) is "left-over" or remaining after all the "whole divisions" by
6:

15 - (6x2) or:
15 - 12 -
3 : remainder of
the dividend -

: here, optionally using a repeated subtraction method

|_\
o O

wlo)@

: 3 is the remainder of the dividend of 15, and 3 is only a part of one
whole or entire value of 6. It could also be said that since only 3 is
remaining, that only 3 of the parts, of the 6 parts of the divisor, can
evenly divide or "go into" this value of 3. Hence, there will not be a
(1) full or complete division upon the remainder.

This remainder (here, it's 3) of the dividend (here, it's 15) is clearly less than 6 and it is therefore numerically only some
part or fractional value of 6. Even though 3 is not less than 1, it is still only some fractional (part) value of 6 since 6 is
being considered as a single (1) "whole quantity" of reference now and 3 is only a part (portion, or a fraction) of it. The
fractional part of the quotient, which represents the numeric value of an incomplete, fractional or partial of one complete
possible division, can be said as (and equivalent to) "3 parts of the 6" are left over or remain. The whole part of the
quotient is 2.

The quotient can be said to be:

"Two plus three parts of six" = 2+_3 : a quotient is expressed in terms of the divisor, that is, how many
6 times the divisor can go into that quotient.
Thatis, 15 = 2 +_3 : note also that 3 is equal to half of 6
6 6 The quotient could be expressed as "Two and a half" of that divisor value,

hence two and (plus) half of a (one) complete division by the divisor.

The quotient is always considered as being in reference to the specific divisor that divided the dividend. The fractional
part of the quotient is, and numerically represents 3/6 = 1/2 = 0.5, and is not, for example: 3/5 or 3/7, or 3/15 or any other
value. That is, the remainder of one complete division is expressed as a fractional part (or remainder left) of the divisor
used for the division, and is not expressed as a fractional part that the remainder of the dividend is to, or of, the entire
dividend, (ie. here, not as 3/15 = 0.2).
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The quotient can be expressed as equal to:

Since:  _dividend = quotient and  dividend = (divisor)(quotient)
divisor
A5 = 2+3 15 = (6)(2+3) or= (6)(2 + 3)
6 6 ( 6 Mm@ 6)

quotient = 2 whole divisions (or subtractions) + numerically expressed or indicated part of a one division by the divisor
since a complete division is no longer possible. In short, this value
will be and represents a fraction of 1 division.

quotient = 2 whole divisions (or subtractions) + 3/6 =1/2=0.5 ="half" of a 1 complete division by the denominator

The representation (halfs, thirds, fourths, tenths, thousandth, etc.) of the dividend is often not so apparent given a strict
numeric decimal value that has a fractional value, and then again, just how do you numerically represent half or any other
portion anyway, especially at this stage in the book? The simple trick to overcoming this problem is to increase the
remainder, and any further remainders, so that the divisor can divide into it at least once, rather than some fractional
portion. At each stage of this "continued division", one extra (lesser weight) digit will be placed in the quotient. This is the
basis of "long division" which will be discussed next. Observe the actual quotient of the division problem above,
expressed in various forms or expressions:

2 + 6|3 = 2 + 6|30 ,or= 2 + 3, or= 2 + , or = 2 + 05 =25

A
2

Now, another example and more analysis will be shown below so as to give a fuller understanding of the basics of
division.

Ex. 31 divided by 5

5 W Since 5x 6 is 30, and 5 x 7 is 35, we will start with 6 times that the divisor of 5 can go into, or be
subtracted completely from this quotient of 31.
6 :5x6 = 30
5131
-30
1 : 1 is the remaining (or remainder) portion of the dividend which cannot be evenly divided by 5.

The division cannot continue normally, and is therefore an incomplete division remains. This 1,

by itself, is NOT part of the quotient (the result of the division). A quotient is a value that is

how many times the divisor can go into, or divide into, the dividend. Hence, a quotient is how many
times the dividend can be divided by the divisor. Having said this, the remainder of the quotient is
NOT be added to, or expressed as to be added to, the quotient. Here, for this example, the
quotient is NOT: 6 + 1, 6.1, or "6 with a remainder of 1 (one more division?)", since 1 is part of the
dividend, and is not part of the quotient. Hence the quotient is also NOT: 6 + 1/31 , or 6 + 1/6.

Sometimes the quotient might be expressed as: Quotient and Remainder of the dividend left over
Qand R , and for the above example:
Q=6 and R=1
R is technically, not part of the Quotient

Here, 6 is the number of ("multiple") times the divisor can "go into (wholly, completely, entirely or evenly)" the dividend.
Since there is a remaining part (the 1) of the dividend left, and 5 cannot go into 1, this "last", incomplete or "partial”
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division is simply expressed or indicated and added to the quotient (as a fraction or part of a (one) complete division). The
quotient is therefore:

6+ 5]21 = 6and 1_ = 6+1/5 : Note that the added in, division of 1 by 5, to the quotient,
5 is essentially adding in a fractional part of the divisor value.
One-fifth of a whole (one) division by the divisor is one-fifth of the 5.
One-fifth of five = ((1/5) of 5) = 1 which does equal the remainder
of the dividend left over due to an incomplete division.
And for an even deeper understanding:

5] 31 The dividend can be expressed in many ways such as:
5] 30 + 1 which can be expressed as:
30 +1 :a division expression, and it is also considered a fraction (here, of 5) which is equivalent to:
5 (Knowledge, understanding about fractions may be needed here, and is discussed further ahead.)
30 +1 simplifying the first division in this sum, we have the same quotient as shown previously:
5 5

6 + 1/5 = 6+0.2 = 6.2 . Checking: (5)(6.2) = 31

It's easier to learn manual (by "hand") division by example, so as to solve (find, arrive at) the result (the quotient),
rather than by "wordy" and seemingly complex explanations. An example is shown below. This example is sometimes
referred to as "long division". Even though the dividend, divisor, or quotient values may contain both an integer (basically
a whole part) and fractional part (a value less than 1), the process of performing the operation with "long division" is
usually done completely with (single digit) integers (basically whole numbers or the "counting numbers"). The fractional
part of the dividend is of course still considered and utilized during the division, but it will be first included as part of the
dividend expressed as only a whole number. If the divisor has some number of "decimal places", the decimal point in both
the divisor and dividend is moved the same number of decimal places rightward, essentially ridding the fractional part of
the divisor and possibly the dividend. Doing this to the divisor, and then the dividend, the decimal point in the quotient will
also be adjusted correctly to its proper position. The actual division of the dividend by the divisor begins at the most
significant (leading) digits of the dividend and continues to the least significant (trailing) non-zero digit. If the divisor cannot
divide at least once into the remaining portion of the dividend yet to be processed, the result or remaining part of the
division process is called the remainder (of one division) and is expressed as being part (a fraction of 1 to be added into
the quotient, and not a full increment of 1) of the quotient.

About moving the decimal point in both the divisor and dividend, and the same number of places:

Since:  quotient = _dividend
divisor

Mathematically, the same quotient will result if you multiply both the divisor and dividend, or both numerator and
denominator of a fraction - creating an "equivalent (same quotient value) fraction", by just the same value, for example, 10
or some other power of 10, such as 100, 1000, etc. When you move a decimal point rightward in a value, each time you
move it rightward, you are essentially multiplying each new value by 10, and-or multiplying the original value by another
(incremental, integer) higher power of 10. First consider that any value divided by itself is equal to 1. Ex. (10/10) = 1,
and that multiplying any value by 1 is that same value:

quotient = _dividend = _(dividend (10)) = _dividend (10) = (dividend) x 1 = dividend
divisor (divisor  (10)) divisor  (10) ( divisor) divisor
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As an introductory example of the actual working method of dividing "by hand", first consider any value divided by 1. The
result, the quotient, is surely and always that same value as the dividend:

1 i 123 : one-hundred and twenty three divided by one
123
11123 : the divider of 1 can go into the first digit of the dividend once, put a 1 in the quotient
- 1 : 1 x 1 =1, then subtract this, and then "bring down" a remaining digit of the dividend, and
02 : continue to divide, here, 2 divided by 1, is 2, put a 2 in the quotient
-_2 : 2 x 1 =2, subtract this, and then bring down a remaining digit of the quotient
03 : continue to divide, here, 3 divided by 1 is equal to 3, so put a 3 in the quotient
- _3 : 3 x 1 =3, subtract this, and the remainder of the dividend is 0, therefore, the division is complete,
0 and it was an even or perfect division with no remainder of the dividend left over, and therefore,

no partial or incomplete division will be expressed as part (summed to) of the quotient.

Ex. Divide 172 by 5

First, 5 cannot divide into the first leading, significant digit (the 1), so then check if it can divide into the first two leading
digits (17):

3. 34, +
5(172.0 or 5| 172.0 5] 20.0

15 170 : (34x5=170)

22 20

17 - 15 is 2. If this difference was greater than or equal to 5 (the divisor), an error has obviously been performed. The
error would be that the corresponding digit in the quotient is too small, yielding a product that is too small, and then a
difference that is too large and being greater than the divisor itself. Since 2 is less than 5, we can continue the division by
first "bringing down" the next digit of the dividend. Here, 22 is an intermediate difference or remainder (of the dividend).
To verify this, we note that the 3 in the second digit (from the decimal point) of the quotient actually represents 30, and 30
x 5=150, and 172 - 150 = 22. Since 22 can be divided by 5, it is not the final remainder of the dividend, and that must
always be less than the divisor. The (integer or whole number) division continues:

34.
5 i 172.
- 20 :5x4=20
2=r : r = remainder of the dividend left (here, r or R = 2,0f the dividend of 172)

Since any integer multiple of 5 cannot divide "evenly" (at least once) into 2, then 2 is the remainder (r) left of the 172. 2 is
obviously less than 5. The remainder is always less than the divisor.
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When checking a division problem where there is a remainder (of the dividend) left over, the remainder is added
to the product of the quotient and divisor, so as the total or sum will equal that dividend. For the last example:

2
34 . quotient
x_5 : x divisor
170
+_ 2 : +_remainder
172 : = dividend : checks

The quotient in the last example may also be written or noted as:

2
3dand 5 or = 34and2/5 or= 34+2/5 or moresimplyand commonlyas: 34 2/5=34.(2/5)=34.4

We see that a quotient is sometimes explicitly expressed as:

quotient = (even, whole or entire divisions) + (remainder/divisor) which equals:
quotient = (even, whole or entire divisions) + (partial or fraction of 1 division) : as an expression, or as:
quotient = (even, whole or entire divisions) . (partial or fraction of 1 division) : as one (numeric, decimal) value

Using this notation, checking to see if the product of the quotient and divisor equals the dividend requires knowledge of
more advanced mathematics (that will be shown ahead), specifically the use of adding or combining fractions. Note that
the remainder is expressed in the notation above as part or fraction of the divisor (not as a part of the dividend or
quotient). The value of this fraction though is equal to the value of the fractional part of the quotient when it is expressed
as just a single standard decimal number.

The division does not have to stop at the remainder of the dividend left. If you "bring down trailing zeros" and continue to
divide, you will automatically get the decimal equivalent of the remainder as part of (and added directly to) the quotient.

34.4 : Note, 0.4 is the fractional part of the quotient, and this part equals 2/5 as indicated above.
51172.0 Also, 5x 0.4 =2 = whole value remainder of the dividend, and 2/5 = 0.4
15 Again, at this point, 2 is the remainder "left over" of the dividend, and is NOT the remainder of the
22 quotient. 2/5 (or 0.4) can be considered as the numeric expression for the remainder or final part of
20 a one (incomplete) division, and which is to then be added to as (a fractional) part of the quotient.
20 : bringing down a "trailing" 0
20
0 : here, 0 indicates the division is complete when there are no more digits of the quotient left.

172 has been fully divided by 5.

checking : 22
34.4
X 5

172.0
Ex. Divide 1 by 0.2

_1.0 units_ or = 02 |\ 1.0 : here, strict numeric values with unexpressed units can be understood
0.2 units and-or treated as having units of "ones" or "wholes".

Here, we can multiply both the numerator and denominator by 10 to clear or rid any of them of a fractional portion, or

simply by moving the decimal point in both the divisor and dividend one position rightward:  Note, that 10/10 = 1, and
multiplying anything by 1 is still that same value numerically, and is without issue or worry of obtaining an incorrect result:
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5.0_
1.0 units (10) = _10 units = 5 or commonly as: = 2] 10.0
0.2 units (10) 2 units

As seen above, when dividing one quantity by another quantity whose units are the same, the result is a simple or "unit-
less", plain and "strict", numeric value only. The problem could also have been expressed as:

1.0 units
2 tenths of a unit

Since there are 10 tenths of a unit in each 1 unit, after multiplying the numerator by 10 for the (converted to) equivalent
number of tenths of a unit in that value given (here it's 1 only) , we will have like or similar units to properly work with:

_10tenthsofaunit = 10tenths = 5 . checking: (5)(2 tenths) = (5 x 2) tenths = 10 tenths
2 tenths of a unit 2 tenths

This new (derived) units of: "tenths of a unit", or simply "tenths" is verified below:

1unit = _10units_ = 10 (1units) = 10 (units)
10 10 (10 )
The value of :  (wunits) = (1) units , iIs commonly called: "one-tenth of a unit" , a "tenth of a unit",
10 (10) or simply "tenths". (1/10) unit = 0.1 unit
1 unit = 10 tenths of a unit or simply :
1unit = 10 tenths

This unit of tenths could have been called something else, but they are kept as is to reflect that they are derived from a
whole (1) unit, and that the decimal system is based on ten = 10.

For the above example, it is perhaps easier to also visualize the division when the dividing is by a whole or integer
number of units (like 2 tenths) rather than some fractional (like 0.2 units) or mixed (whole + fractional) number of units:
[FIG 2]

{1/ 5 ) graphically:
Letting the circle represent
10 tenths instead of \
1.0 units. each section is
2-tenths instead
of 0.2 units

1 is the numeric representation of the whole or entire thing in question, and is graphically represented as one complete or
whole circle. Note here that 2-tenths is equal to or composed of 1 tenth and 1 tenth. Each section of the circle divided
into 5 parts or sections, has a numeric value or representation as (1/5). (1/5)=0.2 and this can be considered as:
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quotient = dividend = _1 = 0.2
divisor 5

Consider these general graphics or visualization representations below of the division of any specific value greater than or
equal to 1. The entire circle area represents the specific value used as the dividend, the number of segments of the circle
represents the divisor value, and each equivalent segment size or (area) portion of the circle represents the quotient
value: [FIG 3]

walue walue vialue ___walue L
3 2 1 legs than one
"

For the first 3 values divided, the quotient (represented as a portion or segment area of the circle, and is equal to the size
of each portion or segment of that circle) is clearly less than the value in the dividend or numerator, but for the circle or
value on the right, the quotient or result is actually a bigger circle or value, that is, the quotient is actually larger than the
dividend value. This is a reason why we changed the divisor numbers to be greater than or equal to 1 for the divisions in
the above examples, such as when the dividend and divisor are first multiplied by 10 before the division starts.

A very helpful method to perform "long-division" (a manual division computation, by pen and hand) is to take the
worthwhile effort to create a table of all products of the divisor and integers from 1 to 9 before performing the division
calculation by hand. Some of these products may not be needed due to the specific values used in the division
expression or problem, but they will be there (already calculated) if needed. This will eliminate a lot of possible
guesswork, and therefore it can save some time, and may even prevent some errors.

Ex. Divide 5.2 by 741,279

Below, rather than use multiplication to create a useful table for division, repeated addition is utilized since it (addition) is
easier in itself and requires one less repetitive step to create the table. When the division cannot be complete (as like it
with an "even division" that would be complete at some point, and not have an "endless" quotient composted of unending
digits), there is a good chance all the multipliers (0 to 9) will be needed and used in the quotient. Sometimes, one or
several specific digits repeat over and over in a quotient:

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 76



741279 (1) : 741,279 x 1
741279
1482558  (2)
+ 741279
2223837 (3)
+ _ 741279
2965116  (4)
+ _ 741279
3706395 (5)  :741,279x5
+ 741279
4447674 (6)
+ _ 741279
5188953 (7)
+ _741279
5930232 (8)
+ _ 741279
6671511 (9)  :741279x9

+

Using this created table shown above of the single digit integer products (or multiples) of the divisor:

0.0000070149
741279 | 5.2000000000

- 5188953 17 , optionally indicating each new digit of the quotient during this process.
110470 : each difference here should always be less than the divisor, then "bringing down"
- 0 :0 azero will essentially multiply this difference by 10 so the division can continue
1104700
- _741279 1
3634210
- 2965116 :4
6690940
- 6671511 :9
19429

For practicality, here, the quotient is "rounded" (basically means limited to, and approximated) to only 9 decimal places is:
0.000,007,015 The underlined 5 means that this value was rounded at that decimal place and precision.

Division can be used to check the result (a product) of a multiplication operation.  Given the product of two

factors, divide the product by one of the given factors, and if the result (a quotient) is equal to the other factor, the product
is correct.

Ex. 5x4 = 20 now checking with: 20/4=5 and,or 20/5=4 : we get the other factor or operand
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Some Devices To Help Make Numerical Computations

Before fast electronic calculators and-or computers there were mechanical computers of all sorts, with some just being
adding and subtraction machines. The first programmable mechanical computer design is credited to Charles Babbage
(1791-1871), from England, when he proposed the Analytical Engine machine in 1837. Some of the ideas Babbage
incorporated into his machine were based on the punch cards for the Jacquard loom (essentially a machine for weaving
or inter-twining strings of fabric so as to a larger fabric or cloth) which were cards with holes in them, and where each hole
represented some data for a desired (ie., programmable) pattern for the loom to automatically make with fabric. The
cards were essentially or effectively the memory (ie., storage, record) medium, and were also used as steps (or
statements) to then instruct the machine via the data (ie., coded information [ex. numbers] and-or instructions) on it. This
machine had input, memory, logic (ie., truth statements), (conditional, ex: "IF" and "DO") program flow and-or control,
looping (ie., repetition) and output ability such as with a mechanical printing machine. With his computer machine,
Babbage wanted to make more accurate (ie., correct) and precise (ie., mathematical precision, fineness, resolution)
mathematical tables for many others to utilize. It is of note that people who made calculations since the days of antiquity
were sometimes called as "computers" or "calculators". Babbage invented a type of user programmable computer, and
due to the holes (ie., a binary value of 0 or 1) and no-holes (ie., opposite binary 1 or 0) actually being data and or-an part
of an instruction (ie., a step in the computer or calculating program), the computer functioned as a binary functioning
computer.

The mechanical power and "timing" (ie., for individual steps, processes, calculations, and the speed of it mechanically
functioning and-or computer processing) for this machine came from human power via a physical or mechanical force
(technically, the application of energy, and which can be indirectly calculated by an equation such as: Force = mass times
acceleration) applied to a mechanical hand-crank or turning handle. The faster this could be turned, the faster the
computer could perform its internal steps and calculations to produce a result. In theory, his machine is much like a
modern computer and would calculate a binary result. Babbage also created a printer with numbers 0 through 9 (in
reverse image for printing) on the edge of each wheel, and many wheels were placed side by side so as to create and
print large valued numbers having many columns and-or digits. The machine converted its binary number and-or notated
result to its decimal system equivalent, and then set the corresponding wheel with the number to be printed. The number
and-or result was then printed onto paper after applying ink to the numbers on the wheels. Most likely, this machine could
be built so as to also display an immediate visual (ie., non-printed) result like a modern day calculator does. His
assistant, lady Ada Lovelace (1815-1852), from England, is often noted as being the first computer programmer.
Lovelace had a good mathematical education by various tutors, reasoning skills, and a thoughtful imagination that was
helpful for new problem solving and progress. She also created some of the algorithms (steps and-or procedures, a
guide or plan, "program formula", and of which resulted in instructions for input, output, calculations (math functions such
as add, subtract, etc,), logic (ex. compare two values), and program flow and control such as "jumping" or starting at
another location in the program) for the computer to follow so as to utilize and process the specific program and-or
calculation in it.

It is interesting to note that electronic computers can perform multiplication by repeated addition. Subtraction is performed
using a special form of addition known as complement (value(s)) addition. Division can be performed by repeated
subtraction. Hence, it is possible for a computer to perform all the basic mathematical operations by using addition, and
Charles Babbage knew this, and this would simplify the design of the machine. Electron computers could then be
designed to contain just the electronic circuitry to perform one main mathematical operation such as addition, and
therefore eliminate or reduce some circuitry and complexity needed for the other mathematical operations, and making
the computer less expensive.

It is also of note that a computer program user does not need to understand all about computer science and-or computer
programming (ie., a specific computer language for that machine), and a computer programmer does not need to
understand the internals (ex., gears, circuits) of how the machine functions, and the machine maker does not need to
know how the metal was mined and manufactured.

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 78



USING MULTIPLICATION AND DIVISION TO MEASURE OR COUNT SMALL THINGS

Here is an example of using division to find that which is normally not practical. Something small, such as a grain
of sand or rice, cannot be weighed using many weight measuring ("scales") devices. A method will now be shown as to
how to weigh these small objects. This method utilizes the fact that if you magnify (increase) something either physically
or mathematically by a multiplication, that you can find that original something by a corresponding "demagnification" (a
decrease, factorized) using division.

Given 1 grain of hard, dried rice, if you multiply the number of grains of rice by 500, you essentially have also multiplied its'
weight by the same value. Now, this total weight of 500 grains of rice can be measured by using a commonly available
fine scale. If these 500 grains of rice weigh 1 ounce, you can use division to find 1 grain of rice and the weight of 1
common, "average", typical, or usual grain of the type of rice being considered.

1grain x 500 = 500 grains mathematically ("solving for 1 grain") :
(dividing the product by one factor, to find the other factor)
500 grains_ = 1 grain
500 Considering the weight of each grain of rice:
weight of 1 grain  x 500 = weight of 500 grains  Mathematically solving for the weight of 1 grain:
weight of 1 grain = _weight of 500 grains_ = Now substituting the numeric values given or measured:

500 (weight of 500 grains = 0.333 oz, [depends on the type of rice])

Note: This book uses ~= or =~ to mean "about equal to" and-or "equals about".

0.3330z._ = _0.000667 oz : Weight of 1 grain =~ seven ten-thousandths of an (1) ounce".
500 grains (1) grain : After dividing both numerator and denominator by
500 we get less than a thousandth of an ounce per (one) grain.
Later in this book, it will be shown that the entire
numerical equation shown is called a "proportion" (for a
given problem or system) and can be re-used, for example,
so as to now find the weights of any number of grains of rice.
Though the known reference weight (of either 500 grains, or
1 grain of rice) and the weight you will be trying to find will be
different; not in balance, mathematically, both sides will still
be in balance, and that balance is that each side has the
same exact quotient value. Here, each side is equal to
(0.000667 oz/grain). 0.0006670z = about 0.0189 grams
= about 0.019g = 19 milligrams.
Also, given:

500 grains of rice = 0.333 ounces If we divided both sides of this equation by 0.333 we can find the number of
grains of rice per ounce of weight:

0.333 ounces = _500 grains of rice
0.333 0.333

1 ounce = (about, ~) 1500 grains of hard, dry, uncooked rice : For the type actually measured, it was a white rice
variety, that was almost 1/4 inch long, and about
3/32 of an inch wide at the thickest part in the
middle. It appeared to be a "medium grain" sized
of rice. The rice was also hard, dry, and uncooked.
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As a check of calculation correctness, and a possible improved value, the above process should be repeated with another
set of near randomly selected rice grains so as to have an average value will be as correct as possible for the weight of a
rice grain, for most future circumstances. Scales to measure low weights, perhaps a hundredth of a gram, are available,
and it is possible to construct your own. If you multiply the number of grains per ounce by 16, you can calculate an
estimate of the number of grains per pound (16 ounces). Doing this, we find that there is about 24000 grains of rice in a
pound of rice.

To weigh something such as a grain of sand, the basics of the above method can also be utilized. First, you would have
to count many more grains of sand just to have a weight of usable value for a scale. This is a very impractical method for
most people. To overcome this, you can first find out how many grains are in a certain volume (a measure of 3
dimensional space) of sand, say one cubic centimeter or inch. A cube as shown in this book is a solid with all it's 3
dimensions, length, width, and height all being the same value of length, and for our purposes here, they will have the
same length of 1 inch. A cube shape is like that of a square area, an (bounded or specific) area of plane, hence a planar
area which has then been moved upwards a height equal to the length of a side of that square shape. This creates a
volume or (3 dimensional) spacial area called a cube. A cube is the basic or standard unit of measurement for volumes or
spacial areas. For this example, if you find that there are 50 grains of sand lined-up per ("in a", "in one", "for", or
"equivalent to") half and inch = 0.5in, then there are (50 x 2) = 100 grains of sand lined-up per 1 inch. There are then (100
x 100) = 10,000 grains of sand per square inch, of course, this assumes that the each grain of sand is roughly the same
(average) size in the length and width dimensions, if they were not, you would have to first count and then estimate or
average how many are actually in the length and-or width dimensions. Continuing, there are (100 x 100 x 100) =
1,000,000 grains of sand per cubic inch, again, assuming each grain of sand is roughly the same height.

weight of 1 grain x 1,000,000 = weight of 1,000,000 grains mathematically:
weight of 1 grain of sand = _weight of 1,000,000 grains_ :after dividing (each side of the equation)
1,000,000 by 1,000,000

If this cubic inch of sand weighs 3 ounces, that is:

weight of 1,000,000 grains of sand = 3 oz: again, dividing each side by 1,000,000:
weight of 1 grainofsand = 3 oz. = 0.000,003 0z. : 3 millionths of an ounce
1,000,000

A note on how similar atoms of a given element are typically counted. Since there are so many atoms in a given mass (a
measurement or measure of actual, physical matter) of atoms, and which therefore cannot even be seen so as to be
counted by a person, the number of atoms in a given mass are counted by the weight of that given mass. This is
because, for each gram of mass of a certain given element, there is a known corresponding weight and amount of atoms.

Summarizing this discussion, many identical things of small size and-or weight can be easily counted by using a
calculation with their total weight and-or their total volume. Shown here is a more advanced note due to its
relevance with this topic: A quantity of atoms of a certain element can be counted by knowing their total weight, and which
is directly proportional to the total amount of mass of each atom, hence total mass of a quantity of atoms can be
calculated by knowing the total weight: At twice the weight there will be twice the mass, and twice the number of similar
objects such as rice, and twice the volume.

Weight = force = (mass)(acceleration = gravity = g). Mathematically: mass = weight/ g.

The number of atoms can be calculated as: (total mass of the atoms) / (mass / 1 atom) = atoms
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SOMETHING ABOUT INFINITY

Infinity (ie. "non-finite", "non-ending", "endlessly", "without end") does not, and cannot, have a specific value, and
is rooted in a concept of something that is, and can be or conceived (but perhaps not necessarily easily provable) to be as
possibly and probably unending. Outer space is not a process, but rather a thing, and is said to be infinite in size,
"unending" and can therefore be without any specific measurement or value of a size or distance. A process can be
repeated without end, hence that process is said to be an infinite process or simply infinite. If there will always be a "next
second" of time, or at least in thought or theory, time can therefore be said as being something that is infinite. Something,
even when counting or using numbers, can be infinitely large (without bounds) or infinitely small (almost 0, or almost
nothing). The digits of Pi (3.14...), that is mathematically part of all circles, are said to be unending and therefore infinite.
Some conceivably infinite processes may have just recently began, such as some machine that just started counting
higher from an initial value of 0, and hence an infinite process may have not always been in existence, and hence it was
not always infinite in some way, but perhaps infinite in only one kind of way, direction or ability now.

Ex. Since 1 can always be added to a number to create or find the next larger number, this is an infinite process, and
here, the sum is also infinite in value:

0+1+2+3+4+5+.,.. : an infinite process of summing, and here the sum is not any specific value, but is an
unknown value that could be described as infinitely high and-or unending value

Below are some more notes and ideas about the topic of infinity to perhaps consider and inspire some further thoughts,
and perhaps may flare the temper of a few strict mathematical purists. If you are new to math, you may simply skip over
this topic without any problem, and return when you are able.

When the divisor of a division problem gets smaller and smaller (said as "approaching 0", "becoming near to 0", "nearing
0", "approaching a limit of 0", but never actually being equal to 0 because that would mean the divisor and a real valid
division problem no longer exists, and also that division by 0 is undefined or an error) you could conceive that the quotient

can possibly have an aspect of infinity (its mathematical symbol is: o0; Which somewhat looks like the decimal number 8
symbol tilted on its side), and rather than speak in terms of theory, its' (largest possible, or conceivable) numeric decimal
system integer value can be practically conceived or imagined as a never ending series of 9's or: 9999 ... , even
though infinity is a unending process and not a specific numeric value. The ... ("ellipses" = "and so forth") symbol
essentially indicates to repeat the process unendingly. Sometimes, when a result in an unending process is sufficient or
acceptable, the process can be stopped.

There is also no limit to how small something can be. Things and-or numbers such as this are said to be "endlessly or
infinitely" small. The smallest numeric value can be conceivably expressed as a process of an endless number of zero's
between the decimal point and the number 1 such as:  0.00000 . .. 001 , or using other expressions such as 0.1”n, or
17-n, as integer (n) approaches infinity. Consider when the divisor of a division problem gets larger and larger, and-or the
dividend gets smaller and smaller, the quotient will become (infinitely or endlessly) smaller and smaller.

It is widely accepted now that 0.9999... =1 since 1/3 + 1/3 + 1/3 = 0.3333... + 0.3333... +0.333...=0.999...=3/3=1. If
it can be (maybe controversially) conceived that 0.3333... can be represented as 0.3333...3, then it should also be
conceived that 0.0000....1 can be thought of as that infinitely small number, something or part (here represented with
common decimal, base 10, notation) that when summed to 0.9999... will mathematically express and cause that value to
"finally roll over" and sum to 1. Note also that whereas 0.9999... = 1, we now likewise conceive that 0.0000....1 = 0 since
it will approach and effectively be a value of 0. Some will argue that 0.333...3 and 0.000...1 have or express a "last value
or digit", and hence, the notation does not represent or express an infinite value, but by using the ... symbol, the infinity
concept still exists, and therefore, the "last digit" argument does not hold since there isn't a last digit due to the infinite
process. Though 0.9999... will approach 1 which is a finite value, 0.9999... represents an unending a process to approach
and reach that finite value

For some extra ideas on the above concepts of infinity, there are two types of infinity, and it's best to think of them as a
non-ending process without any specific numerical value. The largest (decimal system) number or the number that could
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represent the infinitely big could be written as: (9999...9) The number that could represent the infinitely small could be
written as: (0.0000...1) Why use the 1 digit at the end? Because in our number system we begin counting with 1, and
therefore, the conceivable number, expression or notation that represents the infinitely small should include this first digit
that is at least greater than 0 or nothing, and using 1 indicates that there is "something" and numerically represented.
The two closest numbers next to 1, one being smaller, and the other one being bigger can be conceived or imagined as:
(0.9999...9) and (1.000...1). Their conceived difference is (0.0000...2) which is larger than the conceivably smallest
possible decimal (infinite) number (0.0000...1) greater than 0. Some would argue that (0.9999...9) is the same as 1, but
that is like saying (1.0000...1) is the same as 1, and then that is like saying (0.9999...9) is then equal to (1.0000...1) which,
as just mentioned above, has a difference between them of (0.0000...2), and not 0.0 as when they are actually equal.
Still, you could argue that (0.0000...2) is an infinite process and that it will also approach a value of 0. It is fair to equate
0.9999....9 to 1.0 since in theory, there is to be no empty space between two adjacent points and no other number
between two adjacent numbers, and even though 0.999....9 is expressed as (an infinite) process and not a specific
decimal number, and which rather "zeros in" or converges to 1.
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THE ORDER OF OPERATIONS

The order of mathematical operations is a commonly accepted and basic plan for simplifying and solving
mathematical equations. It is accepted and used so that there is a formal-like consistency and less chance of
misunderstandings and error. The plan states which operations of an expression should be performed first or have
precedence (ie., more importance or priority). Due to this, it is also a consideration and guide for expressing equations so
as they may be correctly solved by someone who is observing the order of operations plan. The 4-step plan is given
below in steps of precedence.

1. Simplify powers, roots, and logarithms.

Ex. 52 = 25 : a power example, , here: "(a base of) 5, "raised" to the second (2) power" or "5 square"
Ex. 25 = 5 :aroot example, , here: "the second (2) or square root of 25"
Ex. log 25= 2 : a logarithm example, here: "the log of 25, using a base value of 5, is 2" , 52 =25

5

The concepts of powers, roots, and logarithms will be covered further ahead in this book. A logarithm expression is simply
an expression for the mathematical operation to find or solve for the exponent of the base value of an indicated power
value.

2. Simplify expressions that are in grouping symbols.

Grouping symbols surrounding an expression indicate that the expression is to be possibly simplified first before any other
mathematical operation can be performed on the resulting (and usually simpler) expression or value. Grouping symbols
are often used to force precedence and-or to bound and clarify an expression so as to prevent a misunderstanding and
error. If there are other grouping symbols contained within or between grouping symbols, sometimes this situation or
expression is said as having "nested" or "inner" grouping symbols, the expressions within them are simplified first and
from the innermost to the outermost (ie. inner to outer). That is, each corresponding pair of grouping symbols will be
successively cleared or canceled (canceled-out or removed) if possible. Hence, this step may also be called: Cancel or
clear grouping symbols.

Some examples of grouping symbols are:

() : parentheses and other similar shapes such as brackets: [ ]

—~==: division symbol or fraction symbol
Here, the dividend or numerator represents one value, and the
divisor or denominator represents one value. That is, either or both
might be expressions that can be simplified first, and then the
division operation can be performed so as to produce a quotient.

3. Perform multiplication and division.

This is done (for conformity to avoid any confusion or ambiguity) from the leftward side to the rightward side of the
expression. Usually, performing division has slightly more precedence than multiplication since it contains the division
grouping symbol. Performing the division will effectively clear that grouping symbol, producing a quotient value which can
then be possibly used as an operand for another operation.

4. Perform additions and subtractions.

Like multiplication and division, these are also done from leftward to rightward in the expression.
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Note that for the second step, simplify expressions in grouping symbols or clear grouping symbols, that steps 1,3, or 4
may be needed first, during, or "along with" for this process.

It is possible to express the concept of the order of operations using just a few words such as: "perform the most
advanced operations first". Another plan to simplify expressions is what | call the CDC plan which is closely related to the
plan given above, and will be presented further ahead in this book. Below are some basic working examples of using the
order of operations.

Ex. 5+1x7

Without following the order of operations method, and simplifying or solving from left to right, 5 would first be added to 1,
and then this sum would then be multiplied by 7. This is how some "chain-logic" (evaluated left to right, as written,
entered or processed) "home-use" or "4-function" calculators, and even some outdated or simple computers, would
evaluate the expression, but for conformity, we are encouraged to use the order of operations from now on that considers
the (order of) precedence or importance of the mathematical operations, rather than their (left to right expressed) order.

Without following the order of operations:

5+1x7 When explicitly expressed and evaluated as: (5 + 1) x 7 using "chain-logic" :
6x7
42

Following the order of operations:

The 1 would first be multiplied by 7, and then this product will be added to 5. The result is very different than the last
result even though both original expressions are the same. This method is the preferred method used by "algebraic logic"
or "scientific" calculators and computers to evaluate an entered expression.

5+ 1x7 isevaluated as, using the order of operations: = 5 + (1x7)
5+7
12

To achieve this same result using a chain-logic calculator, evaluate the higher-ordered or most advanced operations of the
given expression first. If you want, you can also rewrite the expression with some grouping symbols to clarify how it is to
be evaluated (processed, simplified or solved):

5+1x7 by using some grouping symbols:
5+ (1x7) or perhaps by switching the two operands of the addition operation:
(1x7)+5
7 +5
12

When an expression inside grouping symbols is simplified to a single value, it is possible and desirable to remove (clear
or rid) the grouping symbols that surround it as long as it does not change the intended order or operations and therefore,
the result.

Ex. 5+ (2+3)

5+ (5) : after using step 4 and performed the addition operation expressed within the grouping symbols
5+5 : step 2, basically cleared/rid the grouping symbol that are not needed now
If you want, you can consider 5+ (5) = 5+ 1(5) = 5+ 5, so as to remove the grouping symbol
10 : step 4, addition
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Ex. 5+ 3(3(7x4)) + 2

5+ 3(3(28)) +2 :step 3, after simplifying the innermost grouping symbols, here (7x4) = 28

5+ 3(84) +2 : step 3 and 2, multiplication (to clear grouping symbols), here 3(28) = 84
5+252+2 : step 3 and 2, using multiplication which then clears the grouping symbol
259 : step 4, using addition, here, the order of the summing of the values, does not matter

Ex. Simplify 5+ 3 x 10

Since multiplication has more precedence than addition, this expression is usually written or expressed, and simplified as:
5+ (3x10) : for some basic home use calculators you might have to use these steps in the order of: (3 x 10) +5

Here, the grouping symbols clearly indicate or "force" a precedence of performing the operations. That is, here 5 is to be
added to the entire value enclosed in the grouping symbols. This value within the parentheses is an expression which
must be simplified first whether you are using a calculator or not:

5+ (30) : after performing step 3
5+ 30 . after performing step 2
35 : after performing step 4
Ex. 5x10 + 3
2

or (5 x10) + 3 :due tothe precedence of multiplication, a grouping symbol is shown here for visual clarification
(1 2)

(5x5)+3 : after performing step 3, (division, here, 10 divided by 2)
25 +3 : after performing step 3, (multiplication), then step 2
28 : after performing step 4, addition

The more you practice with the simplification or "simplifying" expressions, and the order of operations, the more "natural” it
will feel and become to you.
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COMMUTATIVE AND ASSOCIATIVE LAWS

Multiplication and addition are said to be commutative (based on the word "(to) commute" which means
"moveable", "changeable", "transportable"). That is, if you exchange or "switch" the operands (values the operators are to

be applied to) of the operation, the result will still be the same. This may be done to help clarify, express, or evaluate an
expression.

5 + 2 = 2 + 5
Ex. 5+2 = 2+5 A = L : somewhat like a mirror image.
7 = 7 FoEow e oww : both have the same sum.
7
Ex. 4x9 = 9x4 : maybe you don't know 4 x 9 offhand, but perhaps you have already memorized 9 x 4
36 = 36

Multiplication and addition are also said to be associative (to associate, join, pair, connect, align or group with).
That is, you can associate any two or more operands together by grouping (usually with parenthesis; ( ) , or backets; [])
and the result will be the same.

Ex. 5+2+3 = (5+2)+3 = 5+(2+3)
10 = 7 +3 = 5+ 5
10 = 10 = 10

Ex. 2x4x3 = [2x4]x3 = 2x[4x3] = (3x2)4)
24 = 8x3 = 2x12 6)4) = 6x4
24 = 24 = 24 24
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FRACTIONS

A part is less-than the whole of which it comes from. The whole thing is "100%", all, complete, entirety or "one"
(oneness and numerically 100%=1, or the undivided something). When only a part or parts of a whole are to be
expressed mathematically, fraction or fractional notation (simply called "fractions") is used to numerically represent this
part or fractional value of the whole. A fraction of something is a piece, portion, segment or part of that whole something
that was essentially broken or divided into parts or pieces. The part(s) in question is said to be a fraction, or fractional part
of the whole. A fraction or part is numerically represented as a value that is likewise less than the whole (or entire) thing
or amount expressed numerically. If we let 1=1.0=100% numerically represent the entire thing, then a value less than 1
will represent a lesser or smaller part(s), portion, or fraction of that whole thing.

Symbolically: (fractional part(s) of the whole part) < (whole part) : Afractional part(s) is less than (<) the
whole part of which it was from.

Numerically:  (value(s) or sum of fractional or part values is less than 1) <= 1.0

Ex: 0.5<1.0 : Here, a part numerically represented as 0.5 is less than the whole (1)
Ex: 0.5 +0.5 =1 : Here, the sum of two parts numerical representations sum to 1.
Ex: 0.3<1.0

Ex: 03 + 0.5 =108 <1

We can often recognize that a given part is only a fractional part of something. For example, 5 is only a part of 8. 5 is the
part or portion of the entire, all or whole value of 8. 5 is different and less than 8, and this can be mathematically verified
by subtracting the two values to show that there is a difference in values: 8-5 = 3. 3 is the difference or amount of
separation between those two values of 5 and 8. For example, 200 is only part of 203. 200 is a fraction of 203, and their
difference is 3. Rather than express a numerical relationship of two values as a difference, a better way to quantify and
express their numerical relationship is to show how many times bigger or smaller one value is to the other (reference)
value. The resulting value will show the decimal equivalent value that the part is with respect to the whole which can be
expressed numerically as 1.0 (= 100% = all, entire, whole). 5 of, from, or out of 8 and expressed as a fractional
expression is: 5/8 , and this value = 0.625 after division is performed , 200 out of 203 = 200/203 = 0.985 Even though
the difference was 3 for each example, this difference value of 3 does not numerically represent how much the part or
portion of the whole is numerically. 3 doesn't quantify the portion, but rather only the difference. The values of 0.625 and
0.985 just shown do. The value of 0.985 is much more than 0.625, and is therefore a larger fractional part. 200 is
therefore a larger part or portion of 203, than as 5 is to 8. Since 0.985 is close in value to 1, it indicates that the part or
portion in question is almost the entire value in question. 8 or 8 parts = 8/8 , or 203 of 203 parts = 203/203, would result
that the fractional value in question can be represented with and has a value of 1, and this indicates that the fractional
value in question is equal to the entire, whole part or value.

We have seen that quantifying and expressing the numerical relationship of a part to the whole by using the difference
value does not numerically represent how much that the fractional portion is of, represents, or how much it is of the
entirety or whole part, but it rather just expresses or indicates how much different, and not the similar, the two values are.
As just seen in the two examples above, the difference may be the same, and yet the portions of the whole are much
different. A difference value does not quantify or numerically express a portion value. A quotient value can quantify or
numerically express a portion. The mathematical operation will be same as a division problem, but the concept and
terminology is different since we are not actually trying to divide any parts up into even smaller parts, but rather
expressing just the numeric relationship of one part in relation to, or with respect to, another part or the whole part.

The basic mathematical (standard) "formula" or expression for a fractional value is a numerator value divided by a
denominator value.

_ humerator_ : The word numerator is from the word numerate, meaning to count or assign a number to or of.

denominator : The word denominator is from the word denominate. Nominate means to assign a name to,
and here it's a number name or identifier. To denominate is to completely assign a name,
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hence denominator means the complete number to or of. The numerator number used is in
reference to the denominator number used.

You can roughly think of this as: parts : "parts to total parts" or "parts of the total number of parts"
total parts

We see that this is essentially the same as a division expression and problem, except for the names used. Comparing the
two types of expressions, the numerator is similar to the dividend, and the denominator is similar to the divisor. When
something is divided, such as into (fractional) parts, it is somewhat obvious that a division type of expression will be used
to express this.

If a whole (1) thing or quantity is evenly split or divided (a division problem) to 2 equal parts, we can represent this
numerically as this division expression:
1 : this also expresses the numerical representation or value
2 of each similar (fractional) part. This numeric expression is
therefore called a fraction. After dividing, the quotient is
called the fractional (in decimal number form) value. Each
identical fractional part is equal in value, here, (1/2) = 0.5

The numerical value of, or given to, each separate (and identical) part is the value of this fraction (but only when a whole
or 1 is divided). Each part is said to be "one-half" of the whole. Numerically, each part has a value of (1/2), or the
equivalent decimal value of 0.5, when the 1 is divided by the 2. 0.5 is clearly less than the whole of 1. [FIG 4]

part a1
2

the whole, all or entirety = 1.0 numerically
and graphically

part = 1
2

The sum (mathematical, and-or physical combining) of all the fractional parts will always equal that which was divided into
those fractional parts. For the example just shown:

part + part = whole, all or entirety that was divided up into two parts
1/2) + 1/2) = 1/2+1/2 = 05 +05 = 1.0

Here is how to express the whole (1) of something divided into 4 equal sized parts: 1.
4

Each part will also have this numeric value of (1/4) or= 0.25 Considering just two of these four parts taken, put or
summed together as a group, then what fractional part of the whole does this represent? Clearly, since two parts is twice
as much as one part, the fractional value must be twice as much:

one-fourth and one-fourth equals two-fourths or: 2xone-fourth = 2x(1) =2(1) = _2_ :"two-fourths"
(4) 4 4
A+ A = 2. = 050
4 4 4
0.25 + 0.25 = 0.50 :or= 0.25(2) = 0.50 since repeated addition can be represented as multiplication
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Though it is possible, do not interpret the value of 2 in (2/4) as meaning 2 wholes being divided up into 4 parts, since for
this problem we are dealing with only one whole, or entirety of a thing, numerically expressed as 1, that was divided up.
So therefore, a numerator can be defined as the number of (all similar) parts in question or being considered of the whole,
and a denominator is said to be the total number of parts that the whole was evenly divided up to. You can visually read
the mathematical notation of the fraction symbol as meaning "of", "out of" or "from".

Ex. _1_ : "one, out of two" or "one part, out of two parts" or simply as "one, out of two" or "one, of two" , or
2 "one-half" = "one-half of the whole" = (1/2) of (1) = (1/2) of (1/1) = (1/2) (1/1) = (1/1) (1/2) = (1) 1/2 = 1/2
Ex. _2 . "2, out of 6" or "2 parts, of something divided or separated into 6 total parts" ,
6 This can be considered as equal to: (1/6) + (1/6) =2 (1/6) = (2/1) (1/6) =2 /6 and-or = 1/3 =0.333...

If given a fraction and you perform the indicated division, the resulting quotient is the decimal equivalent of that fraction.

Ex. 1 = 0.5 = 0.5 Below is another ex. where the numerator is half the denominator,
2 2|1.0 and that the total fractional part(s) in question is also numerically
-10 0.5 = 50% of the whole or denominator:
0
Ex. 3 = 0.5. = 0.5 : checking, 6 x 0.5 = 3
6 6] 3.0
30
0
Ex. 4.5 = 0.75 = 0.75 : Compared to the last example, this larger quotient indicates that the
6 6| 4.50 portion or fraction is larger. As the numerator comes closer and
_42 closer in value to the denominator, with little difference, the fractional value
30 will approach (become nearer and nearer in value to) that of the whole or
30 value of 1=100%. The closer this value is to 1, the fractional part in
0 question becomes greater and nears the whole part. For this example, the
part(s) in question could be said to be 0.75, or 75% of the whole (or entirety,
entire) part. The portion of the whole part is 0.75.
Ex. 54 = 0.9 : 0.9 is close in value to 1.0, and it indicates that 5.4 is a large
6 part or portion of the whole (100% = 1) or entirety of 6 parts.

Ex. Of the following fractions, which fraction is larger, that is, which represents a larger value
and hence a larger portion of the whole, all, or entire thing?

2 or 3 after performing division to find their decimal equivalents we can
3 5 often compare them more easily:

0.66666... and 0.60

Therefore, the part, portion or fraction of 2/3 is (slightly) larger than 3/5. 0.666666 > 0.60 and (2/3) > (3/5)

If the denominators of the fractions are the same (or mathematically made to be the same as done when adding
fractions), you can then easily find the largest fraction simply by observing which numerator is the largest. Actually,

one quick method of adding fractions is to first convert each of them to their decimal equivalents value, and then
perform the addition. Though the addition of fractions has not been covered yet, here is the above example solved
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with the "addition of fractions with the same (or "like") denominator method" so as to find which fraction is larger:

_2_ and _3_ Converting each fraction to an equivalent (valued) fraction (numerically, it will still have
3 5 the same value) where the denominators of both fractions are identical or the same:
2(5)_ and 3(3) : both denominators changed to 15, hence the fractions can be visually compared easily

15 15
10 and _9_ : Note 2/3 = 10/15 = 0.66666... and 3/6 =915 = 0.6
15 15 These are the same values as shown above, and this is because these new fractions

created from or using each are (mathematically, in value) equivalent fractions. Itis also
incorrect to think that a fraction can only have one equivalent fraction associated with it
since there is actually an infinite number of equivalent fractions possible for any fraction
or portion of the whole (1).

Now by just observing the two numerators in the fractions above, since 10 is obviously greater than 9, then 2/3 is the
larger fraction.

Given any two fractions and knowing the process of converting each of those fractions to an equivalent valued fraction,
and both with like denominators, observe that you can quickly see which is larger by what is called "cross multiplying" the
numerators and denominators of the two fractions. For the give example, since (2)(5) = 10 is larger than (3)(3) = 9, and
both of these values will have the same denominator (here 15 which is the product of both denominators), the fraction of
2/3 is therefore larger than the fraction of 3/5. Another method, perhaps not so obvious, to find which fraction is larger, is
to subtract one fraction from the other. You can first convert both fractions to their decimal equivalent, or to fractions that
have identical denominators so they can then be properly subtracted. Assuming both fractions are greater than 0, if the
resulting value (the difference) is greater than 0, then that minuend fraction is larger than the subtrahend fraction.

This book tries to avoid the (weak, but practical) concept of "cross multiplying" because, it is often taught, accepted and-or
taken for granted, without first knowing the mathematical verification as to why it can be used. The "just do this and you
will have it" attitude, should in many cases, be unacceptable when you want to have a firm grasp or understanding of
math and what you are doing with it, and so as to then understand more advanced concepts that are built upon the
previous concepts.

The whole part, all, or the entirety of something can be thought of as, or represented by, a complete circle which
can represent and be noted as equivalent to and expressed as any numeric value. Given a certain or specific fractional
value of any entire value (entirety, all, whole), each part, portion, or fraction is numerically the same regardless of the
specific whole or entire value being considered. For example, given a fraction of (1/3), or "one-third" of any value, (1/3) =
0.33333... =33.3% of that whole=1=100% value or circle. The actual numeric value corresponding to that indicated
fractional value of (1/3) depends on what the whole value actually is. A portion or fraction of something is always less
than the whole or complete value, however, the actual numeric value of that portion may be less than or greater than 1.
For example, consider this:

Whole, all, entirety or  Indicated fractional Actual numeric value of the indicated (here, (1/3))
complete value value. fractional value of the whole.
1.0 (1/3) of 1 = 1/3 = 0.33333... = whole part divided by 3 = (whole part)/3
1.5 (1/3) of 1.5 = 1.5/3 = 0.5 : an example showing that the "whole part or entirety,

may not always be an integer or counting number
value, and may be greater than 1
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2 (1/3) of 2 2/3 = 0.66666... : note that this is the same as having (1/3) and (1/3),
or (1/3) + (1/3) which is (2/3) = ""two-thirds" when
summed:

(1/3) + (1/3 ) = (0.33333...) + (0.33333...)

= 0.66666... = (2/3)

3 (1/3) of 3 = 33=1.0

4 (1/3) of 4 = 4/3 = 1.3333... :here we see that the actual "fractional value"
or portion of 4 is actually larger than 1

5 (1/3) of 5 = 5/3 = 1.66666...

6 (1/3) of 6 = 6/3 = 2.0 = 2 parts of 6, which can be expressed as: 2/6 = 1/3

2 parts of 6 equals 1 partof 3 = 0.33333...
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MIXED NUMBERS

A "mixed number" is an expression of a numerical value that (explicitly) indicates both the number of complete or
whole parts (hence a multiple of a whole, completes or entirety), and a fraction value that expresses the parts or portion of
just one whole value.

mixed number = whole part + fractional part

Mixed numbers are often found in food recipes, such as for example, to indicate "two and a half cups of flour" or= "two
cups plus a half of a cup”, and the numeric representation of this using a mixed number method is:

2 1/2 cups of flour, or perhapsjustas: 2 1/2 cups flour : 2 is the whole number of filled or complete cups or cup
units, and 1/2 is a fraction of 1 cup full.

If the decimal value of a fraction is less than one, the fraction is said to be a proper fraction. When the numerator is larger
in value than the denominator of a fraction, the fraction is said to be an improper fraction since it represents a value
greater than one, (1), since at the fundamental level, fractional numerical values are usually meant as, or understood to
be less than the whole, or 100% of something = 1 numerically. A fraction is (usually) meant to be only a (smaller) part or
portion of something. A mixed number has both a whole part and a fractional part, hence it has a mix or several values.

First consider values such as 0.1 and 0.95. Any value that numerically represents a part that is less than the whole
(entirety, all, 100% = 1.0) is only a fractional value, part or fraction. 10 by itself is not, or does not represent, a fractional
part, however when you (only) have 10 of 100 entire things, which can be expressed numerically as 10/100, that value of
10 is now only a fraction or part of the whole (considered as 1=100%) or entire 100 things. Expressing this in the most
basic decimal form, we see that 10/100 = 0.10, which clearly is less than 1, and hence it is only a fractional part of the
whole. It can be said that "10 is (only) a fractional part of 100".

Ex. = 2 with a remainder (of the dividend) of 1 : 9/4 is an improper fraction

9_

4
Expressing the above quotient, of the indicated division, as a mixed number (containing both a whole value and a
fractional value of the divisor), this is written as:

2 1 _ which actually means: 2 + _1 "two and one fourths". This is a mixed number. 2 is the whole part,
4 4 and 1/4 is the fractional part. The addition of both parts, is not
always explicitly indicated and is "understood" as being so.

That is, 2 is not being multiplied, but added to _1 : If 2 was being multiplied to 1/4, the multiplication would have to be

4 explicitly indicated such as: 2(1/4), or = (2)(1/4), or = 2 x (1/4)

Also note that when division is performed on the fractional part of a mixed number, we get the decimal equivalent of the
mixed number. The value will also equal the improper fraction:

= 2+ 1 = 2+025 = 225 :2.25islike a"mixed number" that contains a whole part
4 and a fractional part.

Now that improper fractions can be converted to mixed numbers, mixed numbers can also be converted back to
improper fractions. To do this, multiply the whole number part of the mixed number by the denominator of the fractional
part of the mixed number, and then add the resulting product to the numerator of the fractional part of the mixed number.
The resulting sum is a numerator of a fraction whose denominator is the same as used for the fractional part of the mixed
number.
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Ex. 32 = (@Bx4)+2 = 12+ 2 = 1

4 4 4 4

The conversion process shown above is actually a "short-hand" method of adding fractions correctly of which
could verify or check the method and example shown above. For the last example, the fractions to be added, and their
sum, would be:

3 +2 = 14

1 4 4

Hence, a mixed number represents an expression that is the sum of the number of whole (or entire) parts, and fractional
parts. Note that 3/1=3. Any value can be divided by or "placed over" or divided by one, and the value will not be
changed. But as mentioned previously, the fractions cannot be summed (added or "combined") until their denominators
are equivalent. When the denominators of the fractions are the same, the fractions are said to have like or common
denominators, and this is much like that which is necessary when adding things such as measurements that need to have
the same units (of measurement or reference) so as to produce a result having those same units. Fractions with the

same denominators can be said to be "like fractions". More on the addition of fractions will be shown later.

As another check to the above example, first consider that any value divided by itself it 1: (3/3) = 1

3+2 = (1+1+1)+2 = (4 +4 +4 )+ 2 = 12 +2 = _12+2 = 14 =35
4 4 (4 4 4 ) 4 4 4 4 4
Note also, and previously discussed, that: 3 +_ 2 = _(3x4)+2 =_14 = 3.5
4 4 4
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EQUIVALENT FRACTIONS

If you divide a given circle into two equal parts that are the same size or portion, say an upper and lower half,
each part is said to be one-half, or numerically as (1/2), of the entire 1 circle. Each part and fraction that numerically
represents these parts are equal and therefore they are called equivalent fractions. Here, each part is numerically: (1/2).
[FIG 5]

E

The 1 in the numerator position of the fraction represents one part in question or being considered, and the 2 in the
denominator position indicates that the whole (here a circle) was divided into 2 equal parts. If you divide a whole (1) circle
into 4 equal parts, each part is said to be one-fourth of that whole (1) circle. Numerically, each partis: (1/4). [FIG 6]

s [—
o=

L |—
o =

Clearly, by observation, two parts (one-fourth and one-fourth, or= two-fourths) of the circle that was divided into 4 equal
parts is equivalent to the portion of one part (here, one-half) of the circle that was divided into 2 equal parts. Numerically,
that is:

2 = _1 : both fractions are equal in value, here it's 0.5 .
4 2 :"2isto4, asis 1isto2"

Each fraction has a value of 0.5 which means its portion is 50% of the (entire 100%) circle. Each part is half (= 1/2) of
the circle, and even if the circles are of different sizes, because the portions of the circle(s) being referred to are
mathematically the same fractional value of 1 circle, regardless of its actual size. A portion or percentage value is a basic
generalization that is in reference to any whole or entirety regardless of its actual specific sizes or values involved.
Equivalent fractions represent the same portion or fraction of something.

2/4 comes from the fact that there is 2 parts in question of the circle that was divided into 4 equal parts. Actually,
1/4+1/4 or (1/4)x2 = 2/4=050f1=(0.5)1=0.5 Also: (1/4)+ (1/4) = 0.25+0.25 = 0.5

The fractions of 2/4 and 1/2 are said to be equivalent fractions since they represent the same quantity or value (here it's
half or 0.5 of the circle, hence the same portion). The fraction of 2/4 has larger values for both the numerator and
denominator, and it is said to be of "higher terms", that is, it has a higher numerator and denominator. Likewise, the
fraction of 1/2 is said to be of "lower terms" since its numerator and denominator are lower in value than the other fraction.
Still, the numerical values of both fractions represent an equal part of the circle. Actually, to make any equivalent fraction,
simply multiply or divide both the numerator and denominator of a fraction by the same value. For example, a quick and
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simple way to find the next higher term equivalent fraction of 2/4 can be found by multiplying the numerator and
denominator by the same value, such as for example, 2:

= 0.5 , equivalent fractions, each represents 0.5 of the whole (1)

Given these numeric values, it can be said that 4 parts of a circle divided into 8 equal parts represents the same portion of
a circle as 2 parts of a circle that was divided into 4 equal parts.

The fraction of 1/2 for the group of all possible equivalent fractions shown is said to be the fraction with the lowest terms.
Also for this fraction of 1/2, since both the numerator and denominator cannot be evenly divided by any whole number
greater than or equal to one, it is in lowest possible terms of all other equivalent fractions.

As a simple verification that they are equivalent fractions, consider that multiplying any value (including fractional values
also) by 1 will not change that value. If any fraction is multiplied by say (2/2)=1, that is, the numerator and denominator
are both multiplied by the same value, it is equivalent to multiplying by 1, and we know that multiplying any value by 1
does not change that value.

since 2 =1=_1_, multiplying this to any value, the value will not change:
2 1
2 = 2(2) = _4 : the fractions look different (in the numerators and denominators), but they
4 4 (2) 8 are numerically equivalent in value, here it's 0.5

Reversing this process, if we divide the same value from both the numerator (num.) and denominator (den.), the resulting
fraction is still an equivalent fraction. For example:

_2

2
2 = 212 = e =1 . after simplifying the num. and den. fractions
4 4/2 4 2

2

Again, a way to show or verify that these are equivalent (equal) fractions (of the whole) is to convert (represent) each to its
decimal form by performing the indicated division.

=05 :The fractions must be equivalent since
each represents a value of (0.5).

(o0)
~

Ex. Show that 2.00564 / 7 and 114.32148 |/ 399 are equivalent fractions or portions.

By using a calculator to perform the indicated division so as to find their quotient values:

2.00564 = 0.28652 and _114.32148 = 0.28652 : they are shown to be equivalent fractions numerically
7 399 Each fraction represents a portion or total (sum of
portions) that is about 28.7% of the whole (100%) or
entirety.

There is another, less used method to create equivalent fractions described in the BASIC ALGEBRA section of this book.

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 95



Sometimes it could be helpful to express a given fraction as an equivalent part or fraction of 1, or as an equivalent
fraction of 1 part out of a total number of parts. Doing this can give a basic grasp of the fraction when expressed as a

single (1) portion of all the portions, or as a portion of 1.

Ex. 0.5t07 = 0.5 : 0.5 parts out of 7 parts = 0.07143 when expressed as a single decimal value

Equivalent fractions are usually solved by finding the multiplier needed to apply to both the num. and den., but since
a value of 1 is used as a value in the equivalent traction being created, it become easier to complete that equivalent

fraction.

0.5 =_1 : here, x is used in place of the word: "what"
7 X

0.5isto 7, as 1 is to what?

Notice that if you divide the numerator here, by itself, that the result is 1. To keep the fraction the same value, this
must also be done to the denominator:

0.5 =(0.5/0.5) =_1_ : 0.5 parts out of 7 parts can be numerically expressed as 1 part out of 14, or
7 (7/0.5) 14 1 part of 14

OR:

0.5isto7,aswhatisto1? 0.5 = _x_
7 1

In a similar manner to the above, if we divide the denominator by itself, we will have a value of 1, and to keep the
fraction as having the same value, we must do the same to the numerator:

0.5 = (0.5/7) =_0.07143 : 0.5 parts out of 7 parts can be expressed as 0.07143 parts to 1
7 (7/7) 1 : This is essentially the same result of simply dividing the num. by the den.

Ex. If a fast runner can run 1 mile in 4 minutes, how many miles an hour did they, or could they potentially run?

First, so as to have like units in the denominators, lets convert the units of hours to minutes:
1 hour =1 hr = 60 min

I1mi_ =_xmi , since: 60 min/4 min = 15, and also multiplying the numerator by this value:

4 min 60 min

xmi = (1mi)(15) = 15mi

1 mile per 4 minutes = 15 mi per 60 minutes = 15 mi /60 min = 15 mi/ 1 hour = 15 mi/ hour

Another way is to mathematically solve for x mi:

15
xmi = (1mi )60 min) = (1Ami )(60-min) = (1mi)(15) = 15 mi
(4 min) (4-min)

1

Ex. A basic and "generalized" (with non-specific units) recipe for hard candy is shown below. It also shows how to make
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an "equivalent proportions" recipe so as to make a bigger or smaller batch (amount, quantity) of the candy. Even
though a batch can be a different size, weight or volume, the percentage, portion or fraction of each ingredient in the
new batch will still be the same percentage, portion or fraction as that of each ingredient in the original recipe. It is
sometimes noted that since the ingredient amounts used in a new sized batch are the same portion as that used in
the original recipe, that the new batch and ingredients are said as being "proportional” (same portions, or "within
proportion(s)") to the original recipe and-or batch. This ensures that the new sized batch will still taste the same as
that of the original recipe and-or batch.

Main Ingredients: 2 units sugar : here "units" could be cups, or some other possible container
3/4 units corn syrup : 3/4 = 0.75 units used for the measurement(s)
2/3 units water

Other Ingredients: A few drops of flavor oil, and a few drops food color.

Mix the main ingredients in a bowl and then pour the mixed ingredients into a cooking pot. Cook (without

stirring) till all the water is evaporated and to a temperature of 300°. Do not let the mixture turn dark yellow-brown
and burn. Remove from heat, mix in flavor and color. Pour mixture onto a greased cookie sheet and let it cool.

For the purpose of this mathematical example, the actual units of cups for the main ingredients is not explicitly
indicated since you should use or expect any possible units for these measurements; perhaps you'll have some
homemade units of and for your measurements such as: a jar, or spoon full, etc. Let's say you want to make a

a different quantity (more or less) of candy. To do so, you need to adjust all the measurements (amounts of units
used) for each ingredient equally by the same (magnification) factor value. Let's say you also want to make a more
basic or general ("generalized") recipe so as to make batches of any quantity of candy that is based on a (1) unit of
sugar, then for each additional unit of sugar added in, you will simply add in the new "general recipe's" measurement
for all the other ingredients. Since there are 2 units of sugar used in the original recipe, you can divide these 2 units
by 2 to have a recipe based on just using 1 unit of sugar. To keep the same ratio (ie. relative size amts.), or numerical
proportions (consistent portions) of the amounts used for the ingredients in the recipe, you must then also divide all
the other ingredient measurements by the same value, here, 2, and this will ensure that they are, and have, the same
proportion (proper (same) and consistent fractional or portion value) as that of the original recipe, and that the ratios
(essentially the quotient value of their division) of each two ingredients amounts is the same as that of the original
Even though the specific quantity of an ingredient is now more or less, it is still numerically the same recipe. fractional
or portion value as that of the original recipe. Expressing the basic concept of this mathematically:

_units of ingredient A

units of ingredient A = 2 : still has the same ratio value among, of, or
units of ingredient B units of ingredient B between these two amounts of ingredients.
2 Essentially created an equivalent fraction.

Divide the amount of all ingredients by 2.

The ratios, or relative (relational) sizes of one ingredient value to another, will still be the same as that in the original
recipe. The total mixture or completed item being made, here candy, will also be divided in half since all of its
parts (quantities) were divided in half, or vice-versa.

Dividing 3/4 by 2 we have 3/8 (division of fractions will be explained later), and dividing 2/3 by 2 we
have 2/6 = 1/3, and the main ingredients and measurements of the new generalized recipe will become:

Main Ingredients: 1 units sugar For each 1 unit of sugar used, use:
3/8 units corn syrup : 3/8 = 0.375 units which is half of 0.75 = 3/4 units
1/3 units water

Since 1/2 = 0.50, you could have multiplied each ingredient amount by 0.50 instead of multiplying

by 1/2 which is also equivalent to dividing by 2 as seen above. For some extra verification of all
this, consider:
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3 x 1 = _381N = _3 : note that 3/4 and 3/8 are not equivalent fractions
4 2 (4)(2) 8 since the numerator and denominator were
multiplied by different values.

0.75 x 0.5 0.375 also:

If we divide a fraction, say 3/4, by 2 (same as 2/1), it is the same as multiplying both the entire
new num. and den. by (1/2) as seen below. This procedure also shows why they are no longer
equivalent fractions, since then num. (3), and den. (4) of 3/4 will not actually be multiplied by the
same value. In short, dividing or multiplying a fraction by a value does not create an equivalent
fraction, however, dividing both the num. and den. of a fraction by the same value does. For
example if we have 4/8 = 0.5, and multiply this fraction by 2 or doubling (adding itself) it, we
have (4/8)(2/1) = 8/8 = 1 which indicates that this is not an equivalent fraction (0.5 and 1 are not
equal) but it is a magnification (ie. growth) of the fraction to where it does not represent the same
part of the whole any longer, and is a completely new (different) fractional part or value.

same as multiplying the entire num. and den. by 0.5 = 1/2

T
()

3 _3 _( 3_ 3
4 4 (2) 8 8 3
= = = = 8 : = 0.375
_2_ 2 _(1)_ 2_ 1
1 1 (2 2
Checking (note that 3/4 = 0.75):
0.75 = 0.375 : as seen above, 3/4 =0.75, and 3/8 = 0.375 are not equivalent fractions

2

We also see above, that a quick way to divide one fraction by another is to simply invert ("turn
upside down") the denominator fraction and then simply multiply both the numerator

and denominator by this value. Here, 2/1 inverted is 1/2. As another example, if you were
to divide a fraction by 5/6, you could simply multiply both the num. and dem. of that fraction by
6/5 for the resulting quotient value. This process is also a good way to "clear" or "rid" the
fractions, where possible, during a simplification (of an expression) process so as to have just
one value (the quotient) to continue working with.

For completeness of the new recipe, note also that (2/3)unit/2 = 2/6 unit. Dividing this num. and den.
by 2, we have 1/3 unit, such as 1/3 of a cup, and which is usually easier to understand and measure in the
kitchen, than 2/6 units or "two - sixths" of a cup.

When two or more things are said as being linear in value, they are also said as being proportional in value. That is, when
one thing increase by some factor, the other thing will increase by the same rate or factor, and this is much like a
magnification and-or a demagnification. This is also very much like an equivalent fraction concept, and can be solved as
such. This book will sometimes mention that things such as this can be solved using a "proportional equation" or
"equivalent fraction equation". Expressing all this in a pseudo-mathematical analysis and expression for when thing1 and
thing2 are said as being proportional, or linear in value(s) and-or magnifications:

thing1 = n = magnification , mathematically: thing1 = (n)thing2 , _thing1 (factor1) = thingimagnified = n
thing2 and: thing1/n = thing2 thing2 (factor1) thing2magnified
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ADDING FRACTIONS

Adding fractions is not as difficult as you might think. Actually, we can think that we have always been working
with fractions when we were just using whole values. For example, we know that 4+3=7, but we also know that we can
make fractions by placing these values over one, which we know will not change their values.

4+3= 4+3 =_7 =17 : Add the numerators (the 4, and 3) of fractions with like denominators,
1 1 1 and keep the denominator. The like denominators here are 1.
Checking:
4 +3 = (4+43) = 7 =17 : checks
1 1

This leads to a general rule for combining (adding) fractions: Add the numerators of fractions with like, same or common
denominators, and keep that same denominator. This is commonly known as the process of "adding like fractions".

If a circle (or 1 whole circle) is divided into two equal (ie. evenly divided) parts, each and every single part will
numerically be (1/2), and we know that the sum of these parts (all the fractions or fractional parts) should equal to one (the
whole circle) or the entire value of which they were taken out from and are in reference to. Since the fractions in question
have like denominators (here, 2 or "halfs"), which makes them "like-fractions", simply add the numerators and keep the

(same) denominator. [FIG 7]
a
2
a
2

1 = (1+1) =_2 =1 : A half (of a circle), plus another half, equals one (1) full circle.
2

If a circle or some quantity was evenly divided into 3 parts, each part is numerically (1/3). [FIG 8]

Summing up just two of those fractional parts or values, we have: [FIG 9]
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1+ 1 = 1+1 = 2 : "two thirds of a circle"

If we were to then add in one more of the parts, so as to have all 3 parts in the sum, we should then have one whole
circle:

_+
3 3 3 3
As a check to this, expressing the sum of all three of the parts:

+ 1 = _1+1+1 = 3 =1 : checks
3 3 3

Also, expressing and performing the repeated addition above , with multiplication:

x3 =(1)EB)L = _M3) =3 =1 : checks
( ) 1

1
3 3) (1 3)(1) 3

Ex. Add 4 tenths, 2 tenths, and 1 tenth

Notice that all the values have units of tenths. Hence, there is no "apples and oranges" problem with unlike units. Simply
add the numerical values (or variables as in algebra) of quantities with like units for the sum, and keep the same units.

4 tenths + 2 tenths + 1 tenth = (4+2+1) tenths = 7 tenths

We can also do this problem using the addition of fractions method. Here, the fractions will be "like fractions" which have
the common or like denominator of 10 or "tenths" (tenths of one) and therefore can be added.

First: 4tenths = 1tenthx4 = 4 x 1tenth = 4(0.1) = 04
4tenths = 1_ + 1_ + 1_ +1_ = 4(1) = 4 = 04
10 10 10 10 (10) 10

And for the specific problem mentioned:

4 +_2 +_ 1_ = (4+42+1) = 7 : "seven tenths" , 7/10 = 0.7 as a basic decimal number.
10 10 10 10 10 A check by converting each fraction to its decimal value:
04 +02+ 01 = 07 : "seven tenths of one (1)"
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Ex. You have a certain recipe that you only want to make one-half of its resulting amount. How much of each ingredient
or part must you then use to make that recipe?

Here is the original recipe:
amount_of _ingredient1 + amount_of ingredient2 + amount_of ingredient3 = resulting_recipe

If we divide the right hand side of the equation by 2, so as to make half of the resulting_recipe, the equation will

be unbalanced. If we have done nothing to the amount of the ingredients used, surely the resulting_recipe will

still be the same, and yet we would be expecting half the results. What we need to do is divide both side of this
equation by the same value of 2 so as this equation, recipe or formula, is still correct and in balance or equivalence
(equivalent, equal):

amount_of ingredient1 + amount of ingredient2 + amount of ingredient3 = _resulting_recipe
2 2

Now, what exactly is the sum of all the ingredients combined divided by 27 The sum, of all the ingredients or parts of
the result, divided by 2 is equal to the sum of the amount of each ingredient or part divided by 2:

amount_of _ingredient 1 + amount_of ingredient?2 + _amount_of ingredient3 = resulting_recipe
2 2 2

Since _1_ = 0.5 , you can optionally multiply the amount of each ingredient by 0.5.

In simple words, the above can be described as: To make half the recipe, use half of all the ingredients, and therefore
half of each individual ingredient. To make a certain or specific fraction of the recipe, use the same fraction of the
amount of each ingredient.

Ex. If amount_of ingredient1is 1 cup: 1 cup , and to make half the amount of the original recipe, use:

1cup = _1 cup = "one-halfcup" = 0.5cups
2 2

Ex. If amount_of_ingredient2 is 70z, and to make half (50% = 0.5 = 1/2) the amount of the original recipe, use::

70z = 350z
2

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 102



ADDING MONEY AS FRACTIONS, AND A SHORT DISCUSSION ABOUT PERCENTS

When adding fractions which do not have a common denominator among them, one (or several) of them must be
converted into an equivalent fraction so that all the fractions will then have the same (common) denominator. For
example, fourths (ex. 1/4) cannot be added to thirds (ex. 2/3) unless there is some conversion of one of these fractions
into an equivalent valued fraction and which will have the same denominator as the other fraction.

Here is a practical illustration of why the denominators must be the same for the addition (and subtraction) of fractions,
and it is very similar to the concept of having like units or quantities for proper addition:

Given a number of pennies and nickels, you can't add the number of pennies (which is a certain fraction of a dollar,
actually one-hundredth = 1/100 = 0.01 of a (1) dollar = "1 cent" = "1 percent") and the number of nickels (which is another
certain fraction of a dollar, actually one-twentieth = 1/20 = 0.05 of a (1) dollar) together to find out how many total (or the
total monetary value of) pennies you have, or to find out how many total nickels you have. A nickel is a different coin and
monetary value than a penny. Before adding nickels and pennies, you must first convert the number or quantity of
pennies to an equivalent number of nickels, so as to express the sum in terms of nickels, or convert the number of nickels
to an equivalent number of pennies, so as to express the sum in terms of pennies or cents.

For the conversions: 1 nickel = 5 pennies :the known basic conversion reference, or, after switching sides:
5 pennies = 1 nickel :as an extra note, since 5 pennies is the same monetary value as a nickel,
or 0.05. It is sometimes said that "there are 5 pennies in a nickel". A
penny is also a fraction of a nickel:
1 penny =1 cent = 1/5 nickel = "one-fifth of a nickel". If you divide both
sides of the conversion expression by 5 you can verify this.

If given a (1) nickel, you can multiply it by 5 to find the corresponding number of pennies. If given twice (2) as many
nickels, the total quantity of pennies will also be twice (2 times) as much:

1 nickel = 5 pennies : basic conversion facts expressed as an equation
1 nickels + 1 nickel = 5 pennies + 5 pennies since multiplication is repeated addition :
2 (1 nickels) = 2 (5 pennies) multiplying or distributing the multiplying value:
2 x Tnickels = 2 x 5 pennies
2 nickels = 10 pennies

And in general, if given some quantity (Q) or number of nickels, the total quantity of pennies will also therefore increase by
that times as much:

From: 1 nickel = 5 pennies expressing the multi. of both sides by the same value, here Q:

Q (1 nickel) = Q (5 pennies) or:
(Q x 1) nickel = (Q x 5) pennies after some simplification:
Q nickels = Qx5 pennies

This might be spoken as: "multiply the quantity or number of nickels by 5 to find the equivalent number of pennies", or
"The quantity of pennies is 5 times more than the quantity of nickels". In a reverse type of manner, we now know that if
given a quantity of pennies, we can divide it by 5 to find the corresponding number of nickels.

Ex. 10 pennies + 2 nickels : converting nickels to pennies , first, it is known that: 1 nickel = 5 pennies
10 pennies + 2 x 5 pennies
10 pennies + 10 pennies performing the indicated addition of similar things, simply add their
(10 + 10) pennies numerical quantities and keep the same units, and this is much like
20 pennies adding the numerical coefficients (ie. factors) of variables as in algebra.

Algebra is basically symbolic math where text letters represent, or are
"placeholders", for (known or unknown) numeric values of mathematical
expressions.
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Ex. 10 pennies + 2 nickels converting the number of pennies to its equivalent quantity
of nickels, by dividing the number of pennies by 5:

(10 pennies / 5 pennies per nickel) + 2 nickels or:
(10 pennies/1) / (5 pennies/1 nickel) + 2 nickels or:

10 pennies 10 pennies (_1 nickel ) 10 nickels = 2 nickels
1 1 ( 5 pennies) 5
= = :or can use: 10 pennies/5pennies = 2

5 pennies 5 pennies (__1-nickel )

1 nickel 1 nickel (5 pennies)
2 nickels + 2 nickels performing the indicated addition:

(2 + 2)nickels 1 or (2 x 2) nickels , since 2 was added to itself twice and
4 nickels that multiplication can represent repeated addition

By using the fractional values (of a dollar) that a penny and nickel represent, and using letter Q for the quantity of each
coin, we have expressions for the total monetary (in dollar units) values of a quantity of either pennies or nickels.
Remember, multiplication is repeated addition. First, since each penny has a value of 0.01 of a dollar, for each next
penny, add 0.01 to the total sum or monetary value. This repeated addition, can be represented and expressed with
multiplication; here by Q which is the number or quantity of pennies, or nickels, and times it was added into the total sum:

Pennies Nickels
Q1) = Q(0.01) Q1) = Q(0.05
(100) (20)

If P was used to represent the Quantity of pennies, and N was used to represent the Quantity of nickels, the above could
be expressed as:
Total pennies monetary value = P(0.01) and Total nickels monetary value = N(0.05)

For converting the monetary value of a quantity of nickels to the corresponding monetary value of pennies, we will multiply
the corresponding monetary value of pennies by 5 since a nickel is defined as equivalent to the monetary value of 5
pennies = (0.01 x5 = 0.05). Note that the fractional value of 1/100, or "one cent", of 1 dollar assigned to a penny coin is
also assigned as the pennies monetary value of 1 dollar. The monetary value of a penny is often called a "cent", meaning
one-hundredth of. The word percent mathematically means "per hundredths of", or "parts per hundredth of", for example
5 percent means 5 equal parts of something (considered as 1 whole or entirety) that was divided into 100 equal parts
(each being 1/100), hence 5 one-hundredths = 1/100 + 1/100 + 1/100 + 1/100 + 1/100 = (5/1)(1/100) = 5/100 = 0.05 = 5%
= "five percent". More will be said about this later in the topic of percents. Since a nickel is (monetarily) equal to 5
pennies, it therefore also represents the monetary value of 5 pennies which is 5 cents = 0.05 = 5/100 = "five hundredths
of 1 dollar" = 1/20 of a dollar when 5/100 is reduced to a lower termed equivalent fraction. A nickel is 5/100 = 1/20 =
one-twentieth of a dollar. Coins less than a dollar in monetary value are fractions of a (1) dollar's monetary value.

Converting the monetary value of a quantity (Q) of nickels to that of pennies.
Pennies Nickels
Qx5 (1) = Q1) : here, we let Q equal the quantity of nickels
(100) (20) Perhaps you might use N instead of Q as
mentioned previously. Remember that

multiplication is essentially repeated addition.
Qx5(0.01) = Q (0.05) or
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Q x 0.05 = Q x 0.05 : checks
Ex. Find the total monetary value of 2 nickels and 4 pennies.

2 nickels + 4 pennies

2(1) + 4(1) : denominators and not identical, and "unlike fractions" cannot
(20) (100) be added or "combined". Can use: 2 (0.05) +4 (0.01) =0.10 + 0.04 = 0.14
2 + 4 : denominators are not identical, so we have unlike fractions that cannot
20 100 be easily added or combined as currently expressed so as to have just

one fraction

Converting the monetary value of nickels to its' equivalent monetary value in pennies so that an addition (of fractions with
a common, similar (same) or "like" denominator of 100) can take place, we have:

2x5(1) + _4 : the numerator and denominator in the first fraction were both multiplied by 5 to
5 (20) 100 create an equivalent (valued) fraction of which has a denominator value of 100.
(2)(5) + _4_
(1)(100) 100
10_ + _4 : "ten-hundredths plus 4-hundredths" equals:
100 100 : We now have "like fractions" with the same denominators
that can be added.
14 = 0.14 : "fourteen-hundredths" or= 14 cents
100

If you wanted to express a quantity of coins in terms (ie. with similar variables or units) of dimes (which is a certain fraction
of a dollar, actually one-tenth = 1/10 = 0.10 of a dollar), you would have to convert the number of pennies and nickels to
their corresponding number of dimes. Again, this is a common "apples and oranges" type of problem, except here, it is
possible to make numeric conversions. Since 1 dime = 2 nickels = 10 pennies, divide the number of pennies by 10 to
find the corresponding number of dimes, and divide the number of nickels by 2 to find the corresponding number of dimes.

Ex. 10 pennies + 4 nickels after dividing the quantity or number pennies by 10, and nickels by 2 for the
conversion to it's (monetary) equivalent quantity of dimes:
1dime + 2dimes : we now have "like units" that can be combined
(1 +2)dimes : expressing the sum of the quantities of the like or similar units
3 dimes : 3dimes = 3 (tenths of 1 dollar) = 3 (0.10) = 3/10 = 0.30

This value can be spoken as: "thirty-hundredths" or "thirty-cents".

Also note in the above discussions, that when converting a quantity with larger units (of measurement) to a quantity with
smaller units, that a multiplication is performed on the quantity with larger units. This is because there will be a greater
quantity of these smaller units per each larger unit. For example, when converting (a quantity of) nickels to a
corresponding number (or quantity) of pennies, multiply by 5, and when converting (a quantity of) miles to feet, multiply
by 5280. Likewise, in a inverse type of manner, when converting to a larger units, a division is performed on the quantity
that has the smaller units (of measurement or reference) since there will be a fewer quantity of the larger units.

Here is an extra side note of some fractions of a quantity that are given a unit-like name, that you may occasionally

encounter: First, here are some common fractions of a unit: sixteenth = one-sixteenth of 1 inch = (1/16) in. and
1 centimeter = one-hundredth of a meter (1/100) meter. Similar to fractions of a unit are multiples of a unit given a unit-
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like name. For example, 1ftx3=3feet=1yard, and (1000) (1m) = 1000 meters = 1 kilometer = 1 km

A simple example of the concepts: If there are 10 balls in a bag, and 9 are blue in color, and 1 is yellow in color, it can be
said that the number of yellow balls in this bag of balls is 1 part of 10 parts. Mathematically 1 outof 10is: 1/10 =
one-tenth = 0.1 = 10%. The number of blue balls in the bag is 9 parts in or of 10 total parts = 9/ 10 = 0.90 = 90%

Ex. Whatis ppm and ppb? ppm = parts per million parts of something = parts / 1,000,000 parts
1ppm is numerically: 1part/ 1,000,000parts = 0.000,000,1
10,000 ppm = 10000 parts / 1000000 parts = 0.01 = 1%

For example, and a discussion of the example:

Seawater is about 10560 ppm sodium =~ 1% , and about 19000 ppm chloride = ~ 2%
Seawater is often mentioned as being 3% salt. (food or edible) Salt is sodium-chloride
(NaCl) molecules and is commonly known as table salt that we can put on foods to enhance
their flavors if need be. The scientific and-or chemical formula for a water molecule is H201
= H20 since it has 2 atoms of hydrogen and 1 atom of oxygen. Seawater or ocean water

is sometimes said as being about 35 parts per thousand (ppt), hence 35 parts / 1000 parts
= 0.035 = 3.5% salt (sodium-chloride,table salt). Note that if the total parts was 1000 cc, this
value is equivalent to 1 Liter = 1 L of volume, and 3.5% would correspond to 3.5cc of volume.
1000cc of water has a mass of 1000 grams = 1000g

A thin depth of seawater can be evaporated (ex., in the sunlight and heat) so as to obtain its
dissolved minerals such as salt which is considered a necessary nutrient to the human body.

Salt, and here specifically as sodium-chloride, is also a vital nutrient for some body
processes. The recommended daily amount of salt for a moderately active adult of average
size and-or weight is about but about 2000 mg = 2g of sodium which can be obtained from 5
to 6 grams of table salt, about 1 level teaspoon (about 5 mL= 5cc in volume) , of table salt
has about 2000 mg = 2g of sodium and 3000 mg = 3g of chloride.

Chloride (clI' , a healthy ion form of the more dangerous chlorine atom) is also a vital
nutrient for some body process. Sodium-chloride or common table salt is generally not found
in plants, but chloride is due to that it is vital for the photosynthesis process so as to make
food such as a carbohydrate [carbon and water, and water is hydrogen and oxygen] type of
sugar. The sunlight energy will first splitting water molecules and releasing electrons for
further chemical reactions to take place. An ion is a atom or molecule that is not neutral or
balanced in charge, generally due to it loosing or gaining an electron(s).

Where does all the wood from a tree come from? Besides some minerals from the soil, its
generally not much mass from the soil, but it comes from the carbon dioxide in the air being
converted to carbon during photosynthesis. A living plant has about 65% of its mass and-or
weight as water, and has abut 15% of its mass as carbon. As the plant dries due to water
evaporation, such as when becoming dried wood, that percentage will increase to about 50%
of the mass and-or corresponding weight of that wood.

A (photo-voltaic, light energy to electrical energy) solarcell (or solar cell) that creates free
electrons from the light energy from the Sun is like an electrical analogy of photosynthesis
which plants do.

ppb = parts of something per billion parts of something = parts / 1,000,000,000 parts
ppt = parts of something per thousand total parts of something

ppt, ppm, ppb, can be considered as the number of parts of a certain mass and-or weight,
or volume.
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COMMON DENOMINATOR FOR ADDING FRACTIONS

The common, same or "like" denominator found for the proper addition of fractions will be some multiple (including
1) of the largest denominator value of all the fractions in question. Hence, the common denominator will be greater than
or equal to the highest denominator value. It will be shown that a common denominator of two or more fractions can
simply be the product of all their denominators, and that it is therefore evenly divisible by each of those denominators
since it will contain a multiple of each denominator.

Ex. Add 1/4 and 4/8 : "add one-fourth, and four-eighths"

First, notice that the highest denominator value of these two fractions is 8, and that the fraction of 1/4 can be converted to
an equivalent fraction of 2/8 if we multiply both the numerator and denominator by 2. Both fractions will then have the
same denominator value and can be added as fractions:

12) =2
42) 8

We now have "like fractions" (with a common denominator) which can be added.

+

2+4=6
8 8 8

Note that this example may have been stated as: How many eighths are 1/4 and 4/8? The answer is six eighths.

For the two fractions being summed in the last example, the common denominator derived at from the two given and
"unlike" denominators is called the lowest common denominator (sometimes and simply indicated as LCD, as in this
book). The name comes from the fact that it is the lowest possible value for the common denominator that can be evenly
divided by each denominator of the fractions in question. Note, if all the fractions to be summed are first reduced to their
lowest or "simplest terms" (ie. Made into equivalent fractions - with a lower numerator and denominator) before the LCD is
sought, that this resulting LCD of those equivalent fractions may even be lower in value.

If the numerator and denominator, each being considered as a product value, have factors that are common to both, then
the fraction can be reduced or changed to an equivalent fraction of lower terms by dividing out, or "canceling" (ie.
removing) these common factors. If you divide both the numerator and denominator by the highest or greatest common
factor of both the numerator and denominator, the fraction will be reduced to its lowest terms. Remember, this processes
is allowed since the fractions will still be equivalent in value. The greatest common factor can be found as the product of
the smallest power of each different prime factor of the two numbers; prime numbers will be discussed ahead. Whereas
multiplying both the numerator and denominator creates a "magnified (increased)" equivalent fraction that is said to be of
"higher terms (of both num. and den. values)", dividing both the numerator and denominator creates a "demagnified
(decreased, reduced)" equivalent fraction of "lower terms (of both the num. and den. values").

Ex. For the fractions below, reduce each to an equivalent fraction of lowest terms before the addition.

2+ 4 =
8 8

© o

The fraction of 2/8 can be reduced to lower terms by dividing both the numerator and denominator by 2. The value of 2
was chosen since it is the highest factor common to both the numerator and denominator. This is seen when the
numerator and denominator of the fraction are first factored:

2 = (2)1) : factored numerator and denominator, showing the common factor(s) of 2
8

(4)(2)
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Dividing both the numerator and denominator by the highest common factor of 2, or simply "cross canceling" (crossing
out, to reduce and-or possibly eliminate to just a factor of 1) these factors with a line or hash mark. You can also write a
small one near these values, indicating the result of a division, here by 2, and that the result was 1. After canceling
common factors, the result in an equivalent fraction of lowest terms.

(2)
2=_(2_ =1 :22=1 and 8/2=4
8 (8) 4
)
or. 2 = (2)1) = 1 : showing the "cross canceling", "canceling out" or "dividing out". Also,
8 (4)(2) 4 : remember that 2/2 = 1 and anything times 1 is that same value. A

multiplier or factor of 1 need not be shown always, but it can always be
implied and-or removed so as to simplify equations as much as possible.

Note that both the numerator and denominator also have a common factor of 2, but this is not the highest common factor
since 4 is, and this will help create a fraction of lowest terms.

4_
4 = _4 = 1_
8 8 2
4
hence, 2_+4 = 1 +_1 :resultsinan equivalent expression, after we reduced each fraction to lower terms.
4 8 4

After converting all the fractions to their corresponding equivalent fractions (with lower terms), their sum should still be
equivalent to the sum of 6/8 as shown above. First consider that we need "like fractions" (have the same denominator) for
proper summing:

6
=_2 =3 : "six-eights" reduced or expressed as "three-fourths".

Now, a common denominator possible between the two fractions is 4, which is also the LCD. By multiplying both the
numerator and denominator of the fraction (1/2) by 2, we can get "like fractions" which have a common denominator for
their addition.

+ +

: which checks

+12) =

A 1+2 3
4 2(2) 4 4 4

1+1
4 2

As mentioned previously, the easiest way to find a common denominator when adding or subtracting fractions is
to use the product of all the denominators. This new and common denominator will then contain a factor of each single
denominator. This denominator is usually larger than the LCD possible. The LCD is more desirable since reducing the
result to lowest terms is already or more easily done. A common way to start finding the LCD of all the fractions is to
factor the denominators into prime factors. Prime numbers are discussed next as a helpful part of this current topic.
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PRIME NUMBERS

Prime or primary numbers are numbers that cannot be evenly divided by any other (whole, integer or counting)
number except itself and 1, in other words, a prime number being considered as a product or not, cannot be factored into
two other factors that are whole numbers. For example, 2 is a prime number since it is only divisible by 2 (itself) and 1. 4
is not a prime number since it is evenly divisible by 2. 5 is a prime number. 6 is not a prime number since it has factors of
2 and 3. A composite number, such as 6, is composed of factors that are either composite and-or prime. The first 10,
and perhaps the most commonly used prime numbers are:

1, 2, 3,5 7, 11, 13, 17, 19, 23,

Note that 2 is the only even prime number. An even number will have its most rightward digit being either: 0, 2, 4, 6, or
8, and the entire number is therefore divisible by 2, that is, the number can be divided in half or evenly into two identical
whole or integer numbers. An odd number cannot be divided in half evenly and expressed as two identical integers. Any
even number will contain 2 as one of its factors, hence even numbers other than 2 cannot be a prime or "unfactorable
number". In terms of a (algebra) formula, 2n is an even number, and 2n + 1 and-or 2n - 1 is an odd number.

To factor (factorization, factorize) is where you are given a product value (perhaps a numerator or denominator as
is the case of working with fractions) and you are to find its factors (multiplicands and multipliers) that compose or
construct that given product value. You could say that these factors are "unseen" or "hidden" because they are now

effectively "contained within", "composing”, "making up", or "part of" that product value.
Some numbers or product values may have more than one set of possible factors, for example:
18 = 6x3 = 9x2

Some of these factors are composite numbers that can be factored further to only prime numbers. After doing this,
we see that the given value (here 18) has only one corresponding and specific set of prime number factors:

18 = 6 x3 = 9x2
18 = 3x2)x3 = (3x3)x2 by rearranging or regrouping we can see that they are the same value(s):
18 = 3x3x2 =3x3x2 :18 completely factored to prime number factors, or simply: "primes"

: The different prime factors of 18 are 2 and 3.

Factoring a factor further can be considered and expressed mathematically as:

product = (factor1)(factor2) If anyone of these factors is considered as a product that can be factored,
such as (factor2) which can be factored into (factor3) and (factor4):

(factor1)(factor3)(factor4) . . .

product

When adding or subtracting fractions: Considering all the completely factored (to "primes") denominators, each different
valued prime factor is chosen only once, and specifically the highest multiple or power it occurs in a given denominator in
the entire group of denominators, and these selected values are then multiplied together, and this product is the LCD of all
the fractions.

Ex. Given the denominators of 4, 8 and 3, what would be the LCD?
The factors of 4 are 2 and 2, and both are prime. The factors of 8 are 4 and 2. 4 is not prime since it has factors of 2 and
2. Hence, the prime factors of 8, when completely factored to prime factors, are 2, 2 and 2. The factors of 3 are 3 and 1,

hence it is already a prime number. The different prime factors are 2 and 3. The prime factor of 1 is always understood.
Since 2 appears a maximum of three times in a single denominator, and 3 appears only once, the LCD is:
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(2x2x2) x (3)
8 x 3
24 : 24 is the lowest common denominator (LDC) that each denominator can wholly ("evenly",
entirely, completely) divided into without a remainder left over.

Again, notice that the highest power or multiple of each prime factor must be chosen so that each denominator, more
specifically, the largest of the group, can (evenly) divide into the LCD at least once, and hence the LCD must be at least
equal to or greater than the largest of the denominators.

One might now ask: Given a fraction, how is the numerator of an equivalent fraction found once the denominator
(such as a common denominator for adding or subtracting fractions) of the equivalent fraction is found? The answer is
found by dividing the "new" denominator by the "old" denominator. This effectively finds the multiplier (factor of the
product) value that the "old" denominator was multiplied by to get the "new" denominator of the equivalent fraction. This is
the case when the equivalent fraction being created is of higher terms. It is possible that a multiplier value can be less
than one, such as is the case if the equivalent fraction is of lower terms. Once the multiplier is found, the same value
must also be multiplied to the numerator so as to make an equivalent fraction that still represents the same numeric value,
part or portion, that the original fraction does.

Ex. 2+ _1
4

3
A common denominator to add these fractions is simply the product of those denominators.
(3)(4) = 12 substituting 12 for all the denominators of the equivalent fractions being created:

+ Now we are to find the proper or correct numerators of these equivalent fractions being created:

12 12

Since the first fraction's denominator was multiplied by 4 (from 12/3 = 4), we must also multiply the numerator of that
fraction by 4 to keep it an equivalent fraction. Likewise, since the second fraction's denominator was multiplied by 3 (from
12/4 = 3), we must also multiply the numerator of that fraction by 3 to keep the fraction equivalent in value:

2(4)_ + 1(3) performing the indicated multiplications:
34) 4 (3)
_8 + 3 = _11 : we have "like fractions" (have the same denominator), and can
12 12 12 therefore be added, and keeping that same or common denominator
Ex. _10_  + __4
5+2 7+1

This is an example of adding or combining fractions where the denominators are actual expressions themselves. Notice
that each denominator can easily be simplified first, but here, the order of operations will not be strictly followed in order to
show another method. Frequently, there are times in algebra (where letters are used to represent unknown values or
numbers yet to be found) where simplification is not preferred or possible. The fractions can still be combined (added) by
considering each entire denominator expression as just like one single or unique value to work with:

numeratorl_  + __numerator?2 : expressing a generalized or "formula" form, here, of adding fractions
denominator1 denominator2

A common denominator, and the lowest common denominator if a denominator is not evenly factorable (divisible) or

composite is simply the product of those denominators. The fractions are combined in exactly the same manner as the
last example:
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Here, a common denominator, expressed in a factored form, is: common denominator = (denominator1)(denominator2).

numerator1 (denominator2)  + _ numerator 2 (denominator1) : expressed as the sum of the
denominator1 (denominator2) denominator 2 (denominator1) equivalent fractions

When combining (adding) like fractions, add the numerators over the same denominator:

(_(numerator1)( denominator2 ) + (.numerator2 )( denominator1 )
( denominator1)( denominator2 )

Using the example given:

_10 _  + _4 creating equivalent (to each fraction given) and like denominator fractions:
(5+2) (7+1) Using the product of (5+2) and (7+1) as a common denominator:
10 (7+1) + 4 (5+2) combining (adding) these like fractions we have:
(5+2)7+1) (7+1)(5+2)
10(7+1) + 4(5+2) : a sum of several fractions, expressed as one fraction

(5+2)(7+1)

Checking: 10 _ + __4 = 10 + 4 = 142857 + 0.5 = 1.92857 :approximately
(5+2) (7+1) 7 8
_10(7+1) + 4(65+2) = _80 + 28 = 108_ = 1.92857 : checks
(5+2)(7+1) (7)(8) 56

Sometimes when working with fractions, an equivalent fraction of (expressed as) lower terms or values of the
given numerator or denominator must be created. To find out what the common divisor to both the numerator and
denominator is, divide the "old" numerator or denominator by the corresponding "new" numerator or denominator. Note
that the method indicated above for finding an equivalent higher term fraction will still work as a method for finding an
equivalent lower term fraction. If that method is continued to be utilized, the effective multiplier will always be less than
one.

= :Create an equivalent fraction of higher terms (because the denominator of 12 of the fraction
12 being created is higher than 3) by finding the numerator that correctly corresponds to this
denominator so as the fractions are equivalent in value.

The "new" numerator to be found will also be higher. By dividing 12 by 3 we get the value of 4. Since the "old"
denominator was essentially multiplied by 4 to get this "new" denominator. The "old" numerator must then also be
multiplied by 4 to create the "new" numerator of the equivalent fraction:

2 = 2(4) =8_ : It may help in the understanding of this by remembering that (4/4) = 1, and
3 3(4) 12 multiplying anything, such as a fraction or quotient, by 1 will not change its
value, and here, the quotient or value of both (equivalent) fractions is the
same: 2/3 = 8/12 = 0.666666... = about 67% of the whole or entirety (= 100% = 1).

Ex. 8 =_2_
20
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Here, the equivalent fraction being found will be of lower terms since the "new" numerator is less than the "old" numerator.
8 divided by 2 is 4 (that is, 2 and 4 are two factors of 8). Therefore, a factor of 4 was divided out of 8. To make an
equivalent fraction, the same must also be done to the denominator.

8_ 2
8 = 4 = 1 = _2
20 20 5 S
4 1
hence, _8_ = : checking, after dividing the numerators by the denominators, both fractions equal 0.4

—2_
20 5

Here is the same example as above, but the method for finding an equivalent higher term fraction is utilized:

Finding the effective multiplier of the numerator 8 that equals a productof 2. 2_ = 0.25
8
Checking: (8)(0.25) = 2
Now multiplying this same value to the denominator to create the equivalent fraction: 20 x 0.25 = 5

Hence: _8 = 2

20 5

The example above, for creating an equivalent fraction, can also be solved by the basic facts about division and
multiplication:

8 = _2_ simplifying by performing the indicated division on the left side of this equation:
20
04 = 2 Here we can consider 2 as the dividend of a division operation, and the factors of
denominator that dividend are equal to the quotient (here 0.4), and denominator or divisor (to be found).
From: dividend = quotient we have:
divisor
dividend = divisor x quotient : the dividend as a product. Dividing a product by either of it's factors (the

divisor or quotient) will yield the other corresponding factor of that product:

dividend _ = divisor = _2 = 5 = the denominator being found of the equivalent fraction
quotient 0.4
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ADDITION OF MIXED NUMBERS

When adding mixed numbers, you can first change them to (improper) fractions and then add those fractions. You
can also add the whole (integer) parts, and then add this sum to the sum of the fractional parts. This is the common
method taught, and this method produces another mixed number.

Ex. 52 + 21 , This can also be expressedas: 5_+ 2 + 2 + _1
3 4 1 3 1 4
Using the first method discussed:
52 +21 = 17 +9 = 68+ 27 = 9 or = 7+11 when you divided 95 by 12, the result
3 4 3 4 12 12 12 12 is 7 with a dividend remainder of 11
Note that forexample: 5 2 = 5 + _2 : "five and (+) two-thirds". Expressing 5 as a sum of 1's:
3 3

1T+1+1+1+1 + _2 since any number divided by itself equals 1, this can be
3 expressed as this when considering the denominator
value of 3, so as to make "like fractions", that have
"like" denominators, which can then be added:

3+ 3+ 3+ 3+ 3 +_2 combining or adding the first 5 fractions:
3 3 3 3 3 3
15 + 2 = _17 : after combining these two fractions, and
3 3 3 : this fraction was indicated above
Using the second method discussed:
52 OR: 5 2 =_8_
3 3 12
+ 21 +2 1 =3
4 4 12
(5+2) + (2. + 1) : horizontally 7 " : vertically
(3 4) 12
7+ (8 +3)
(12 12)
7+ 11 orsimply: 7 11 : checks

12 12

Another way to add (or subtract) improper fractions is to convert the fractional parts to their decimal equivalents. This was
also mentioned previously.

Ex. 52 + 21

3 4
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first, 0.66 0.25

3‘ 2.00 4i 1.00
18 8
20 20

18 20

2 0

Note that 2/3 produces a repeating decimal. You may "round-off" (truncate or shorten) the quotient where needed.

52+21 = (56+0.66.) + (2+0.25) = 5.66 + 2.25
3 4
1
5.66 basic format is: whole . fractional
+ 2.25 + __whole . fractional
7.91 whole . fractional
sum

Comparing this to the previous example: 7 11
12

0.916

7 + 12| 11.000 ~ 7.91 (not rounded) , ~ means about or approximately equal to the following value.

108 Note also that 11/12 also produces a repeating decimal as seen above.
20

12
80
12
8
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SUBTRACTION OF FRACTIONS

The rules and concepts regarding basic addition and subtraction, and for the addition of fractions, also hold true
for the subtraction of fractions. The main issue is to have like denominators so the subtraction of fractions can take place.

Ex. You have 1 whole circle divided into 3 parts, hence each part is a fraction of that circle and has the numeric
value or representation of (1/3). The sum of all of these 3 parts is therefore: (1/3) + (1/3) + (1/3) = 3 (1/3)=3/3 =
"three thirds" = 1. If you take away (ie. remove or subtract) one of these parts, what value will remain of the entire

circle?
3 -1= (31 =_2_ : "two-thirds" of the circle remains
3 3 3 3

Below is an example using mixed numbers, and then a discussion about the procedure will follow.

Ex. Subtract 2 6/7 from 3 5/7

2
35 3+(7+5 2 12
7 = 7 7) = 7
- 26 -2+6 -2 6
7 7 7
0+6 =_6_
7 7

Considering the fractional parts of the mixed numbers, 6 cannot be taken from 5, hence we need to borrow. One might
ask: where did the 7/7 come from? The answer is that borrowing 1 from the 3 is essentially borrowing 7/7 since 7/7=1.
The denominator of 7 was chosen since the other fraction used in the subtraction operation also has a denominator of 7.
This makes subtracting (or adding) the fractions easy since they will all have common or "like" denominators.

Ex. 10 - _4

3 7

We must first find a common denominator for the subtraction. It is usually best to find the LCD. Here, the LCD has a
value of 21 since 3 and 7 are both prime and they can simply be multiplied together. Now convert each of the fractions to
equivalent fractions that have the same denominator of 21 :

10 = 70 since 21/3=7 ,andthen 10(7) = 70
3 21 3(7) 1

N

4 =12 since 4(3) = 12

7 21 7(3) 21

70 - 12 = 58 : Since both of these operands were expressed in a fractional form, the result is
21 21 1 arbitrarily expressed in a fractional form rather than as a mixed number.

As a mixed number:

58 = 216 : after performing the indicated division of: 58/21 and expressing the result
21 21 as a mixed number. Remember that you can check a subtraction problem

by using addition.
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DECIMAL VALUES AND FRACTIONS

The basic way to change a decimal value that is less than 1 to its equivalent fractional value is to first find the
positional weight of the least significant digit, and then remove the decimal point and make a product of this value and
weight. From the discussion of positional weights, this weight will be a power of 10 with a negative (basically, conceivable
numbers that are less than 0) number as the exponent. More advanced mathematics (besides what has already been
discussed in this book, and that which will be shown ahead) will show that multiplying by a value with a negative exponent
is actually dividing by that value with a regular (positive, even if it's not explicitly indicated) exponent of the same value.

Ex. 0.5 = 5(10*1) =_5_ = _5_ : "five-tenths of one". Note that the last or "least significant" digit, the 5, is
10M 10 located in the "tenths" position.

Note that 0.5 was made larger to a value 5, so it should be clear, as seen above, that to equal the original value (here
0.5), a division would then be necessary to reduce it to it's original value. We also know that a division by 10 will
essentially moves the decimal point one position to the left toward the more significant digits.
Checking by performing the indicated division:
0.5
10}5.0
50
0
You may also consider the decimal point being moved leftward in any value without using division, for example:

= 0.5 (10"1)
= 0.05 (10%2)

0.5 (10) : one place leftward , and the indicated exponent of 10 is 1, and 10 has 1 zero
0.05 (100) : two places leftward, and the indicated exponent of 10 is 2, and 100 has 2 zeros

5
0.5

Note here that 5 was made smaller to 0.5, so it should be clear that for it to equal the original value (here 5), a
multiplication applied to 0.5, to increase this value, would then be necessary.

Ex. Represent 0.47 as a fraction

0.47 = 47(107-2) = _47_ = 47 : "forty-seven hundredths”. Note that the last or "least significant” digit,

1072 100 the 7, is located in the "hundredths" position.

Checking by using the concepts of positional notation, and the sum of positional products:

0.47 = 4(101) + 7(10"2) = _4__ + _7_ = _4 _+ _7_ = 40_+ _7_= 47

10M 1072 10 100 100 100 100

The last fraction is "forty-seven hundredths".

Another question about decimals you might ask is: What is the reasoning of moving the decimal point during "long"
division? In decimal division, to have the nice ability to work (divide) with an integer divisor (no fractional part) and to
automatically adjust the decimal point of the result, the decimal point of the divisor is moved completely to the right of the
least significant digit (note: include all trailing zero's in the whole portion) and then the decimal point of the dividend is
moved to the right the same number of digit positions (including any possible new trailing zero's placed as least significant
digits). This process is essentially creating an equivalent fraction by multiplying the divisor (denominator) and dividend
(numerator) by a common (same) value such as when creating an equivalent fraction. Specifically, whenever the decimal
point is moved rightward, this resulting value is, and was caused by, some multiple or power of 10. Some of these
concepts have been previously mentioned, and in particular for "long" or manual division.
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Ex. 1/05=1_= 05|10 = 5 | 10.0 = 2.0 : 5/10 is where the decimal point is moved 1 position
0.5 10 rightward in both the numerator and denominator
0

Here, since the decimal point was "shifted" right one digit position, in the divisor (or denominator), the common multiplier
to both the dividend and divisor (or numerator and denominator) was essentially 10.

checking: 1_ = _1(10)_ = 10 = 2 : checks
0.5 0.5(10) 5
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MULTIPLICATION OF FRACTIONS

As like with the addition of fractions, we can essentially say that we have always been multiplying fractions if we
just place each whole (entire) value over 1, and the relatively simple process of multiplying fractions becomes apparent.

Ex. 5x3 = 5x3 = (5 @B) = 15 = 15 : division by 1 does not change any value
1 1 (1) (1) 1

The basic rule for multiplying fractions is to simply multiply the numerators (N) together, and multiply the denominators (D)
together. Unlike for the addition and subtraction of fractions, the denominators when multiplying fractions need not be the
same. The product of all the numerators being multiplied is the resulting numerator of the product. The product of all the
denominators being multiplied is the resulting denominator of the product.

Symbolically:  (N1) x (N2) = (N1)(N2)_ = (N3) : a symbolic form of the multiplication of fractions
(D1) (D2) (D1)(D2) (D3)

Ex. If you had half a circle (1/2) and added this to the other half (1/2) of that circle, which is the same as multiplying the
first half by 2 since multiplication is repeated addition, the result should be one (1) whole circle. This example also verifies
the rules for multiplying fractions.

1+1=2=1 Since this is repeated addition of the same value, we can express this with multiplication :
2 2 2

Ax2=01¥2)=2=1

2 1 @(1) 2

Consider if you have the fraction:

_3_ which, by factoring the numerator and denominator, can be expressed as:
5

(3)(1) by grouping fractions, this can be expressed as the multiplication of two fractions:
(1)(5)

3 M : with the understanding that these fractions can be multiplied.

(1) (5)

Checking: (3_)( 1) =3x (1) = (1)x3 =1_+1_ +1_ =_1+1+1_ = 3_
(1)(5) (5) (5) 5 5 5 5 5

For more verification of this multiplication of fractions rule, first consider that there is nothing intuitive about this rule. Why
should the following be true:

2 x 4 = _(204) or if this was (somewhat oddly) explicitly expressed in terms of "hand or long division":
3 5 (3)(5)
3(2 x 5[4 = @B[@@

To make this mathematical discussion "less wordy", let's label the first numerator and denominator as N1 and D1, and the
second numerator and denominator as N2 and D2 (Note, this does not mean Nx2, Dx2, etc, but these are unique or
different (symbolic) identifiers or names assigned to a value that is either known, unknown, or being solved for).
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First consider this where like fractions are combined, and the numerator (2) is repeatedly added (ie. multiplication):

2+ _2 4+ 2+ 2 = 2+42+42+2 = _24) = 2(4) = _8
3 3 3 3 3 3 3 (1) 3

Or by repeatedly adding the same fraction 4 times, and expressing this with multiplication:

2 _x 4 = _2 x4 = 8

3 3 1 3

The two must therefore be equal, and expressing this we get: 2 x4 = (2(4)_ = _8
3 1 (3)(1) 3
In general, we have _N1_ to be repeatedly added (ie. multiplication) to itself say N2 times.
D1

Then we have: Ni_ x N2 = N1N2

D1 D1

If N2 was shown as initially divided by some value (including 1 as shown above), say D2, this can be expressed as:

N1 (N2_) _N1N2_ : think of this numerator as the result of repeatedly

(D2) = _ D2 adding (N2/D2) a total of N1 times. Remember, in

D1 _D1_ adding fractions, the like or common denominator
1 is also expressed in the sum.

By multiplying both the numerator and denominator by D2 (creating an equivalent fraction):

N1 N2 D2
D2 = _N1N2 . after canceling, and therefore:
D1 D2 D1 D2

This same result could also be had by multiplying both the num. and den. by (1/D1). In conclusion we have:

N1 x _N2_ = _NiNz2_
D1 D2 D1 D2
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A FRACTION OF A FRACTION

Below is a visual or graphical example of having a fraction of a fraction, or having only a part of a part of something. As
you might imagine, a part, of only part of something, is a smaller part and is represented by a smaller numeric value. The
method to solve for the numerical result of a fraction of a fraction is to simply multiply the fractions together. The example
below will demonstrate why, but first a graphical illustration of a fraction of a fraction. [FIG 9A]

B, C and D are fractions of A.
A % B ) Dislessthan C, and C is less than A,
c 8 € OD«<C<A
D
A = whole thing = Bis afraction of A D is afraction of C , hence
100% =1.0 Cis afraction of A D is afraction of afraction
B<A D is afraction of both C and A
C<hA
C<B

Ex. What is one-fourth of one-half? This may also be mathematically expressed as:

14 of 1/2 = ? : 1/2 is a fraction, and 1/4 is a fraction, hence we are to find a fractional value of
another fractional value.

The question in general is: "What is the value that represents this fraction of another fraction?"
At first, you might be tempted to do something like divide, but then the question would have
been stated as something like: "How many times can 1/4 go into (or divide into) 1/2?", or "How
many times can 1/2 be divided by 1/4?" So solving the original question by division is not

to be used. Can multiplication be the answer? Yes. A keyword to look for is the word "of".

as indicated in 1/4 of 1/2. The word "of" is often associated with multiplication problems. You
can also consider reading the word "of" used here as meaning: "of this", or "of this value".

Let's start at a basic example. If you have half of 10, you have 5 of the 10. Whenever you
want to find half of some value, you divide that value by 2 to find out the numeric value.

10 half, or one-half of 10. This can be expressed as:
2
10x1_ using the commutative rule in the denominator:
2 x1
10 x1 which can be expressed as:
1 x2
10 x 1 : a whole number times a fraction, which can be expressed as:
2
10 x _1 : clearly, a fraction times a fraction. Since this is "one-half of ten",
1 2 the times symbol (x) is clearly associated with the word "of".

For possible clarity and for how "one-half of ten" is spoken, this can
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also be mathematically expressed (with the commutative rule) as:

1 x_ 10 = 1
2 1 2

If the whole number (10 as in this ex.) was divided by a number, say 4, we would then have a fraction times (multiplied by)

of 100 = 10 : "one-half of ten"
1 2

another fraction:
: this could be expressed, read or spoken as: "one-half , of one-fourth of ten".

10 x _1
4 2 Here is some more verification of this:
(10 x 1) x _1_ : "one-half, of one-fourth of ten". For clarity, this could be expressed as:
(1 4) 2
1 x (41 x 10) : "one-half, of one-fourth of ten".
2 (4 1)
So to solve for 1/4 of 1/2, "one-fourth, of one-half", simply multiply the two fractions:
1 x 1 =_1 : "one-fourth, of one-half is one-eighth" or
2 4 8 "one-half, of one-fourth is one-eighth". If you know how to divide fractions,

you can divide this product by either factor so as to find the other (associated or
corresponding) factor as a check.

Here is a check using pure decimal numeric values one-fourth of one-half is:

one-fourth of one-halfis = 1/4 of 1/2 = (0.25)(0.5) = 0.125 = 1/8

Note also that one-half of one-fourth has the same result, particularly because the factors are the same:

one-half of one-fourth is = 1/2 of 1/4 = (0.5)(0.25) = 0.125 = 1/8

Here are some other basic examples for more verification to this process:

Ex. What is one-half of one?

1 x1 =W = wu = _1 : "one-half", also you can divide any value, including
1 2 (1)(2) (1)2) 2 a fraction, by 2 to find the half-value of it.

Ex. What is one-half, of one-half?
1) = (1)1 = _1 : "one-fourth". As mentioned above, this can also be solved
2) (2)2) 4 by dividing the value by 2. (1/2)/2=(1/4)

x_1_ = (
Dividing by 2 is the same as multiplying by (1/2) =0.5

1 )
2 2 (2)(

Here is a graphical representation of this example (FIG 10): The circle or square was first divided into two equal

parts (ie. in half), and then each of these parts was divided into two equal parts (ie. in half). The entire (1) square

or circle has effectively been divided into 4 equal parts, and each part will therefore have a numeric value of (1/ 4).
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[FIG 10]

.\.‘ \"\ 1'/ j'

\"*fj AN l\\v’/ :’!
half=1/2 half=1/2 |
of 1 N of square |/

circle  Loif of the half = 1/4

If you were to then divide each quarter section (which are already existing fractions, of the entirety (=1)) into two equal
parts, the square or circle would then contain a total of 8 equal parts or sections (fractions). Each of these new sections is
a half (1 / 2) of any give quarter ( 1 / 4 ) section, hence mathematically: (1 /2 of 1/ 4), and this new section only
represents a smaller value, of (1 /8 ) of the entire whole structure since it is a fraction (part) of another fractional (part less
than 1 whole) value, and can therefore only be less in value:

1 x_ 1 =_1 : one-half of one-fourth or=one-fourth of one-half = one-eighth

4 2 8

Before moving on to the next topic, the concept and wording of a fraction of a fraction may need to be stressed a little
more carefully. Sometimes what is actually meant or being discussed can be subtle and different. Consider this:

"five-tenths of ten"  and "five-tenths out of ten" : the key difference is the words "of" (= x), and "out of" (= /)
5 x 10 1= (5/10) I= or # or /=/ means: "is not equal to"
10 10
0.5 x 10 I= 0.5
10
5 I= 0.05
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DIVISION OF FRACTIONS

A fraction divided by another fractional or whole value is called a complex or compound fraction. That is, both the
numerator and denominator of these fractions will also be fractions. A compound fraction is basically a "nested fraction"
where the numerator and denominator fractions are the innermost fractions of the larger compound fraction. Some
examples of compound fractions have already been seen in this book.

2 : numerator
3
A compound fraction: ===
4 : denominator
8

Actually, you can think that you have always been working with compound fractions when working with just simple
fractions by dividing both the numerator and denominator by the same value (as used when creating equivalent fractions)
of 1:

Clearly, by simplifying both the numerator fraction and denominator fraction, of the compound fraction, the compound
fraction is simplified to a simple fraction. Often, the simplified form of a compound fraction is expressed in terms of the
numerators and denominators. Before a working example is shown, you should know more about canceling, or "to
cancel", and what a reciprocal means.

Canceling is a process to possibly eliminate fractions to a single numeric value or number, essentially ridding the
fraction completely. Remember, this was also stated in the order of operations second rule: clear/cancel grouping
symbols. To cancel is to "divide out", "cancel out" or remove factors that are within and-or common to both the numerator
and denominator. The result is either an equivalent fraction of lower or reduced terms, or a single numeric value or
number. Canceling is basically like a "pre-division" and simplification step before the order of operations is followed more
correctly where factors, if possible, are first multiplied together before the division. Sometimes a "hash mark" (/) type of
symbol is shown when some division or canceling has been performed. A good approach for simplifying a compound
fraction is to first try to rid the compound fraction of its denominator fraction. The method to do this will be shown below,
and it is essentially done using the equivalent fraction concepts.

The reciprocal or "inverse" of a number is that number divided into one (1). Sometimes this is said as "one over
the number (or value)". The word reciprocal is related to the word reciprocate which means "to move or change back and
forth". The reciprocal of 5 or 5/1 is 1/5 as a fraction, or 0.2 when the indicated division is performed, which is its decimal
equivalent. Likewise, the reciprocal of 0.2 is 1/0.2 = 5 which is the same value we started with. A reciprocal value of any
integer (ie. counting) number is unique, that is, it can never be equal to the reciprocal of some other value. The product of
two corresponding reciprocals is always 1. For example (1/4)(4/1) = 4/4 = 1 = (0.25)(4). One might ask: What is the
reciprocal of a fraction? The answer is to simply "invert", or "turn upside down" the fraction. The numerator will become
the denominator, and the denominator will become the numerator. As indicated in this discussion, the reciprocal of 5 or
5/1is 1/5. The reciprocal of 2/3 is 3/2, and this is verified below:

A
The reciprocal of (2/3) is mathematically noted or expressed as: 1 = 1 :these are compound fraction
(2) 2 expressions
(3) 3
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Given this compound fraction, we note that if we multiply the denominator's fraction by its reciprocal value of 3/2, that we
can effectively cancel it out.. The denominator will then be equal to one (1) after the canceling ("out", or "ridding") of each
common factor of the entire numerator and entire denominator has been performed. Even though it has a value of 1, the
denominator is still effectively eliminated since any value (here the numerator) divided by, or "placed over", 1 or not
divided by any indicated value, is still equal to that value. Also, in order not to change the value of the (compound)
fraction, that which is done to the denominator (fraction) must also be done to the numerator (fraction). This is necessary
to create a (numerically) equivalent (compound) fraction.

A 13) 3_ 3_

1 = 12) _ = 2= 2 = _3_ : verification that 3/2 is the reciprocal of 2/3

2 2(3) 6_ 1 2 The product of two corresponding reciprocals is
3 3(2) 6 always 1.

Note, it is best to attempt to cancel-out factors common to both the (entire) numerator and (entire) denominator before
performing the indicated multiplication. This was also mentioned in step 2 of the order of operations.

1 1(3) 3_

1 = _1(2) = 2 = _3_ :expressing the canceling with hash marks. If the values are not the same,
2_ 2(3) 1 2 such as for this example, a 2 in both the num. and den., you can reduce them
3 3(2) both by dividing each by a common factor or value and indicate the quotients

next to those factors that were reduced.

Hence, multiplying the denominator of a compound fraction by its reciprocal will easily cancel out or rid it of its
denominator, leaving only a "simple" fraction in the numerator to work with. Here is a simple verification: How many times
will one-half (1/2) of a circle divide into one (1=1/1) full circle? Clearly, the answer is 2, let's check:

12) 2

Rk

= 2 = 2 :notealso: 1/(1/2) = 1/05 = 2

J‘A
|

MJAA—\
[
—

2_
2

Ex.
= 21 = 1 = 1 = 2 : one-fourth will go into one-half, twice

alaiole
—
E
—

1 _
2 = 21]1.0 = 0.5 = 2 : checks
1 411.0 0.25
4

Checking, by multiplying the denominator (divisor) by the resulting fraction (the quotient) to see if the product is equal to
the numerator (dividend):
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(5)2) = 10 = A : checks
(8)(3) 4

8l
Slo
> 38ls

Ex. A certain cooking recipe requires 1/3 of a cup of water, however you decide to only use enough of each ingredient to
make half of the total quantity the recipe will make, how much water will you then need?

The answer is to use one-half (half = the whole or given part evenly divided by 2) of each ingredient.

1_cup 1C1)
3 = __3(2) = _1_cup : one-sixth of a cup of water.
_2 2(1) 6
1 1(2)

As mentioned previously, product of a number and its corresponding reciprocal is always equal to 1. Reciprocals are also
the reciprocals of each other.

5x 1 = (B)1) = 5 =1 or since (1/5)=0.2 :

5x02 =10

We see that in the above expressions for 1, that in one factor, the number is a multiplier, and in the other
factor, that same number is a divisor. Since multiplication and division are inverse operations of each
other, you may sometimes see reciprocals being mentioned as a "multiplicative inverse".

Most scientific calculators have a reciprocal-key or "calculator function" for the reciprocal operation. This key or button is
usually labeled as: [1/x] . If your calculator does not have this convenient key, then simply divide 1 by the number in
question that you want to find the reciprocal of.

Note: Canceling can only be done on one factor at a time of both the entire numerator or denominator. Once a value is
reduced to 1, it is therefore essentially eliminated (canceled out) and what is left of its initial value cannot be used for any
more possible canceling.

4 2 (4)(2)
Ex. (8)(4)= (8)(4) or=(8)4) =16 8)4) = 8 : once an initial factor is canceled or factored, it cannot
2 2 2 2 be reused as that same initial factor value , but any factor
remaining of an initial factor can be used for further
Checking: (8)(4) = 32 = 16 canceling.
2 2
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CANCELING ENTIRE EXPRESSIONS

Since an expression essentially, or eventually, represents one specific quantity or value in question, often
indicated within a surrounding grouping symbol for clarity, it can be canceled-out just like one single numeric values if it's a
(common) factor to both the entire numerator and denominator of the fraction.

Ex. 1
5(3+2) = 5(3+2) =
7(3+2) 7(3+2)

Checking by varying the order of operations, which can be performed wherever possible as long as the result is not
caused to be made incorrect. Here, for some simplification of the expressions, addition is first performed within the
grouping symbols as part of the effort to clear the grouping symbols in the numerator and denominator of the fraction.
Canceling (division or dividing out) common factors is then chosen over multiplication, so as to first simplify the numerator
and denominator) and help prevent the need to reduce the resulting fraction to lower terms:

1

5(3+2) = 5(68) = 5 :or= 25/35 when "unreduced" (to simpler terms), and if both the numerator
7(3+2) 7(5) 7 and denominator are divided by 5, the equivalent fraction created is 5/7

1
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PERCENTAGES

The word cent (or centi) in the word percentage means "one-hundredth of" which is 1/100 or 0.01 numerically.
Therefore, percent means how many "(per) hundredths of something" or "parts per hundred of something, that was
(physically, and-or mathematically, numerically) divided into one-hundred parts". The concept of percent was briefly
mentioned in the topic of: A Short Discussion About Percentages.

A percentage, or more correctly, a percentage rate is simply a numerical measure of a part, fraction or portion of
something, and is in reference and-or comparison to that whole or entire something. Symbolically:

Part = numeric representation of how much Part and-or its numeric portion or representation

Whole is in reference to, or with respect to, the Whole thing. We see that this expression or
mathematical representation of a percentage rate is the same as that of an expression
for a fraction, and this is so since we are numerically finding out what is the relative size
(ie., between 0 to 1, or 0% to 100% = "zero percent to one-hundred percent") that this
portion or part is in reference to the entire or whole thing. The value of this expression is
a rate or comparison of two values, and is called the portion rate or percentage rate, and
the actual numeric value of Part is technically the actual percentage value (without the
rate or comparison meaning) in question that was used to find the (percentage) rate:

Part / Whole = percentage value / total = percentage rate therefore, mathematically:
(Whole) (percentage rate) = percentage value = Part

Below are some examples to help demonstrate as to how we may use the concepts of percentages.

1. The monetary value of a common penny coin is one cent, or "one-hundredth" of a dollar, hence 1/100 = 0.01 of a
dollar. To find a percentage is to find the total number of hundredths in question of any value or quantity that was divided
(or imagined or conceived as divided) into 100 equal parts or fractions. The accepted symbol that indicates the amount of
hundredths in question, or that hundredths are being considered, is %. It is called the percent symbol. Percent values
are mostly used to easily generalize or indicate the basic comprehensible, relative value or size of a portion or fractional
value of something, rather than use exact specific values, especially when the size or value of that something can change
or vary, yet the (percentage) rate of the portion value in reference or respect to the whole value, remains constant, say for
example, as being always 50% of any current value or total at hand or being considered. For some simplified examples
of relative values and their percentages: "none" - such as 0 percent, "tiny" - such as 1 percent, "small" - such as 10
percent, "medium" - such as 50 percent, "big" - such as 70 percent, "large" - such as 90%, all, "entire" or "whole" - such
as 100%.

2. When using a fixed or constant percentage value, the actual or specific result value automatically adjusts for any
changes in the overall size of that something. For example, a store may indicate that the selling cost of any item(s) is
10% cheaper or less than its previous selling price rather than list the actual amount(s) reduced and-or the previous
selling price of the item(s). A store may even have a "store-wide (all items) sale for a day", where everything in the store
is 20% cheaper than the indicated price on the price-tag, rather than make many new and temporary price-tags for all of
the store items.

3. By some contract or agreement, a person might own or be allotted a specific percentage, say 10%, of all (entire) the
grain produced for the year at a farm. rather than say the allotment is to be specifically 500 pounds only, or 500 pounds
maximum. In a good growing year, 10% of all the grain might be 600 pounds, and in a bad growing year, 10% of all the
grain might only be 200 pounds. This way, all the people who were allotted or assigned to that grain produced at that farm
will also share in the gains and losses in the actual total amount of grain produced during that growing season. Clearly, if
the farm only produced 200 pounds of grain, and if a person was to be allotted a specific value of 500 pounds, it is no
even possible for that person to receive that specific amount of grain.

4. Sales tax, often some low fixed percent, say 5 or 6 percent (5%, or 6%), at a store to purchase a specific item(s) will be

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 127



based on the selling price of the item(s). The higher the price of the item(s), the more the total sales tax money value will
be, and yet the indicated percentage or sales tax rate is a constant or fixed value. At this point in this book, it could be
obvious or intuitive that if the cost of the items doubles (2), or goes up by some factor, then the sales tax money needed
for that item will also double or go up by that same exact factor (here 2), and yet the indicated percentage or sales tax rate
is still the same constant or fixed value. When changes correspond in such a direct manner as this, the relationship of the
resulting values, or the change values themselves, is said to be a direct, constant, straight, "one to one",or "linear" (line-
like) mathematical relationship.

5. In a hospital, sometimes the amount or dosage of a certain medication to give a patient will be a specific (fixed,
constant) percentage (ie. a fractional value or portion) of a persons weight. The more someone weighs, the more the
specific amount of medicine they will need and receive, and yet the percentage value remains the same or "fixed" for
patients that have various weights.

6. If a certain drink mixture is described as containing 10% fruit juice, regardless of the volume of that fruit juice, and
hence for any specific volume (such as a spoonful, glassful, or a liter) of the mixture considered to be put into several
glassfuls to drink, each glassful will contain 10% fruit juice. If you know the specific volume of the entire mixture used,
and after solving for 10% of that volume, you have found the specific volume or amount of fruit juice in that specific
volume of the mixture.

If you have 5% (commonly spoken as "five percent" or= a "five percent rate") of something, you have 5 one-hundredths of
it:

+ 1 = 5 : "five one-hundredths" or simply: "five hundredths"

1 —S_
100 100 100 100 100 100
Or, since we have a repeated addition of adding the same value 5 times, we can express this with multiplication as:

B x (1) =6)1) = 5 = 0.05 in decimal form. or:
(1) (100)  (1)(100) 100

5(1/100) = 5(0.01) = 0.05

This is often indicated as: 5 hundredths = 5 percent = 5% when percents are considered. The percent symbol and
the value preceding it are sometimes, and more formally, called the rate. The word rate is rooted in the words of: reason,
rational (reasoning, logic), and ration (an allotment, fraction, or portion of something, and in the numerical sense, it similar
to the word ratio). In this example, the (percent) rate is 5 percent = 5% = (5/100) = 0.05.

Ex. What is five percent of three hundred apples? This can be expressed as: 5% of 300 apples is how many apples?
According to the definition of percent, 5% of 300 apples is = 5 hundredths of 300 apples = (5/100) of 300 apples. 300
represents the whole (entire, all = 100% = 1.0) lot, amount or quantity that is to be divided into 100 even (or equal, similar)
parts when percents are being considered.

First of all, 1% (= one-hundredth = 1/100 = 0.01) of 300 apples is 300 apples divided into 100 equal parts:

300 apples = 3 apples : (a group of) 3 apples physically compose, and is mathematically, 1% of 300 apples.
100 Checking by multiplying the quotient and divisor, the dividend is: (3 apples)(100) =
300 apples, and this expression also indicates that 300 apples is 100 times bigger or
more than 3 apples. Likewise, it also expresses that if you have 3 apples, and increase,
magnify (mathematically, a multiplication = multiples or many of) or multiply it by 100 (or
100 times, or multiples of), you will have 300 apples.

If we mathematically compare 3 apples to 300 apples, perhaps to find the "magnification size or factor", "how big one is
compared to the other", or "how many times bigger one is to the other", we can get this expression below, which can also
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be mathematically derived from the above equation by dividing both sides by (300 apples).

_3 apples _ = (1/100) =0.01= 1% :This shows why a percent is really a rate or plain unitless numeric ratio
300 apples of two values. Extra: the reciprocal of this expressed fraction is:

(300 apples) / (3 apples) = 100. This value of 100 indicates that
300 apples is 100 times more or bigger than 3 apples.

This indicates that three apples out of, or compared to 300 apples, is (only) 1% of them. Three apples is a portion (part,
or fraction (less than all = the entirety = 100% = 1.0)) of the 300 apples. Mathematically, this portion is 0.01 = 1/100 =
"one-hundredth" = 1%. The rate can be said as: "3 out of 300", or "3 per 300", or more commonly, basically or
fundamentally (in terms of hundredths) as: "1 out of 100", or "1 per 100", and numerically, this is expressed as: 1/100 =
0.01 = 1%.

[ "Technically", the indicated rate is equal to the indicated percentage, and here, its 0.01 or 1%, and that the actual or
specific value that this percentage rate represents (of the entirety) for this example is (3 apples). (3 apples) is therefore
called the (actual or specific) percentage or percentage value. This may seem a bit confusing at first, but it is something
to consider. It would help if the mathematical (rate) value (in terms of hundredths of the entirety) of a portion is called the
percentage rate, or the indicated percentage, rather than simply and commonly as just the percentage. As we have seen,
we can have a fixed percentage rate of say 6% sales tax, but the actual tax value or money needed, or the actual
percentage value that this 6% rate indicates or is associated with, can vary widely since it depends on, and is
mathematically in reference to, or based on, and calculated using the "total" (all, entire) cost or money required during a
purchase or sale. Some more will be said about this further below. ]

1% of anything or value is a hundredth of it, this can be mathematically expressed as: (value /100) or (total/100). 1% of
300 can therefore be expressed as (300/100) = 3 if we perform this indicated division. This leads to the conclusion that 3
apples is 1% of 300 apples . If we multiply this specific 1% value by 5, we will then know the number of apples equal to
5% of 300 apples, since 5 percent is obviously 5 times more than 1 percent. (5 percent/1 percent = 5). This could be
stated in a question as something like: "If 3 apples = 1% of all the apples, how many apples are 5% of all the apples?".

(1% of apples) x 5 = (5x 1%) of apples = 5% of apples :

3
300 apples (5) = 300 apples(5) = 15apples or: 3apples(5)=3applesx5 = (3 x5)apples = 15 apples
100 ) 100 (1)

1 checking: _15 apples__ = (15/300) = (5/100) = 0.05= 5%

300 apples

We showed that 5% = 5/100 = 0.05 =5(1/100)= 5x0.01 = 0.01 x5 = 1% x5, and note that:

300 apples_(5) can be written or expressed as as:

100 (1)

300 apples (5 ) : due to multiplication being commutative. This is equal to:
1 (100)

(300 apples)(0.05) = 15 apples = (300 apples)(5/100) = (300 apples)(5%) = 5% of 300 apples
Therefore, to simply get the actual (rather than the rate or indicated) percentage value (ie., the specific or actual quantity
or value that this rate actually represents), multiply the total value or quantity given by the indicated rate expressed in
decimal or fractional form. The general "formula" for finding percentages is usually written as:

(total)(rate) = percentage : the common and basic "percentage formula”
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This percentage formula stems from (ie. is derived from) the basic form of any ratio. Here, rate is a ratio value (a
mathematical representation of the comparison of two values which is essentially a numeric (and unitless) quotient) value
of the actual percentage value (typically only some amount of the total amount) in question divided by the total or Whole
value in question. Note the similarity of the word rate and ratio. Whereas two numbers can be mathematically compared
by their resulting (linear) distance separation or difference (ie. a simple change, or mathematical measure of the
separation), two numbers can also be mathematically compared by their resulting ratio value (ie. a multiplier or
magnification change of one value [as a numerator] as compared to, or in reference to, the other value [such as a
denominator]). Ratios will be given a more general discussion further ahead in this book.

Remember, to find the unknown factor in a product, you simply divide by the other given factor. Considering this using
the formula above, this results to the following which is also equivalent to dividing both sides of the equation by (total), and
then canceling out common factors in the entire numerators and denominators.

_percentage_ = _Part = rate : Showing that the rate or "percentage rate" value is the mathematically
total Whole or numerically "indicated percent" of the actual percentage value with
respect to the total value. Likewise,the given formula can be expressed as:
percentage_ = total : total is sometimes called the base, base value, or working value being considered
rate

From: (total) (rate) = percentage value

(300 apples)(5% ) = (300 apples)(_ 5 ) = (300 apples)(0.05) = 15 apples
(100)

The largest possible part or fraction of something is numerically: 100% = 100 parts out of, or of, 100 parts = 100/100 = 1
of something which is the entire, "all of it", or whole thing. It is possible to have percentages, or more correctly, rates, that
are higher than 100% as when the that something is now larger than before, hence that higher than 100% value is in
reference to a previous value, since the largest possible part or fraction of any value is still only 100%. If something is
claimed to be 100% larger, or a 100% increase or bigger, it generally means that it has increased or been magnified
(multiplied) by a factor of: (original value + increase) / original value = (100% + 100%) /100% = 200% / 100% = 2, and

may be stated as being two times more or greater than the previous or original (reference) value, or now being twice as
big.

Ex. Whatis 3.75% of $1530.35 to the nearest penny?
This can also be expressed as: What is 3.75% of $1530.35 rounded to the nearest penny.

"To the nearest" means rounded or mathematically adjusted and truncated (reduced or limited to) at that decimal
position or "precision” to reflect if the next least significant digit (possibly rounded itself) was 5 or greater, and if so,
it will be increased or "rounded up", by 1. Any and all digits having lesser numerical significance will be discarded as
unneeded. Hence, the result, when rounding was used or considered, can only be assumed to be an approximation
(not exact) or close value due to this process. Rounding is used to eliminate often unnecessary (lengthy. least
significant or practically meaningless in value, that are of low effect or concern) digits in a number and to make
further calculations shorter in length and easier to process, and to have nicer looking result values. The small error
and effect of, and after discarding even some small (fractional) part of a value(s) can eventually "add up", or
multiply in significance and therefore have growing influence on the results of further calculations, and in such a
manner that the error or the difference from the actual or true result can be significant enough to consider and

not ignore and the result should then be considered and explicitly stated as being an approximation.

To use a percentage value as an operand of an expression, first convert it to its equivalent decimal form.
This can be done visually by moving the decimal point two digit positions leftward. For example:
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5% = 0.05 : "five percent" equals 0.05 in decimal, or strict numeric form.

3.75% = 0.0375 : since 3.75% = 3.75/100 = 0.0375
The percent symbol, %, numerically means: (1/100).

Using a calculator: $1530.35 x 0.0375 = $57.388125
Rounding to the nearest penny (or hundredth of a dollar) we get: $57.39 The underlined number, here for 9, is an
expression or symbol to express that the actual, true or entire number given was rounded to and truncated this

this position or precision ("precise", smallest part of).

Ex. In a coupon you received, a store claims that a certain items selling price of $7.99 will be reduced (decreased,
discounted) by 10% (or "10% off") when you give them your coupon. What will be the new selling price?

From: (total)(rate) = percentage

($7.99)(10%)
($7.99)(0.10)

percentage Often spoken as: "10 percent of $7.99" is:

$0.799 : Which is $0.80 when rounded to the nearest penny. In rounding, as with
addition, you must still consider carries. The cost of the item will be 80
cents less than the previous value.

New price = OId price - Reduction

New price = OId price - (10% of Old price)

New price = $7.99 - $0.80

New price = $7.19 : new selling price. Any sales tax should now be considered on this new and lesser value.

This problem may have been solved knowing that if 10% is removed, (100% - 10%) = 90% of the price remains, and 90%
of $7.99 is:

($7.99)(90%) = $7.19

You can easily find 10% of a numeric decimal value if you move the decimal point one place to the left. This
effectively multiplies that value by (1/10) = 0.10, or divides that value by 10.

Ex. 10% of 4.57 = 0.457

Just the same, to find 1% = 0.01 of a value, simply move the decimal point two places leftward, which is the same as
multiplying that value by 0.01, or dividing it by 100.

Ex. 1% of 103 = (103)(0.01) =103/100 = 1.03

Ex. 1% of 47 = 0.47
If you double this 1% value of 0.47, you then can find 2% of 47. Showing some helpful intermediate steps:
2% of 47 = (1% of47) + (1% of 47) = 2x (1% of47) = 2(0.47) = 047 +0.47 = 0.94

The last equation was probably the easiest or quickest way to find the result, but it may not have been so (initially)
obvious of just adding the 1% value twice so as to have the 2% value : 0.47 +0.47 = 0.94

If you know 10% of a value, you can double that percentage value to find 20% of that same value.
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Ex. 1f10% of 100is 10 , 20% of 100 = (10% of 100) + (10% of 100) = (10% of 100)(2) = 2(10) =10+ 10 =20

It is somewhat easy to find 50% of a value since 50% = 0.50 = 50/100 = 1/2, that is, you can simply divide a value by 2
to find 50% or "one half" (or simply: "half") of it.

Ex. 50% of 60 = (60/1)(1/2) = 60/2 = 30 : Likewise, if you divide a value by 2 or "in half", you have the 50%
portion and value of it.

Ex. Anitem is on sale for $5.20 and this value is indicated as being 30% cheaper. What was the original selling price?

There is a straight-forward algebraic approach to solving this, but since this book has not yet covered much of algebra yet,
a simple mathematical method will be shown first:

If 30% was taken away (the reduction) from the 100% value (the original/starting or previous value), this leaves us with a
value equivalent to:

100% - 30% = 70% of the original value (price). Hence, the ratio (fractional or percentage value if you will) of the
current selling price (with respect) to the previous price is 70% or 0.70 in decimal form:

current-price_ = 0.70 : "the current-price is 70 percent of the previous-price".
previous-price Also, 100% -30% = 70% = 1.0 -0.30 = 0.70
5.20 = 0.70 therefore, mathematically, as when checking a division problem we multiply the
previous-price quotient and the divisor together to find the dividend, or an expression for it:

5.20 = previous-price x 0.70  and therefore, dividing the product by one factor to find the other factor. as when
solving or checking a multiplication problem:

5.20 = previous-price simplifying this,we find that:
0.70
previous-price = $7.43 : original selling price

You may also consider this check:

current-price
current-price

previous-price - reduction in price
previous-price - 30% of the previous-price

current-price = 7.43 - (7.43)(0.30)
current-price = 7.43 - 2.23
current-price = 5.20

Since: previous or original price x percent reduced = reduction , we can get:

reduction = percent reduced
previous-price

2.23_ = 0.30 = 30% :"2.23is30% of 7.43" or. 2.23=30%x7.43 or. 2.23=(30%)(7.43)
7.43 In these above expressions, you may also use 0.30 for 30%, such as for actually
doing or calculating those mathematical equations.

It could be stated, as indicated in the equations, that:

30% of the previous or original price is the reduction in price.
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The current price is 70% of the previous or original price.

A similar, but a more algebraic approach, using the concepts of signed numbers that are yet to be discussed, to solve this
problem would be:

previous-price - reduction = current-price using the concept of substitution to substitute the values we know:
(1.0) previous-price - (0.30) previous-price = 5.20 Combining the like terms of: previous-price:
(0.70) previous-price = 5.20 After dividing both sides by 0.70 and canceling:
previous-price = _5.20_ = 7.43
0.70

The most straight-forward way to solve this problem above is to use the "percentage formula". Assigning $5.20 as the
actual or specific value of the percentage (left or remaining) of the Total value, and expressing that (100% - 30%) = 70%
of the (unknown) Total is $5.20:

Total x Rate = Percentage
? x 70% = $5.20 Solving for Total = ? , dividing the product by one factor to find the other factor:
Total = $5.20_ = $7.43
0.70

Ex. If you were to receive 50% of only 1/4 of something, how much of that something would you then receive?

First, note that what we are actually trying to find is a fractional value (here, expressed as a percentage; 50%) of another
fraction (here 1/4), in short, we are to find a fraction of a fraction. This topic has been discussed previously in this book.
(1/4) of something is 0.25 = 25 percent of something. You are to receive 50% of 25% of something.

Since 50% is 0.50 in decimal form, and we know that we can multiply this decimal form to the total value in question so as
to find the actual percentage value:

(0.50)(1) = _0.50_ = 0.125 = 12.5% of something
1(4) 4

Or, since 1/4 = 0.25 (or 25%) in decimal form:
(0.25 of something) (0.50) = (0.25)(0.50) of something = 0.125 of something , or = 12.5% of something

Note that since fractions and indicated percentages of a value are only relative to a specific value in question,
"something", as in this example, can actually be any thing or value, and is considered as 100% = entirety or Whole.

50% of 25% = (50) (25) = (1)of (1). = ()X

) 1 1) 1).= 1 = 0.125 = 12.5%
(100) (100)  (2) (4) (2)(4)

8

Ex. If 4 is 20% of something, (or same as: "if 20% of something is 4"), what number (ie. the actual percentage value)
corresponds to 30% of that something?

We can easily solve this by setting up a proportion type of problem. Even though the concept of proportions has not been

covered up to this point, let's first consider the common (formula) percentage type of equations that can be created with
the information stated in the problem:
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From: total x percentage rate = percentage

Equation 1: (total)( 0.20)
Equation 2: (total)( 0.30)

4
(number)

Since the indicated percentage increases from 20% to 30%, the (number) to be found will be greater than 4.

Taking each equation and considering the two factors (that make the product) in each, and solving for (total):

total = 4 : Note, this here could also be solved by division, and then substituting this quotient
0.20 value into the following, derived from the second equation:
total = _number_
0.30

Since the right-hand side of both of these equations is equal to: total , they can both be equated as being equal. The
resulting equation is an example of what is known as a proportion (same or equivalent portions, parts, or fraction of the
whole) type of expression:

4 = _number . a proportion type of problem, solving for number :
0.20 0.30 : This might be read or spoken as "4 is to 20%, as (equal to) number is to 30%".
: Note also that the left hand side could of been simplified here to: 4 /0.20 = 20

If may not be apparent to you at this point, but notice that since each side is a fraction, and that both sides are equal, then
the fractions can only be equivalent fractions and the problem could be solved as such. Much more will also be said
about proportions later in this book. The two equations above for: total , are also known as a "system of equations" or
as "simultaneous equations" since the value for "total" will solve both equations simultaneously (at the same time) or
together, or "at once" when it is found just once, and since it has the same value for both equations.

Considering the entire left hand side of the equation as a quotient value of a division problem, such as on the right hand
side, we know that to check a division problem, you multiply the quotient and divisor together and check if it equals the
dividend. Indicating (expressing) this with the stated values:

number (0.30) x (4 ) = _(0.30)4) after simplifying the right-hand side :

(0.20) 0.20

number 6

Extra: Here is an example of how the value of: "total" can be found which could then be used to solve any of the original
two equations:

From: 4 = 020 = 20% : mathematically expressing that "four is (only) twenty percent of "total"
total

Multiplying the quotient and divisor together should yield the dividend:
4 = 0.20(total) : as was stated in the problem, and the equations: ( Eqg. 1)

Dividing 4 by one factor should yield the other factor, hence solving for "total", and this is also the result of dividing both
sides of the equation by the same value of 0.20:

total = 4
0.20
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total = 20

mber)

Checking the value of number:  (total ) (0.30) = (nu
= 6.0 : checks

20 x0.30

Here are some more examples of using percentages:

Ex. If 26% of something (perhaps an amount of money) is given to a person A, and then person A promises 35% of his
share to person B, what percent of the original total (the 100% = 1, entire, all, full value, of the money) will person B

actually receive?

First, note that this is a problem pertaining to a fractional value of another fraction. Person B will receive a fraction of
Person A's fraction of the total.

Let's start by converting the percentages to decimal values:

26% = 0.26
and 35% of this is: 0.26 : (0.26)(0.35) , a fraction, of another fraction
x 0.35
130
+ 780
0.0910 = 9.1% : Person B will receive 9.1% of the total money

Notice that the problem above is a relative or relative values (ie. with respect to one another, and not something else)
type of problem and that the values are all relative (ie., not specific in actual values which could be any values
conceivable) in the form of percentages. No actual amounts such as the total money value was used. The total money
value could be any value, say from 1 dollar up to 1000 dollars, and the actual value does not matter for this type of
problem, and the same (indicated) percentages (more specifically, the percentage rates) would result regardless of the

actual values being considered.

Ex. If you are given $1.25 from a total of $7, what percent of this total did you receive?

First, consider that you received only a part or fraction of $7 since $1.25 is less than $7. This problem is solved by placing
the part you received over the total, hence making a proper fraction:

1.25 = 017857 = 17.857% : You received $1.25 which is 17.857% of $7.
7.00 Again, formally, $1.25 is the (resulting) percentage value
due to applying the percentage rate of 17.857%
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CONVERTING A FRACTION TO A PERCENTAGE

If you have 5/10, or "five-tenths" of something, what percentage of that something do you have? Here, we have 5
parts of something divided into only 10 equal parts. Since a percentage is the result wanted, we really want to know how
many parts we would have if we divided that something into 100 equal parts instead of 10. Considering both of these
fractions, the denominator of 100 is ten times more than the other denominator of 10. Hence, we can make an equivalent
fraction where the numerator and denominator are both ten times larger:

5_ = creating an equivalent fraction:
10 100

5 = _5(10)_ = _50

10 10(10) 100

50_ canbewrittenas: 50( 1) = 50% : If you have five-tenths of something, you have fifty-hundredths or
100 (100) 50% of something

If we perform the indicated division and multiplication, we get:

50( 1) = 500.01) = 050 = 50%
1 (100)

If we perform the indicated division on the original fraction, we should also get this result without the need for creating the
equivalent fraction. After all, equivalent fractions represent the same value, and if you find the value of one fraction, you
have found the value of the other equivalent fraction:

5 = 0. = 050 = 50%
10 10

o

2|

This method can also be verified using factorization, and then canceling out common factors (to both the entire numerator
and entire denominator):

1 1
50(1) = _5(10)1)_ = _5_ = 050 = 50%  or: (50/100)= (50/100) = 1/2 = 0.5 =50%
1 (100) 1(100) 10 2

10

We see that the decimal equivalent of a fraction is equal to the fractional value or percentage (rate) that the numerator is
(in reference, or respect) to the denominator, or it can be stated as the decimal equivalent of a fraction is equal to the rate
that the numerator is to the denominator. The decimal equivalent of a fraction is also equal to the "magnification factor" or
"multiplication, multiplier, or factor" of how many times bigger (or even smaller, if its less than 1, hence it's only a fractional
part) that the numerator is in reference to the denominator. Consider:

numerator x magnification = denominator therefore: numerator = magnification or fractional value
denominator

factor1 x factor2 = product therefore: _factor1 = factor2 = dividend = quotient
product divisor
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Given: 5 = 050 = 50%, we can then say:

"5 is 50% of 10" or=: "50% of 10 is 5" . If you substitute the equals symbol for "is", you will see that
these two statements are the same, but the expressions on
both sides of the equals sign were switched.

Ex. 7 is what percent of 8 ?

Assuming there are 7 parts in question of something divided up into 8 equal parts, and expressing this as a fraction, we
get:

_7_ = 0875
8 1

0.875 is the decimal equivalent of the percentage

Note, if we divide both the numerator and denominator by the denominator, we get: (7/8) / (8/8) = (7/8) / 1 = 0.875 =

0.875 1

To show this value with the percent symbol, multiply it by 100 or simply move the decimal point 2 digit positions rightward:
0.875 = "eighty-seven point five, hundredths" = 87.5/100 = 87.5 (1/100) = 87.5%

We can then say that: "7 is 87.5% of 8" or=: "87.5% of 8is 7"

To convert 87.5% back to its full decimal equivalent, show that 87.5% is 87.5 parts of 100 equal parts. This is easily done
remembering that % = (1/100):

875% = _875(1) = 875 = 0.875
1 (100) 100

Hence, to convert an indicated percent to a strict, single numeric decimal value, divide it by 100 or simply move the
decimal point 2 digit places leftward and remove the percent symbol.

Ex. A certain mixture contains 4 ingredients. The units of measurement for each ingredient could be ounces,
teaspoons, tablespoons, cups, ounces, liters, milli-liters, and for this example, they will simply be indicated
as (generic, generalization, unspecific) units so as to have a non-specific aspect. Regardless of the specific
units (of measurement or reference) used, the percentage values would be the same. Here is the list of
ingredients for the recipe (ingredients or substances, and instructions) of the mixture:

3 units of ingredient A : for example, all the same units of measurement might be cups, ounces or grams
2 units of ingredient B

1 unit of ingredient C

0.75 units of ingredient D

What percent of the entire mixture is ingredient B?

Summing up all the units included in the entire mixture:

3 units + 2 units + 1 unit + 0.75 unit = 6.75 units : total units of ingredients included in the entire mixture
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___amountofingredientB = _2units = 0.2963 = 29.63% : Ingredient B is about 30%
total amount of all ingredients 6.75 units of the entire mixture.

If you were to calculate each ingredients percentage of the total mixture, the sum of these percentages will
be 100% = 1.0

Ex. An expected or ideal value of 10.0 is typical for a certain thing, but its measurement is found to be slightly over at
10.81. Express this difference in values as a percentage.

Difference = measured value - ideal value = 10.81 - 10.0 = +0.81

Expressing the difference as a percentage from the ideal value: _+0.81 = 0.081 = 8.1% over or increased
10.0

Note also for relative values: _10.81 = 1.081

= 1.0+ 0.081 =100% + 8.1% and 1.081-1.0=0.081

= 8.1%
10.0

Ex. Given 5, and if it is increased by 1, what percent, and multiplying factor (n) did 5 increase by:
= 0.2 = 20% , 1is20% of 5 , adding 1 to 5is adding 20% of 5, increaseto 5 , :Checking: 5(0.2) =1
5+1 =5+(5)0.20) =5(1+0.20) = 5(1.20)=6

5+1) = 6 =12 =100+0.20 = 100% + 20% = 120%
5 5

1
5
, - Checking: 5(1.2)=6

We found that 1 is 20% of 5, and the multiplying factor to 5 is then 1.2 , and we can also find that:

1 out of thetotalof 6 =_1 = 0.1667 = 16.67% ofthetotal, and 5 = 0.8333 = 83.33% of the total
6 6
5/6 + 1/6 =6/6
0.8333 + 0.1667 = 1.0
83.33% + 15.67% = 100%
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FINDING A VALUE OR ITS' PERCENTAGE BETWEEN A RANGE OF VALUES

Given a range of values from 7 to 15, what percentage (%) from 7 (ie., seven will be considered as the start, or
0% value within the range specified) is 10, in other words, 10 is what percent of the "total numeric distance = 100% range
of values" between 7 and 157 Also, if given a certain percentage (rate) between a range of values, what value between
that range corresponds to that percentage (rate)?

Expressing some of this in number form, we are NOT finding this: 10 = 66.7 = 66.7% :Though this is mathematically

15 right, this is not what we are
solving for.

This last concept was mentioned because the denominator would then actually represents a range of 0 to 15, that is 15 is
in reference to, and is the distance from, 0 and not some other value such as 10 as first mentioned.

We can use line segments (a small portion of a line that extends to infinity) an-or a number (ie., numbered, indicated) line
as a graphic aid for analyzing these types of problems since a length value is essentially the difference between the start
and end values on a line.

Line Segment 1:
Line Segment 2:

Line segment 1 is obviously less in length than line segment 2, and is therefore only a certain fraction or percentage of
line segment 2.

Given two values, say 2 and 4, 2 is 0.50 = 50% of 4 since: 2/4=0.5 and 4x0.5=2 or:

% = _numberl_ : percentage that number 1 is with respect, or in reference to, number 2
number2
2 = 05 = 50% : number1 is equivalent to a 0.50=50% portion of number2
4

These values can be thought of as the lengths of line segments:

- : length1
2
: length2
4
% = _length1_ : percentage that length1 is with respect to length2
length2

Each line segment can also be considered as a part of the same or different number lines where the difference between
the maximum and minimum values is the length of that line segment.

Since: max. = min. + length : You can also think of length as distance. Algebraically:
length = max. - min.

- f==— :length = max. - mn. = 10 - 8 = 2
8 10 . max. = maximum, here the maximum value
min. = minimum, here the minimum value

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 139



We see that length and-or the difference or change between two lengths or values is actually calculated as a difference of
the two value or locations. This difference or length between two values is sometimes called their "range" or "extent".

| | slength = max. - min. = 7 - 3 = 4

3 7 ... We also see that length is actually a "difference”
which is a measure of separation. This difference
could also be called the "change" from one value
(here the min. value) to another (here, the max. value).

Below, a smaller line segment (line1) with a length of 0.5 is superimposed (placed on or over) on a larger line segment
(line2) with a length of 2.0 that is within (bounded by) the range from 3 to 5.

=== | i : numbered line
3 3.5 5

Using the above drawing, 3.5 is what percent (%) of this range from 3 to 57 This is very similar to the original problem
stated above. Again, considering the numbers as line segments is a good method for such problems.

% = lengthl = _(max.1 - min.1) = _distance in question : CORRESPONDING PERCENTAGE A
length2 (max.2 - min 2) total distance VALUE IS WITHIN TWO OTHER VALUES

Note that here in this specific example, that min.1 of line1, and min.2 of line2 are actually the same value of 3.

% = _35 - 3.0_ = _0.5_
5.0 - 3.0 2.0
% = 25% : It could be said that 3.5 is 25% of and-or along the way of the distance or length from 3.5 to 5.

Now solving the original problem stated:

(10-7) =_3 = 0375 or 37.5% : This could be stated as "10 is at the 37.5% point in the range
(15-7) 8 from 7 to 15". Or, "37.5% of the range from 7 to 15, is 10".

Likewise, given a certain indicated percentage (ie. the percentage rate or simply the rate) between some range of values,
the corresponding value to that percentage can be found:

Solving for max.1 that is in the above formula:
max.1 = min.1 + (%) (max.2 - min.2) : CORRESPONDING VALUE TO A
PERCENTAGE RATE WITHIN TWO VALUES

(The minimum values are also the same.)

You can think of max. 1 as the number that is somewhere between the range of values of min. 2 and max. 2.

0% 100%

| | |

[ I I
min.2 max.2
min.1 max.1
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Ex. Using values from the above example, what value corresponds to 25% ( 0.25 = 1/4 = "one-fourth" ) of the range from
310 5?

value = max1 = 3 + (0.25)(5 - 3)
value = max.1 = 3 + (0.25)2
value = 3 + 0.5

value = 3.5

Note also that if the min. values, or the "starting points", were at 0, then the equation simply reduces to:

max.1 = min.1 + (%)(max.2 - min.2)
max1 = 0 + (%) (max. 2 - 0)
max 1 = (%) (max.2)
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A NOTE ON COMBINING PERCENTAGES

The ingredients for some manufactured products identified as Product A and Product B are to be combined to
produce Product C. If 50% of Product A is water, and 25% of Product B is water, what percent of Product C is water (w)?
[FIG 11]

A--{l w
I | C

Bm<w |

I | |
0% 50% 100%

_

To begin with, the answer is not the sum of the percentages: 50% + 25% = 75% :a wrong method and solution

In general, the answer is also not the average percentage: 50% + 25%_ = 15% = 37.5%
2 2

This is so since the percent values are in reference, or with respect to, two different things, here Product A, and Product B,
rather than just one thing in question.

That is, in general, relative values (ie. percentage values such as 50% and 25% here) cannot be combined by addition or
averaging to produce another relative value. The only exception is when the units (perhaps weight or volume) of both (or
more) products being combined have the same actual value or measurement.

Now consider product B getting smaller and smaller in weight, but still, 25% of it is water, even if its an negligible amount.
The entire amount of units of Product C, including the amount of water, will also get smaller and smaller due to Product B
getting smaller and smaller. As the actual units or amount of water in Product B becomes very small and meaningless,
the percent of water in Product C will approach nearer and nearer to that of Product A. Hence, Product C will then contain
only the water from Product A which is 50% water during that condition, and it is obvious that the percentage values
cannot be simply combined to find the total percentage value for this kind of problem: [FIG 12]

|
A { | w | c - If Product B was very small
| negligible amount, it would
S still consist of 25% water.
| | |

0% 50% 100%

The following is correct, but it is unsolvable given just the values mentioned:
Product C = product A + product B

This is also correct, but it is unsolvable given just the values mentioned, because we need their specific amounts.
Product C water /=/ 50% of productA + 25% of product B

To find the actual percentage of water in Product C, you must first know the actual amount (not just a relative value(s)) of
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water in both Product A and Product B. If Product A weighs 200grams, then 50%, or 200g x 0.50 = 100g is water. If
Product B weighs 60grams, then 25% or 60g x 0.25 = 15g is water. When combined, Product C will contain:

Amt. of water in Product A + Amt. of water in Product B
100g + 15¢g

Amount of water in Product C
Amount of water in Product C
Amount of water in Product C

115¢g

The total weight of Product C is:

Weight of Product C = Weight of Product A + Weight of Product B
Weight of Product C = 200g + 60g
Weight of Product C = 260g

Technically, grams is a measurement of the mass (ie. a measurement of the amount of physical matter, atoms) of a
substance and not the weight (a force due to gravity) of that substance. However, mass and weight are physically directly
related, and mathematically proportional to each other. The ratios of two values with units of mass (such as grams), will
be equal in numeric value to their corresponding ratio of their weights (such as units called Newtons).

If 115g of Product C is water, then 115gis: _115g_ = 0.4423 = 44.23% of the total weight of Product C is water.
260g

If it was initially indicated that the amount of water in Product B is equivalent to 30% of the water in Product A, an equation
for the relative amount of water in Product C in relation to only Product A, can be derived without knowing any specific
values (amount of water, or weight) for either Product A or Product B. The amount of water in Product B is now indicated
in reference to the amount of water in Product A, hence the amount of water in Product B is a fraction (here 30% = 0.30)
of the amount of water in Product A and which is a fraction (0.50 = 50%) of Product A. Hence, the amount of water in
Product B is a fraction of another fraction. The basic solution here is to substitute the mathematical equivalent of the
amount of water in Product B with a value mathematically expressed in relation or respect to, or in reference of (ie. "in
terms of") Product A. This will help create a simpler and-or a solvable equation:

water in Product A + water in Product B

(50% of Product A) + (30% of the water in Product A)
50% Product A +  30% of (50% of Product A)
0.50 Product A + (0.30 x 0.50) of Product A

water in Product C
water in Product C
water in Product C
water in Product C

water in Product C 0.50 Product A + 0.15 Product A combining like values with the same units or "terms":
water in Product C (0.50 + 0.15) Product A
water in Product C 65% Product A : note, Product C still contains the amount of water in Product B,

even though Product B is not included in this last expression. Also,
the original description, only 50% of Product A is water, but in this
expression here, the amount of water in Product C is expressed

as being 65% of the water in Product A since this value includes,
or takes account of, the percentage of water in Product B.

Ex. A mixture of 8 ounces weight (rather than volume or space measurement) contains 10% sugar by weight. If 1 more
ounce of sugar is added into the mixture, what total percent of the mixture is now sugar? Let's first find out the number of
ounces of sugar that were originally in the mixture, and then add 1 more ounce to that so as to find the total weight of
sugar in the new or modified mixture:

total amount of sugar in the original mixture = (8 ounces)(10%) = (0.10) 8oz = 0.80z

total amount of sugar in the new mixture = original amount + added in amount = 0.80z + 10z = 1.80z
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percent of sugar in the new mixture = __total amountof sugar = __1.80z = _1.80z = 0.2 = 20%
total amount of mixture 8oz +1o0z 90z
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PERFORMING OR EXPRESSING DIVISION WITH MULTIPLICATION

The concept and process can be useful for re-expressing or simplifying expressions, and is as follows:

dividend or = _numerator_ equals these expressions:
divisor denominator

(dividend) (_1__) = (dividend) (reciprocal of the divisor)
( 1 ) (divisor)

Hence an alternative to division is to multiply by the reciprocal value of the divisor.

The process of finding the reciprocal is somewhat defeating to the entire process since it in itself normally requires
division. However, the concept is important since it shows how to express or convert a division problem to one of a
multiplication problem. Most people also find it easier to see and-or to perform multiplication than division, hence it is
helpful to express an equation that uses some multiplication rather than division.

Ex. 1234 = 1235(1)_ = 1234(0.2) : = 246.8
5 1 (5)

If you make a table of the reciprocals of the prime numbers, you can then solve for (non-prime) composite number
reciprocals (which may or may not contain a fractional portion) by factoring the number into prime factors whose
reciprocals are already known. Solving a reciprocal is therefore converted to a problem of multiplication. For example:

number reciprocal of number = 1/number
1 1
2 0.5
3 0.333333333
5 0.2
7 0.142857142 : clearly, the larger the number, the smaller it's corresponding reciprocal is
Ex. Find _5
6
5_ = _5(1) =511 = 5 (1)) = 5(0.5)(0.333333333) = 0.833333333
6 1.(6) (2)(3) 1(2) (3

Note above, that the prime factors of 6 are 2 and 3. If you multiply the reciprocals of 2 and 3, you
will have the reciprocal of 6:

1 = __1 = (1M =1 x 1 = 05x0.333333.. = 0.1666666667
6 2@ @B 2 3
Ex. Find _1_
0.6
First using an equivalent fraction method:
1 =_1010)_ = (1)10 = (41)(1L)10 = (0.333333333) (0.5) (10) = 1.666666666
0.6 0.6(10) (6) (3)(2)
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Now using the concepts of "scientific" and exponential notation:

1= 1 = (1) (10M1) = (1)(1)(10) = (0.333333333)(0.5)(10) = 1.666666666
0.6 (6)(107-1) (6) (3)2)
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AVERAGE

An average is a single numerical value that can be used to represent an entire set of group numerical values. The
average will always be a value between the minimum and maximum values of the specific set of data values given or
used, and may, or may not, be equal to any member of that set of values. The mathematical definition of average is
(initially, or loosely) based upon the "half-way" or "center-point" point between two values of which you can imagine as the
"end-points" on a line-segment (a small part or section of an infinite line) which bound that half-way or "middle" point:

|
min. value mid. value max. value
"half-way" value

"half-way" value = _ sum of two values :Halfway (or "mid-point" between two values) Value Formula
2 The two values in question can be called the extreme
values or "end points".

The value or distance from both of the two end points (ie. the minimum and maximum extreme values) to the "half-way"
point is exactly the same. The total distance or value between those defining, bounding, or end points is equal to the
length or difference between those two points or values:

difference = maximum value - minimum value : a (numeric) difference is the amount of (numeric) separation,
and is also known as the change in one value with respect
to, or in reference to, another value.

The halfway-value formula is only slightly intuitive and may need some further explanation. First, the formula is based on
the half (or half-value) of any given number, and that half of a value is equal to the given value divided by 2:

half-value of a number = number : here number is actually equal to the max. value, and 0 is equal to the
2 min. value in relation to the "half-way" value formula. This could be
expressed as:

half-value of a number = 0+number = 0 + number = 0 +number = _number
or "halfway" from 0 to number 2 2 2 2 2

The value of half of a number, is also (equivalent to) the "halfway-value" between 0 and that given number. This
"halfway-value" is half of the "distance" or amount from 0 to number. This value is exactly between those two given
values, and is therefore said as being "equidistant" (equal, or equivalent, in distance) from them. Here, 0 can be
considered as the starting or minimum value of this distance (or range of values), and number can be considered as the
ending or maximum value of the distance (or range of values).

Note, for ex., if given 6 things, it is incorrect to consider the average as being a value between the third and fourth thing:

Between 3and 4 ,is 3.5, = the value between 3 and 4, and is not the average of 6.
$ 3.5 is actually the average value of 3and 4 = (3 +4)/7=7/2=3.5
( 6 things)
123 456 : showing each thing or item enumerated (assigned with an
increasing number, with the last number being the count or
total of all the items)

The average (point or location, the "halfway-point) is a numerical value (formally defined as) between two values or

numbers is considered as being between a min. value, and a max. value, and for here, it is: 0 and 6. That is, 0 is actually
the (unspecified) min., or "start value" (to consider, or include in the calculation, so as to consider the distance or values
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between 0 and 1), and it is actually the reference value of what 6 is in reference to, and therefore, 0 must also be
considered for the average. (6 + 0) /2 = (6/2) = 3 (and not 3.5) . 3 is technically the equidistant value from 0 and the
max value 6. Consider that length or distance values start at 0, and not 1, that is, there is still some distance to consider
between 0 and 1 which cannot be ignored. This will also account for the average of fractional values (ie. less than 1). A
single value, such as 6, technically, does not have an average among several values to consider. Still, you can divided
any number or value into two equal valued parts by dividing it by 2. Consider that If you had some data values all being
near (about, close to), or even the same value of 8, and therefore, the average, common or typical value would be said as
being about 8, and not (8+0)/2 = 8/2=4. In short, the average value of a set of data or values, may not even be the "half-
way" or "mid value" as when 0 is considered, and therefore, it is generally incorrect to consider an average or
representative value as the same thing as the "half-way" value.

Sometimes the word "range" or "range of values" is used as a generalized indication of the distance or separation
(difference) between the min. and max. values. This may be spoken as something like, for example: "the range of the
data values or numbers start at 300, and end at 400", or "the (range of) values go from 300 to 400". The specific size of
this specific range (of data values) is the difference between the maximum and minimum values, and here, it is:

(400 - 300) = 100. If you had several various data values, of say having values that are between or within 500 and 600 in
value, the (entire) range of values is still 100 since (600-500 = 100). It could also be said that the rage of values extends
from, and-or, are within the values of, or from, 500 to 600.

Don't confuse the actual "half-way" point value with half of the distance or physical length (ie., a difference) between the
two points. For example: Given values of 103 and 105, the half-way point or value is 104, and the difference or length
between these defining, bounding, or extreme points is only 105 - 103 = 2, and half of this distance is just 1. Clearly, the
"half-way" point or (data) value (of all the data values), and the half-length (ie., half of the difference or (range)) distance
between the max. and min. extreme values, or "end points", is not the same concept and-or value.

Given 0 and 10, what is the "half-way" or "middle" value?

10+0_ =_10_ = 5.0
2 2

In the example.

difference = max. - min = 10 - 0 = 10. This also verifies the "halfway-point", or "point-halfway", value formula above. 5 is
both the halfway value (between 0 and 10) and is also equal to the difference (here, 5) that this halfway values is from
both of the extreme or end values, here 0 and 10. Clearly, as expressed, 5 equal to just half of the difference (here
indicated as: max - min. = 10 - 0 = 10) in the two given values, as seen expressed as: 10/2 = 5. The distance from 5 to
the two "end points" is the same, so therefore, twice (2) of the "halfway" value" (here 5) that is between the two given
extreme or end values is equal to the sum of those two values (here, 0 and 10 = 10).

(halfway-value) x 2 = sum of the two values. Therefore, mathematically:

halfway-value = sum of the two values / 2 :as expressed in the initial formula.

At this point in the discussion, we can consider this illustration given these two sets containing just two numbers:
(10 and 20), and (0 and 10): [FIG 13]
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In both cases, the difference (D) from, or between, the minimum value to the maximum value is (max. - min) = 10, and half
of this difference is 5. H is the halfway point and value between the minimum and maximum values. Also:

H-min. = max-H : =D/2 = (max. - min.)/2
Adding min. to both sides of this equation:
H - min + min = max - H + min since a value added (here, min), and then subtracted is equal to adding 0:
H-0 = max.+min-H : adding H to both sides:
H+H= max.+min=-H+H combining 1H + 1H, we get (1 + 1)H = 2H
2H = max. + min. expressing the division of both sides by 2, and canceling common factors:
H = _max + min. : formula for the halfway point or value between two values
2

Also: H = min. + (D/2) = max. - (D/2) :since (H-min)=(D/2) and (max-H)=(D/2)

However, even with all that has been mentioned, an average value is only based on the "half-way" value concept, and it
is incorrect to use this as a general way or formula to find the average of any set of values, especially where there is more
than two values in the set to consider. An average is only equal to the half-way value if there are only two values
involved. When more than two values are involved, another more generalized formula for an average must be used, and
this will be derived (developed) in the discussion that follows.

Given a set that contains (data) values which are identical, it is common sense that the representative or average value of
those values is equal to any one member of that set.

Ex. Aset contains 100 and 100, what is the average?
average = 100 : since a value of 100 is said to, or can represent this set (all the values) very well.

You could say something also like: "The typical or representative value is 100".
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Considering the last example, if one or more of the values is only slightly different, it is fair to say that the average will still
be about the same value of 100. For example, if this new set contains values of 100 and 101, what is the average? You
can make an estimate of the average here at being slightly higher than 100. The actual average is 100.5

Ex. Aset contains 5, 5, and 5, what is the average?

average = 5 :5 is said to represent this set very well.

Even though the average of the above sets is quite obvious, what is a numerical formula for this average given
any set which contains all the same values? Notice that the sum of the values ("elements", "members", or "data") of the
set (list or group of things related) divided by the number of individual values or members (of that set) is equal to the

average value of that set of values:

100 + 100_ = _200_ = 100
2 2
5+5+5 = 15 =5 now expressing this into a general formula:
3 3
average = _sum of values : AVERAGE FORMULA (when all the data values are the same)

number of values

Given values that are not identical, say 2 and 4, what is their average? Does the formula above hold true for different
values? It should be obvious that the average should not be either 2 or 4, since the values are not the same and are
different to each other. As you may have guessed, after viewing the previous discussions, that the average is somewhere
or a value between those two values.

Here is a representation of all the values from 0 up to any value that we can call or indicate as B. Letter (or mathematical
variable) A represents the half-way point and average (A) of these two values:

0 A B

Here, the value of A = _B+0 = _B_ since there is only two values involved and one value is 0.
2 2

If we assign the variable of C to represent the value of 0 above, we get:

C A B

A = B+C : formula for average of any two values

If we let both C and B increase by 1, you would expect their half-way point and-or average to increase by 1 also, and so
that it is still "centered" or "midway" between them.

The average of 0 and 2 is 1. If the members of this set are increase by 1, the average (ie, the "center" of the two values)
of this set would naturally be expected to also increase by 1. If the values increased by (1), such as values (0) and (2)

increased by (1): (0+1)and (2+1), or= the new values of (1) and (3), their average is now equal in value to the average
of (0) and (2), and also increased by (1). The new average value is: (old average +1) = (1+1) = 2.
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Let's verify this concept a bit more mathematically in equation forms:

Let's see if this equation is correct: (A+1) = _(B+1) + (C+1) simplifying the right side:
2
A+1 = = _B+C+2
2
Since we knowthat A = B + C we can substitute this value for A into the previous equation:
2
B+C +1 = B+C+2 creating like fractions, as needed for their addition, on the left side:
2 1 2 (: note 1 = 1/1 = 2/2, and then combining fractions of the left side: )
B+C + 2 = _B+C+ 2 combining fractions on the left side:
2 2 2
B+C+ 2 = B+C+2 :checks
2 2

Ex. The average of 2 and 4 is: 2+4 = = 3 , now consider:

6
2 2

If one member increased by 1, and the other member decreased by 1, you would expect the average to remain the same
in order to still remain "centered" between the two. This is verified below, where C is decreased by 1, and B is increased

by 1:

A= _(C-h+B+1) = _C-1+B+ 1 simplifying using the commutative law of addition:
2 2 Also note that: -1+1 = +1-1=0
A=_B+C : checks , the average remained the same
2

Ex. Using the last examples values: 2 + 4

2

2-1) + (4+1) = _1+5 = 6_ = 3
2 2 2

Now, let's give some verification to general average formula when the average of more than two different values is to be
found:

Average 100 and 100. According the above discussions:

100 + 100 = 200 = 100

2 2

If we average 99 and 101, the average should be, and somewhat obviously a value between those two values: = 100

99 + 101 = 200 = 100

2 2
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Likewise, now average 98 and 102, and we should expect the result to be the same:

98 + 102 = 200 = 100

2 2

Now with three values: 100, 100, and 100:

100 + 100 +100 = 300 = 100 which can be mathematically written or expressed as:
3 3
100 + 100 + 100 = 33.333... + 33.333... +33.333... = 100 combining (adding) the first two fractions we get:
3 3 3
200 + 100 = 300 = 100
3 3 3

Now with other values: 99, 100, and 100:

99 + 100 +101 which can be mathematically written as:
3
99 + 101 + 100 by combining (adding) the first and second fractions:
3 3 3
200 + 100 = 300 = 100 : and this is the same equation expressed above
3 3 3

Now, perhaps when it's less obvious:

Average 1, 2 and 297

1+ 2 + 297 = 300_ = 100 which can be written as:
3 3
A+ 2  + 297 which can be written or expressed as:
3 3 3
1+ 2 + (200+97) = 1_+ 2 + 200 + 97 combining some terms:
3 3 3 3 3 3 3
200 + 100 : same fractions as in the previous examples above, and this can even be expressed as:
3 3
100 + 100 + 100 = 300 = 100 Giving verification to the general average formula, for when the values

T 3 3 are not the same.

|
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When finding the average, a data value of extreme value, either large or small, can effect the value of the average in such
a manner that this average, if used, does not fairly represent most of the data values. For example:

The average of: 1,3,3,5,6,7,8 is = (1+3+3+5+6+7+8)/7 = 33/7 = 4.71
Now here is the same set of data, but instead of a data item with a value of 8, there is a value of 300:

The average of: 1,3,3,5,6, 7, 300 is 46.43 : this new average is not even close in value
to most of the values in this set.

Often, "extreme" values, when not to be expected and/or considered, are not to be used when finding the average. These
"abnormal" values could be an indication of some type of measurement and-or communication error. Where the average
value is concerned, they would be discarded (removed, ignored) and not considered (here added) in the sum of the set
members, and in the number of the total members in the set.

The word average is sometimes referred to as the arithmetic mean ("in common with", or "about") or simply "mean”. An
average value of a set of data values, say a data set represented or identified as x, is frequently shown as an x with a bar-
line over it:

X  :expresses and represents the average value a the set of values, here identified as set x

A common use for average is in finding a single value that can represent several values such as test scores or
measurements. Average has widespread use in the branch of mathematics called statistics. In brief, a statistical value is
a single and a particular representative value of many data values of a group ("ie., set) of data. A statistic provides a quick
numeric grasp or understanding of a situation and can be used for estimates, expectations and-or predictions. Average
will be discussed again further ahead in this book during the topics of average deviation and standard deviation, and due
to that the topics of square roots and signed numbers need to be discussed first.
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COMMON MONEY PROBLEMS

Money can be described as a medium of exchange or trade, and-or a storage of wealth. The concept of bartering is
about negotiating the exchange or trade of products between two parties or people. For example, the products might be
that one person has wheat, and the other person has pottery. Often one or both people do not have or need what the
other party wants or has, and so a concept called "money" was created as a standardized exchange medium of which
both people would be happy to and-or mandated to exchange and-or accept in place of the actual desired product that is
unavailable, and then use that money later and elsewhere so as to purchase the product(s) they need.

Typical monetary (money) problems involve finding the total money value when given some whole dollars and coins
(which essentially are fractions of a dollar or dollar unit), and how much change there is after a purchase. Here, change is
the difference between the total amount given to pay for a product and the actual price of that product. When a product is
purchased, often some extra money, such as paying with an even amount of dollars, is used to pay for the item(s), hence
some value (ie., "change" or the difference) needs to be given back to you. Change in the monetary sense is often
spoken as something like: "What you will get, or be given back, after a purchase". Some of the concepts of money and
fractions, particularly with coins, has been previously discussed in this book during the topic of: adding money as
fractions.

amount given - price = change : change essentially means the difference in, or of, values, hence it
is mathematically equal to the amount of separation. When a value
has increased or decreased, it is said to have changed since it is
now a different value. The amount that is different is called the change
value. The difference between any two values is also then called the
change value, even if none of the values actually changed in value.

A good method to understanding money (particularly coins) problems is to understand the penny. For instance, someone
might ask, "How many pennies are in a dime"? In the physical sense, the answer is none, since a penny is a coin, not a
monetary value, and a dime is a separate coin unto itself. There is however the equivalent of 10 cents, not pennies, in a
dime since a dime's 10 cent monetary value is equivalent to, or can represent, the monetary value of 10 pennies which is
also 10 cents. Even though this question is probably "understood" by most, it may of been better to say, "How many
pennies are equivalent (in monetary value) to a dime"?

The basic unit in our monetary system is the dollar. A penny's monetary value is defined as one-hundredth (= 1/100) of 1
dollar, and this value or "derived" (and fractional) unit is commonly called a cent. A centis cbften symbolized as letter c, or
¢ with a vertical line through it. The numerical representation of 1 cent is therefore:

1cent = 1dollar_ = 0.01dollar : a cent is one-hundredth of a dollar ($1). Again, dollar is a unit of
100 of measurement here, and not a specific numeric value or variable.
Cent is the name of a (smaller, fractional) unit of measurement
derived from the (base of the monetary system) units of dollars.

A dollars' monetary value is therefore equivalent to 100 cents. Since (0.01)(100)=1.00, or (cent)(number of cents) = (total
dollars), given some total number of cents, simply move the decimal point 2 places leftward (the same as dividing by 100)
to find the decimal equivalent in dollars.

Ex. 365cents is equivalentto: 365 = 3.65dollars.
100

Likewise, given a total dollar value, simply move the decimal point two places rightward to find the equivalent number of
cents.
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Ex. $1.79is equivalent to: 1.79 x 100cents = 179 cents : $ means dollars, and an indicated value is therefore
in reference to, and has units called dollars
$ is called the "dollar symbol".

The monetary value of a nickel coin is equivalent to that of 5 pennies:

1cent + 1 cent + 1cent + 1cent + 1cent = 1cent x5 = 0.01 x5 = 0.05 : "five cents"

Here are the monetary values of the common coins:
COIN CENTS (c) DECIMAL EQUIVALENT (in dollars, §)  FRACTIONAL EQUIVALENT (of a dollar, $)

PENNY 1 0.01 1/100 "one-hundredth of a dollar"

NICKEL 5 0.05 5/100 = 1/20 = "one-twentieth of a dollar"
DIME 10 0.10 10/100 = 1/10 = "one-tenth of a dollar"
QUARTER 25 0.25 25/100 = 1/4 = "one-quarter of a dollar"

Given several coins, to find the total monetary value, simply sum up the corresponding cent values for all the coins. If
some coins are the same, multiplication can be used instead of repeated addition.

Ex. How much money is 1 quarter, 3 dimes, 4 nickels and 2 pennies?

COINS MONETARY VALUE ($) CENTS (c)

1 quarter 0.25 25 :0.25 x 1 =025 = 25centsx1 = 25cents
3 dimes 0.30 30 :0.10 x3 = 030 = 10centsx3 = 30cents = 0.30
4 nickels 0.20 20 :0.05x 4 =020 = b5centsx4 = 20cents = 0.20
2 pennies 0.02 2 :0.01x 2 =002 = 1centsx 2 = 2cents = 0.02
+ ——— + ————
$0.77 = 77c

If you were to give 77c to someone, you could use the coins mentioned in the last example, however, to give the least
number of coins, first find the highest number (multiple) of the larger (in monetary value) coins first and of which the total
monetary value of those coins does not exceed the required change. As a simple example, rather than give 25 pennies
for 25c¢, you could simply give 1 quarter for 25c. For the 77c example above, 25 cents (from 1 quarter) can go into (divide
into) or be subtracted from 77 cents a total of 3 times with a 2 cent remainder:

25 |77

75 :3quarters is (equivalent to) 75 cents = 0.25x3 = $0.75 = 75c
2

Since both dimes and nickels have monetary values larger than 2 cents, the only coin left to consider is the penny, and it
takes two pennies to account for two cents monetary value. For this example, we find that the minimum number of coins
to give is only 5 coins consisting of 3 quarters, and 2 pennies, instead of the 10 total coins listed above.

Ex. If you gave a 5 dollar bill to purchase an item that cost only $1.99, how much change should you receive?

amount given - price
$5.00 - $1.99

change
$3.01
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At the time of writing this book, pennies, and other coins, are still in widespread use, but they may be obsolete in the
future, and hence this topic could then be considered a historical review of the times when they were available. At the
time of this writing, a basic loaf of sliced sandwich bread, about 1 pound in weight, can be purchased at a thrift (low item
cost, bargain) grocery (foods) store for about the price of: $1.25 . As of the year 2025, about half of the people are still
using cash (ie., money) to purchase products, and the other half is using a debit or credit card associated with their bank
savings and-or bank account.

Some Currency Exchange Rates
At the time of writing this book edit and edition at May 7, 2020, know that these values can vary by a few percent in just
1 day, and with a average tenancy to rather increase in value. Even if these values change, you can still use it for

practical and historic comparison purposes.

1 English or Great Britain Pound (GBP) =$1.24 USD : USD = United States Dollars , 1 cent =1 penny = $0.01 USD

$1 USD = 0.81 GBP or "sterling" = 106.26 Japanese Yen = 0.93 Euro (EU Union) = 7.10 Yuan (Chinese)
$1USD = C$1.41CAD (Canadian Dollar) = 24.33 Peso (Mexico) = 74.43 Ruble (Russian) = 0.98 Franc (Swiss)
$1 USD = 50.56 Philippine Peso = 5.72 Brazilian Real = 15.73 Egyptian Pound = 7.75 Hong Kong Dollar

$1 USD = 3.52 Israel New Shekel = 1.66 New Zealand Dollar = 4.22 Zloty (Poland) = 18.74 Rand (South Africa)
$1 USD = 1225.54 Won (South Korea) = 6.70 Trinidad And Tobago Dollar = 23445.50 Dong (Vietnam)

$1 USD = 607.69 CFA franc (West Africa) = 33.09 Birr (Ethiopia) = 76.05 Rupee (India) = 42105.00 Rial (Iran)

$1 USD = 1.55 AUD (Australian Dollar) = 4.47 Leu (Romania) = 7.21 Lira (Turkey) = 55.30 Sudanese pound

$1 USD = 582.0 Somali (Somalia) Shilling = 931.79 Rwandan (Rwanda) franc = 159.01 Pakistani Rupee

$1 USD = 12 Cedi (Ghana) = 1 Panamanian Balboa (PAB, Panama and some other countries, often islands)

The unit of money in the United States of America is the dollar. 1 dollar = $1 , A fraction of a dollar is usually expressed
in the number of cents (ie., from the word percent) of a dollar. 1 cent is 1percent of a dollar. 1 dollar = $1 = 100 cents =
100c. A price of an item expressed as: $dollars.cents = dollars + cents of a dollar = dollar + cents

Ex. $1.75 =1 dollar and 75 cents = $1 + 75¢

Common United States Coins: quarter = a quarter of 1 dollar = $1/4 =$0.25 = 100c /4 = 25¢

dime = atenth of 1 dollar = $1/10 = $0.10 = 100c/10 = 10c
one-twentieth of 1 dollar = $1/20 = $0.05 = 100c/20 = 5¢
one-hundredth of 1 dollar = $1 /100 = $0.01 = 100c/ 100 =1c="1 cent"

nickel
penny

The Euro dollar became available in Europe on January 1, 2022

Before the "decimalization™ of the British monetary system on February 15, 1971:

The unit of money in the England is the pound (L), and is sometimes called a (slang) "quid" meaning "an exchange of".
1L = 20 shillings = 20s , hence 1s =(1/20) L=0.05L , Ashilling is sometimes called a "bob".

1 shilling = 12 pennies (or "pence")= 12d , 2 shillings = 1 florin , 5 shillings = 1 crown

1 penny = 2 half-pennys = 4 farthings , hence 1 farthing = (1/4) of a penny

1L = 20 shillings = (20s)(12d / 1s) = 240d

Ex. L5.3s.2d =L5,3s,2d = 5 pounds + 3 shillings + 2 pennies

After the "decimalization™ of the British monetary system on February 15, 1971:
1 penny =1p , 1shiling=5p , 1florin=10p , 1crown=25p , 1 pound=1L=100p

Some Metal Prices Per Ounce (On May 7, 2020, silver and gold also show the USD price at February 20, 2023) ,

Note: 1 oz of weight =1 dry ounce =10z =28.35g , 1g=0.035274 oz. A "dry ounce" means for solids, and not "wet"
or fluid or liquid ounces. (General for plain bullion (bulk) and-or scrap (waste, recycled) metals, and not for specific
manufactured products):

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 156



Gold =$1684 USD /1 0z and $1845/1 oz on February 20, 2023, In terms of bartering and receiving change when
using gold or silver, it is perhaps best to get small weights of it, such as 1/10 oz, 1/20 oz, and-or 1 to 5 gram
sizes.

Silver = $14.81 USD/10z and $21.84/1 oz on February 20, 2023 and this is an increase of,
(new /old) = $21.84/$14.81 = 1.475 or about 0.47 = 47% more than 1.0 =100% , or calculated as:
change or difference = (new-old) = (21.84-14.81) = 7.03 and
(change from old / old) = (change from reference value / reference value) = 7.03/14.81 = 0.475

A 90% = 0.90 silver USD quarter weighs 0.22 oz, and therefore has (0.22 0z)(0.90) = 0.198 oz of silver , and
has (price per ounce)(number of ounces) = ($21.84 / 1 0z)(0.198 oz) = $4.32 worth of silver as of

Feb., 20, 2023. 5 of these old and worn-out "junk silver" quarters will weigh about: (5 coins) (0.198 oz / coin) =
=0.990z =~ 1 0z.

Platinum =$752USD/10z , Palladium =$ 1712 USD/ 10z

Copper = $0.14/10z , Brass= $0.13/10z , Bronze = $0.07/1 0z , Aluminum = $0.045/ 10z , Lead = $0.05/0z
Nickel =$0.38/10z , Tin=%$0.47/10z , Cobalt=%$0.90/10z , Zinc=$%$0.06/1o0z

Steel = $0.028 av/ 1 0z , Stainless Steel = steel with about 11% chromium or more = $0.038 / 1 oz

It is of note that although an object may weight say 1 ounce due to be constructed of a certain metal(s) for example, that
product is usually many times that value due to manufacturing and many other associated costs to produce that product.

A blacksmith can take a piece of pre-made steel from a steel factory or scrap (left over, unused, to be recycled) metal,
and cut and hammer (ie., "forge") it to produce a product. Before doing this, he may soften or "anneal" the steel by
heating it hot and then allowed to slowly cool so that it is slightly softer to work with and less brittle, and this allows it to be
more easily shaped and is less prone to breaking in the process. Once the steel has been worked into the desired shape,
it is usually "heat-treated" so as to have a better, more uniform and stronger (atomic, atom) crystal structure that is more
resistance to wear, that is, its harder. This process is usually done by heating the steel to a high temperature and then
quickly quenching or dipping it in water or oil. Making the steel harder also makes it more brittle, This process may also
be followed by what is called "tempering" the steel so as to help reduce its brittleness slightly and yet still maintain a fairly
hard steel, and this process is to heat it up to a lower temperature, and then let the steel cool slowly.

One helpful tool a blacksmith can use for bending metal, either heated to be softer, more pliable, or even cold thin metal,
is called a flypress. This heavy machine made of metal, has a large upper wheel where an input force is applied and
then amplified to be a very large torque force of which then causes a large screw and its tip to make contact with the
metal being worked, and so as to easily bend it, punch holes in it, etc. Pre-shaped metal forms can also be used to help
make a consistent product by bending the metal upon its surface.

It is of note that a blacksmith may routinely, mechanically force some extra air (ie., containing oxygen) into the fire and-or
coals that are combusting and releasing heat or thermal energy. Extra oxygen helps improve the combustion efficiency
and-or rate of burning or combustion. When wind blows onto a hot coal and-or fire it will burn (ie., combust) more and get
hotter. A fire-pit dug into the ground and-or surrounding a fire or any other open flame helps prevent unwanted fires. A
fire can be considered a slow and-or moderate (ie., not an explosion) form of combustion which is a (fast) chemical
reaction which utilizes oxygen, and in which heat and light are produced as long as there is fuel (ie., source of the energy)
which includes and-or requires oxygen to do so. To start or ignite a fire usually requires a hot, heat source applied to the
fuel (ex., wood, gasoline, oil, all of which are hydro-carbon, life based, but fuels such methane or natural gas is also made
in the Earth). Once ignited, a fire will continue like a self-sustaining chain-reaction without an outside heat source since
the fuel being combusted itself is now the heat source.

Metal parts such as screws, nuts, bolts, springs, gears, and washers are often standardized. The main types of screws
are wood screes for wood, and machine screws for metal. A typical machine screw will have a length and a thread count
per inch (tpi) or centimeter. The type of "head" and-or tool needed to set a screw in place is also important such as the
cross-head, straight head or hex-head. Metal parts and tools such as sockets and wrenches are made to either an
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English size or Metric size. Metric sized parts and tools are becoming more widespread and common in the U.S.A.

Metals such as gold, silver, platinum, palladium are relatively rare and are known as "precious metals" and which mostly
means that they are valuable in some way(s). These metals (except silver which can tarnish easily) are often needed for
some modern technology such as plating steel electrical contacts so as to reduce rust (Iron-oxide caused by oxygen and
water on iron or steel) corrosion (here, slowly dissolving, like in an acid) and maintain good electrical contact for power
and signal conduction. Gold has been used for plating metals(s) to make them look impressive and to prevent rusting
and-or corrosion. The "platinum group" of metals consists of: platinum, palladium, iridium, osmium, ruthenium and
rhodium. A common use for thee metals is in the medical field since they are not easily reactive (such as oxidation or
rust, corrosion) to their environment. Some of these metals are used in catalytic converters that reduce the amount of the
pollutants in the exhaust of combustion engines, and this is done by a chemical reaction of the exhaust gasses upon the
surface of the metal.

WERE THINGS REALLY CHEAPER "BACK THEN"?

Consider this example so as to find out if things were really cheaper (less expensive) in the "old days" (previously, in the
past, years ago, decades ago). This method of analysis will compare, in a relative manner (by using percentages; %), the
price of the same product to the minimum labor wage (income) per hour. This method of analysis can also be used for the
current situation of one or more locations (cities, states, countries, etc), and which depends upon the current local (supply,
demand, etc) economy there.

Price of a product as a % of Minimum Wage = (Price of product / Minimum Wage) x 100

Year Price  Minimum Wage Price of a product, as a % of Minimum Wage

1930 $0.15 $0.75 per hour 20.00% : 15 cents or hundredths of a dollar or 100 cents = 15/100
2017  $1.25 $6.50 per hour 19.23% : 125 cents or pennies

This analysis shows that the price of a certain product in the year 1930 was about the same percentage, and in fact, it
was slightly higher "back then", and hence, it was slightly cheaper in 2017. 15c is certainly cheaper than $1.50 or 150
cents, but the percentage and-or actual cost of that item for the consumer is about the same as it was "back then". Often,
modern production methods and the greater availability (distribution, transportation, selling price, fair competition) of some
resources have, or can, effectively reduce the average selling price of an item(s) for consumers (people purchasing the
product). This analysis does not mean that all items were effectively cheaper "back then", and the analysis must be
considered for each specific item in question.

Associated with the above concept is the topic called value shopping. For example given two similar quality products for
sale that may have a different quantity and-or different price, how can we value shop so as to find the best value in terms
of having the lowest cost? To do this we can find the cost per ounce or pound of each item and then compare them:

total cost of item 1 , and compare this to: _ total cost of item 2 : both fractions will find the cost per
total ounces of item 1 total ounces of item 2 ounce of the associated item, when

the division, "reduction” (to lowest

terms) or cancellation takes place.
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POWERS

Whereas on a fundamental level, multiplication is the sum of the repeated addition of the same number, the power of a
number is the product of the repeated multiplication of the same number. The number (ie. the factor) used for the
repeated multiplication is formally known as the base of the power or resulting value of it. You could say that the base of
a power is what the power value to be found is based upon, sourced, rooted upon, or derived from. A power of a number
is the result of the repeated multiplication of the base value.

The "shorthand" notation used to represent this repeated multiplication is called exponential notation. You can basically
view and think of it as the "power operation". This notation or expression of a power uses the base (effectively the
multiplicand) value, and the number of times (ie. the multiplier) the repeated multiplication of it by itself is to occur is
indicated by a value formally called the exponent (or the exponent of the base, and-or indicated (expressed) power). For
example, 10 x 10, or = 10M x 10, can be represented or expressed using an exponential or power form as 102, 10 is
the base, and 2 is the exponent of the base. 10 x 10 = 102 = 100. Sometimes an exponent is called the power
indicated or the indicated power of a number. In a more technical definition, the exponent indicates the number of times
that the base is to be multiplied to an initial value of 1. Every value has a factor of 1, and multiplying any value by 1 will
not affect it.

Also note this similarity to addition:
Since multiplication = repeated addition, and powers = repeated multiplication (a multiple, of a multiplication), in a logical
kind of way, powers could be considered as (multiples of) repeated addition. This concept, or the link to addition, is

generally not considered much in applied or everyday mathematics, but it is a deeper understanding if you need it.

Here is the formal or general expression and equation for a power value:

exponent
power = base : GENERAL POWER EXPRESSION OR "FORMULA"
or:
power = base”exponent : GENERAL POWER FORMULA

This book mostly uses the carat symbol =
to indicate an exponent, rather than use
superscript values (numbers or letters).

If you were to call the power value as "number"”, and use N as a shorthand or symbolic
identifier for it, and likewise, use (b) for base, and (e) for exponent, we have this:

N = b”e : GENERAL POWER FORMULA
An common alternate notation is to use (x) for (e):
N = b”x
10 = 10M : "plain 10" without any exponent indicated is actually "ten to the first power"
10x10 =10M x 10M = 107M(1+1) = 1012 : "ten to the second power" = "the second power of 10"
10x10x10 =10M x 10M x10M =107(1+1+1) = 103 : "ten to the third power" = "the third power of 10"

Due to the associative law, this can be expressed or checked as:

10 x 10 x 10 : an "expanded" form of the expressed power of 1043
(10M x 10M)(10M)
(1072)(10M) 100 x 10

104(2+1) = 10"3 = 1000

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 159



Clearly, when the base value (or variable as used in algebra) of the powers are the same, and are being multiplied, you
can simply add their exponents and keep that same base for the simplified expression:

10x10x10x 10 = 10A(1+1+1+1) = 10M
10x10x10x 10 = 10A(1+1+1) (10M) = 1023 10M = 107(3+1) = 1074

Ex. What is the third, and fourth power of 2 ?

273
2M

2x2x2 =28
2x2x2x2 =16

Note that the last answer could also be found by multiplying the preceding power of 2 that was 23, by 2 = 2*:
2M = 2x2x2x2 = (2x2x2)x2 = 2"3x2M =8x2 = 16

Note, frequently the words "exponents" and "powers" are exchanged for each other. For example, "ten to the second
power", or "the second power of 10", really means a base of 10 with an exponent of 2. 2 is not the power, but the
exponent or indicated power. (1072) or 100 is the actual power (value, result) of 10 in question. Some older texts may
use the word "index" (meaning the indicated power) instead of the word "exponent".

Given a number raised to a (integer or basic number) power, how many times greater is the next power? The answer is
that the next power of a number is that number times greater:

Ex. 1073/ 1022 = 1000/100= 10 =10M : "one-thousand is ten times greater than one-hundred"
Ex. How many times greater is 43 = 64, than 42 =16: 64/16 =4 : "sixty-four is four times greater than sixteen"

Later in this book, all this can be generalized, or generally expressed as:

(Number®(n+1)) / Number*n = Number?*(n+1-n) = Number® = Number = N , and

NA(N+1) = N* N”n

Also, the difference between two successive integer powers of a number can be simply expressed as:

(NMn+1) - N*n , Ex. 1073 - 102 = 1000-100 = 900

A more formal formula for the difference between successive (ie., N*n and NA(n+1) ) integer powers of a number is:
(N-1) (N*n) , Ex: With N=base=10, and n=exponent=2, difference = (9)(1072) = (9)(100) = 900

Powers with any base, and an exponent of 2 are often called "squares". It gets this name from the fact that area is
defined and measured (with its units) in reference or with respect to a basic square shape and unit of measurement for
areas, which is a two-dimensional (ie., planar (plane) or "flat, level shape", having. a length and width dimension only, with
no height or thickness), four sided enclosed figure, where each of those two dimensions is equivalent in length and having
the same units of measurement. This is true even if the area being measured is triangular, rectangular, circular or any
other possible bounded, limited or defined region of a (infinite) plane. The area of these shapes will be measured with
respect to their equivalent number (ie. a multiple or repeated sum) of square units. A "square unit" is one unit long and
(by) one unit wide. The units of any particular area shape are therefore that of the units of the two dimensions of a
square (or "unit square") of which it (the area) is to be measured in reference (or compared to) to. Hence, an area value
will have units of:  units x units = units”2 or "square units". For example, an area might be stated simply as one value of
10 square feet, or 10 sq. ft., rather than say something like the area is 5 feet (units) long, by 2 feet (units) wide. Though
the values of 5 feet and 2 feet are important measurements for something like a rug or piece of metal that you may need,
the store may sell the rug or metal as priced per "square foot", rather than in the particular or specific sections or sizes
that only you may need for a certain project.

Note: 1072 is often referred to as "ten square" : here the (base) value of 10 is squared , 10°2=100 , but
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10ft*2 is "ten, square feet" where only the unit of feet is squared, and not the base value of 10, that is,
it is not equal to 1072 ft = 100 feet or 100 square-feet

Ex. If you had a rectangular area that was 2 units long, and 2 units wide, the total area is:
square units in row 1 + square units in row 2

2 square units + 2 square units Since multiplication is repeated addition:
2 (2 square units) = 4 square units = 4 units square = 4 units x units = 4 units"2
[FIG 14]

2—1——

| —

a square unit ="

AR W -

| 2

Clearly, the area is 4 square units

Ex. If you had a rectangular area that was 2 units long, and 3 units wide, the total area is:

2 square units + 2 square units + 2 square units
3 (2 square units) = 6 square units = 6 units square = 6 units"2

Note also that: 3 units x 2 units = (3) (2 ) (1 units) (1 units) = 6 (1 units?2) = 6 units"2

We also see that the area of a rectangular shape is simply the product of the size (or

measured length if you will) of each dimension (length and width) of the rectangle. This

is so since multiplication (ie. for a product) essentially represents repeated addition.

Here, the repeated addition is of similar squares or "square units" since each dimension

of these squares have the same length and same units of measurement for that length.
[FIG 15]
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Clearly, the area is 6 sq. units or 6 units*2
Ex. 572 can be called "five to the second power" or "five square" and equal 25.

The third power of a number is often called the "cube" of that number. This is from the fact that a certain (reference of
measurement) volume called a cube (ie. a cube of space or volume) has three dimensions, each having the same basic
units of measurement The dimensions are called the length, width, and height. A cube is very similar to a square area
with its length and width units, but the cube also places a height of 1 unit above that flat planar square, and creates a (3-
dimensional) "space" or volume. All possible volumes are measured in reference to a "cube unit" or "cubic unit" of
volume where the (sides) dimensions are all 1 unit of length in value.

Note: number*3 = a number raised to the third power is sometimes called the cube of that number.
Ex.: 1073 is sometimes called "ten cubed" , 103 = 10 x 10 x 10 = 1,000

If a value doubles (multiplied by 2), such as the side length of a square shape, it's square (ie. square area) will increase by
four times. This is an example of a non-proportional or non-linear relationship of two values, where as when one value
increases or changes by a factor, the other value increases or changes by some other constant factor. For the example
shown below, the side lengths of a square change in a linear manner, but the corresponding area changes in an
exponential manner, and the values of the area increase or change rapidly due to the squared value of its side length.

Ex. 12 =1 if 1 is doubled to 2, its square is:
2h2 =4 an increase of a factor of (4/1) = 4. If 2 is doubled to 4, its square is:
422 = 16 an increase of a factor of (16/4) =4, if 4 is doubled to 8, its square is:
8"2 = 64 an increase of a factor of (64/16) = 4

Here is a mathematical verification of this increase, or magnification, factor, of 4:

4n2 = 4x4
(2 x 4)(2 x 4)

16
4x4 x2x2 :thisfactorof 2x2 = 222 = 4 will always be present

472 x4

If a value doubles (multiplied by 2), such as the length of a cube shape, it's cube (ie. volume space) will increase by a
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factor of 8.

Ex.

113 = 1 : a cube with a side length of 1 = a cube or volume of 1 cubic unit

273 = : a cube with a side length of 2 = a cube or volume of 8 cubic units = 8 units”*3.
8 is 8 times more than 1

473 = 64 : 64 is 8 times more than 8

Here is a mathematical verification of this increase or magnification factor of 8:

2°3 = (1x2)"3 203 = 2x2x2=8

4703 = 2x2)"3 = (2x2)2x2)(2x2) = (2x2x2)(2x2x2) :thisfactor of 2*3 = 8 will always be present
= 2"3x8 when the side length doubles, consider:
Given : areal=side”3 , if side length doubles:

area2 = (2 side)*3 = (273)(side”3) = 8 side”3 = 8 area1

NOTE: It is incorrect to think that a cube is the second power (or numeric square) of an area such as that of a square.
Give the side length (s) of a square area, its area is: Areas of the square = As = (s)(s) = s"2 . If this area was the side of
a cube, its volume is NOT equal to Vc /=/ (As)*2 = (s"2)*2 = s™, butis rather equal to Vc = (Vs)(s) = (s)(s)(s) = s*3.
The reason for this is that given a square or square area with two dimensions, a three-dimensional cube only has one
more physical or real dimension to be considered into the equation for an area.

8 cubic-feet = 8 ftA3 = 8 (1 ft*3) = (3V/8 )3 (1t"3) = (243) (1 ftA3) = ((2)(1 ft) )*3 = (2 ft)*3 = (cube root 8 ftA3)"3

Be aware of what value is actually being raised to a power, and-or to properly express it as so, perhaps by using
parenthesis to clarify the expression:

(0.5in)"3 does notequal (0.5)in*3 = 0.5in"3
(0.5 inches) cubed does notequal (0.5) cubic inches.

(0.5in)"3 = (0.5in)(0.5in)(0.5in) or= (0.5"3)(1in)*3) = (0.5in)*3 (1in*3) = 0.125in"3
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AN OBSERVATION ON SQUARING VALUES

When a value (such as a base of a power) greater than 1 is squared or "raised" to any indicated power (ie. the
exponent) greater than 1, the result is always a greater value than the value (the base) that was "raised" or increased to
that power value.

Ex. 272
23
3.5"2
1M.01 =
1773 = 1
1.143 = 1.331
471.0001 = 4.000554556

4
8

= 12.25
1

Now note that when a value less than one is squared or "raised" to any other indicated power greater than 1, the result is
smaller than the number itself. The greater the indicated power (ie. the exponent that the number is raised to), the smaller
the resulting power value. Actually, multiplying any value by a (proper, less than 1) fractional value always results in a
lower value. This is similar to the concept to having "a fraction, of a fraction", and the result is smaller than the original
fraction.

Ex. First, 05 =_5_ = : "one-half. or one-half of one (whole)" , squaring this value we have:

1 = 0.25 and:

1 : "one-fourth or one-quarter of one (whole, all or entirely)".
100 4 0.25 is less than 0.5 , and sometimes this
is indicated or mathematically expressed
as: 0.25<0.5 , <isthe mathematical
notation symbol for "less than", or "not
equal to, but less than the following number".

Even though 0.5 is half of the length (1st dimension) on 1 unit, this value will only represent one-fourth of the area (a two
dimensional concept) of one square, as indicated above when the value is squared.

A geometric representation of this is shown below. The largest square shape represents 2°2 = 4. The shaded square
represents (0.5)"2 = 0.25 = 1/4 (= one-fourth of one square. One square = 12 = 1). A unit square (or a squared
unit) is the basic unit of measurement for measuring (2 dimensional) surface or planar (ie.,flat) areas. [FIG 16]

: consider this a square shape, if not
displayed as so

I I
| 05| 1
0.5 | xxx
| x x x

A

I
2 I
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0.5 is half (ie., 1/2) of 1, but when 0.5 is squared (ie., 0.5*2), it becomes smaller and is only one-quarter (ie., 1/4) of 1.

The third or cubed power of the value of 0.5 will be considered below. As mentioned previously, a unit cubed is the basic
unit of measurement for (3 dimensional) volumes. You can consider a volume as moving a flat area (a plane, or planar
area, having a length and width dimension only) through a height distance. Area and volume will be discussed to a
greater depth further ahead in this book.

(0.5"3 = 0.125 = 1/8 : One-eighth of one cube. One cube = 13 = 1.
It will take 8 of these cubes, each having a side
length of 0.5, to fill a single cube of 1 unit length.

Even though 0.5 is half of the length (1st dimension) of 1, this value will only represent one-eighth of the volume (a 3
dimensional concept) of one cube. In a reverse type of manner, it could also be said that if a length value (such as 0.5
here) doubles, the volume (or cubed value) will increase by eight times. If the length values is halved (divided by 2), the
volume will decrease (a demagnification) by eight times.

Ex. 053 = 0.125 :0.5is half of 1, and its cube or volume is 8 times less than that of 1
173 = 1 : 1 is double or twice that of 0.5, and its cube is 8 times more than that of 0.5
2"3 = 8 : 2 is double or twice that of 1, and its cube is 8 times more than that of 1
43 = 64 : 4 is double or twice that of 2, and its cube is 8 times more than that of 2

These kind of relationships of the length to the areas and volume is not a constant or linear (mathematical, or numerical)
relationship. For example, if the length doubles, the area and volume will increase, but they more than double. Area will
increase by 4, and volume will increase by 8. This kind of non-linear (non-corresponding or the same growth or
magnification [ie. multiplication of]) relationship is called an exponential relationship. Things that are said to be linear, are
linearly related, that is, their mathematical relationship of their values is a linear or "line-like" relationship. Specifically, a
mathematical relationship of or between two values is linear when the ratio (or rate) of the change of one variable with
respect to the change of another variable is a constant value. Although this is of a topic to be discussed further ahead in
this book, this can be mathematically expressing as: (change in variable1) / (change in variable2) = the rate of the
changes, or simply the rate of change. For a linear relationship, the rate of changes between the two values or variables
is a constant value. It can also be said that In a linear relationship, as one value, the independent variable changes in
value by 1, the other corresponding or dependent value or variable will always change by the same constant value that is
called the slope or "steepness"” of the line. On a graph, a linear mathematical relationship between two variables can be
shown as a line. In a non-linear relationship of values or variables, when one values changes by some factor, that the
other does not change by some constant factor, but by a factor that is non-constant and is also changing, such as
increasing or decreasing in value. The rate of changes between the two values or variables is then not a constant value.
On a graph, their relationship can be shown to be some type of curve.

Special note on dividing expressed powers: If given an expressed power value of a number that contains the base (b)
and the exponent (e), and if that power value is divided by a value (d), it is incorrect to divide either or both the base and
the exponent by that divider. The true result is found only by dividing the actual total or number value of that indicated
power by that denominator.

Ex. 103 /=/ (10)"3 =53 =125, or/=/ 107(3/2)=10M.5=31.62 , thetrueresultis: (103) = 1000 = 500
(

2 2) 2 2
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A CHART OF THE VALUES OF A POWER WITH RESPECT TO THE BASE AND EXPONENT

First, N 1”exponent = 1 : base is 1, and exponent is any value

N = base™ = base : N=number=actual resulting (power) value , and base is any value

Considering only positive (greater than zero , > 0) valued exponents:

When the base is greater than 1: (base > 1): Examples:

base”(exponent < 1) 3M0.5) = 1.7321 : (N < base)
base”(exponent = 1) 3M = 3 : (N = base)
base’(exponent > 1) 312 =9 : (N > base)

When the base is less than 1: (base <1): Examples:

base”(exponent < 1) 0.5%0.5 = 0.70711 : (N > base)

base”(exponent = 1) 0.5M = 0.5 : (N = base)

base’(exponent > 1) 052 = 0.25 : (N < base) , and here due to a fractional value times a
fractional value results in a smaller fractional
value.

A fraction of a another fraction =
(fraction2) (fraction1) = fraction3
Ex: 0.52 =(0.5)(0.5) =0.25
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MULTIPLYING LIKE VALUES

When multiplying like or similar values, variables (which can represent any value) or terms as in algebra, the
result can be expressed as a power of that value; where the value becomes a base and whose exponent is the sum of the

exponents of that value.

Note that a value without an exponent is considered or understood to have an exponent of one (1) For example: 3 = 3M.
The explanation of this is that a value to the first power is the first multiple by itself to an initial product of 1, and this is
shown directly below, but may be skipped over if appears somewhat complicated for now:

For3™: 1x3 =3x1=3=3M, : the first power of a number is equal to the first multiple or instance of that
number which is the same as multiplying that number by 1. The first power
of a number is equal to itself.

Note that 1 x 3 is technically equal to 1 repeatedly added to itself 3 times:
1+1+1=(1)3)=3=(3)(1) =3 added to itself 1 time. It could be said that
the first multiple of a number is equal to itself.

For3"2: 1x3x3 = (1x3)3) = (3M)@3) = (3M)(3M) = 3x3 = 9 = 342 = 3A(1+1)

Ex. 5x5 = 5M x 5M = B5A1+1) = 582

Ex. (4M)(472) = 4N1+2) = 4r3

checking: 4M) (42 Or:
(4M) (4M)(4M)
4M1+1+1)
473

Ex. 2°2 + 272

:Note: 5" x 5™ /=/ 2(5™) = 5™ +5M = 10

That is, you do not add the numerical coefficients of the same
or like values when multiplying, but rather add their exponents.

SM +5M = ((1)(5™M)) + ((1)(3™) = ((1+1)(5™M) = 2 (5M)
This is repeated addition of the like values. Add their numerical
coefficients or factors for the resulting coefficient or factor of
that value.

Remember that multiplication is associated with repeated
addition, and powers are associated with repeated multiplication.

(4"M)(4"2)
(4)(16)

:4x4=16, and 16 x4 =64

Since this is repeated addition of a value (here, 22) twice, we can express this with multiplication:

202 + 272 = 2 x 272 = (2M)(2"2) = 2M1+2) = 273 : add the exponents of like factors to simplify

Checking: 2"2 + 22 = 4 + 4 =

273

As previously mentioned, try not to confuse the concept of adding like values with the concept of multiplying like values.
When adding like values, their numerical coefficients are added and the variable is kept the same. When multiplying like
values, their numerical coefficients are multiplied, and their exponents are added.
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Ex. First add, and then multiply these two values: 5x and 2x

Note, variables, such as x, are used here. If you are somewhat worried or unfamiliar with using variables, you can
replace (or substitute) it with a (constant, unchanging, known, fixed or solid) numeric value. For example, if we let x=3, we
would have: 5x =5(3) and 2x = 2(3). Their sum would be:

53) +2(3) = (56+2)(3) = 7(3) : adding the values. Checking:

3(5) + 3(2) = (3+3+3+3+3)+(3+3) = 3+3+3+3+3+3+3

Using the concepts and expression for repeated multiplication, the resultis: 3(7) =7(3) = 21
5x+2x = (5+2)x = 7x : adding the like terms.

Here, you can see (x) is a common factor to all the terms (here 5x and 2x),
hence they are called "like-terms".

Checking: 5x + 2x Expressing the terms using repeated addition:
(Ix+1x+1x+1x+1x) + (1x + 1x)  Which can be expressed simply as:
(x+x+x+x+x) + (x + x) Now using the associative law of addition:
(xX+x+x+x+x+x+Xx) Expressing this repeated addition, of x, using multiplication:
7 x

Note that for x and x*2, although being the same variable, they are not

like terms since their exponents are different and therefore these

(powers of the variable) represent two entirely different values. For example:
5x + 2x*2 I=, does not equal: (5 + 2)x, or (5 + 2)x"2, or (5+2)(x + x"2)

(5x)(2x) = (5)(2) (xx) = 10x"2 - multiplying the like terms. Everything, both the numerical coefficients, and
variables are to be multiplied together. This example is verified by the
concepts of the associative law of multiplication that states that grouping
(ie. associating) does not matter when multiplying, and the result will be
the same.

Before moving on to another topic, another good point must be made. If given an (indicated) power value, that
value can essentially be factored by using the same base with exponents values that sum up to that given exponent of the

power. Using an example previously given:

Ex. Since: (4M)(4"2) = 4M1+2) =4/3 we see that (4*) and (4/2) are factors of the product 4*3, hence
423 can be factored to:

473 = (4M)(4"2) : the factors of 43 can be any indicated (with an exponent) power of that
base of 4, just as long as the sum of the exponents of all the "like factors" sum
upto 3

473 = 4M1.5+1.5) = (4".5)(4M.5)
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A POWER TO A POWER

If an indicated power of a value (base), or variable as in algebra, is itself raised to an indicated power, simply
multiply the exponents for the resulting exponent (of that base) to simplify this type of expression. A simple verification of
this is shown below:

First note: (5)*2 = (5M)(5M) = (5M)"2 = 5M1x2) = 572
Ex. (5%2)"2 = 5M2x2) = 5M

checking: (5"2)"2 = (5%2)(5"2) = 5%2+2) = 5™ : this check uses "extending" or "expanding"
the indicated expression to a fuller form

or:  (5"2)"2 = (5%2)(5"2) = (5M)(5™M)(5M)(5M) = BA(1+1+1+1) = 5°4
o (5"2)"2 = (25)"2 = 625 = 5M

To help understand this, we can remember that multiplication is a "shorthand" expression for a repeated addition
expression.

Ex. (472)"3 (412) (472) (472) = 4M2+2+2) = 476 : showing the repeated addition of the exponents

(472)A3

47M2x3) = 4”6 : showing using multiplication, instead of repeated addition, of the exponents

Ex. (0.7°2)"3 (0.7°2)"2 = (0.72)\(3+2) = (0.7"2)"5 = 0.7™0

checking: (0.742)"3 (0.742)"2
(0.7%6)(0.7°4)
0.77(6+4)
0.7M0

A PRODUCT TO A POWER

This is very similar to a "power to a power" mentioned above, but the power that this product is being raised to
will be "distributed" (shared or applied among, essentially multiplied) to the exponent of each factor of the indicated
product when simplifying the expression.

(4M1x2))(2M1x2))  : Here, showing that the exponent was "distributed" (or applied)
to each factor and its corresponding exponent..

Ex. (4x2)"2 = ((4M)(2M) "2

(412)(2"2)
(16) (4) = 64

checking: (4 x2)"2 = (8)"2 = 64 : Here, the expression in the grouping symbols was simplified first.

Ex. (2"2x3"2)"2 = (2M2x2)) (3"(2x2)) = (2"4)(3"4) = 16 x 81 = 1296
checking: (272 x3"2)"2 = (4x9)"2 = (36)"2 = 1296

We also see a rule can be developed here due to the above example. First, given a product of two (expressed) powers,
and if the exponent is not indicated, it is understood as 1. The product of two numbers having the same exponent is the
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product of those numbers and whose exponent is that exponent. For example:

(2"2 x 3"2) = (2x3)"2 here is a verification using the above discussion, distributing the exponent:
(272 x 3"2) = (2M1x2))(3"(1x2))
(272 x 372) = (22 x3"2) : the result is the original expression on the left side, hence they are equivalent
Checking:
(272 x 3%2) = (2x3)*2
(272 x 322) = 6”2 : another, somewhat obvious, rule to observe here is that you can factor a product
(here 6) to where each factor (here, 2 and 3) has the same indicated power
4 x 9 = 6”2
36 = 36

Ex. (9"0.5)(4"0.5) = [(9)(4)]"0.5 = [36]*0.5 = 36"0.5 :doing the reverse, you can factor the base of an indicated
power, and each factor will have the same exponent

A SIMPLE EXPRESSION TO A POWER

The word simple in the title refers to addition and subtraction. First, a very important word of caution: You cannot
simply distribute the power to the values being added or subtracted in an expression that is raised to a power.

Ex. (5+2)"2 /=/ (doesnotequal) ((5"2)+(2"2)) = 25+4 = 29

The correct result can only be found (when not using the order of operations directly) by performing the indicated
operation. This is sometimes referred to as "extending" or "fully expressing" (the given expression) to the indicated power.

5+2)"2 = (5+2)(5+2)

To simplify this, especially when algebraic variables are used, requires you knowing about the distributive law of
multiplication which will be shown later. Since only numeric values are used here, by using the order of operations, we
can get the correct answer by simplifying the original expression which represents a value that could be simplified and-or
expressed as a single number that is contained within the grouping symbols.

B5+2)"2 = (72 = 72 = (7)(7) = 49 : basic simplification within the grouping symbols first, or by:

(5+2)82 = (5+2)M (5+2)M = (5+2)(5+2) = (7)(7) = 49  :'"extended method", then simplifying

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 170



DIVIDING LIKE VALUES THAT HAVE EXPONENTS

When dividing indicated or expressed powers that have the same base value, or variables as in algebra, simply
subtract their exponents so as to have the exponent of the resulting quotient and which will also have that same base
value.

Ex. _5"3_ = _5%43-1) = 502 =25 :here, the same base value is 5
5M 1
1
checking: _5"3 = 125 =25 or: 523 _ = (B)Y5)5) = 52 = 25
5M 5 5M (5)

1

Hence, subtracting (to reduce, make less) exponents is essentially equal to canceling some factors common to both the
entire numerator and denominator. As another check, the product of the quotient and the divisor (or "divider") should
equal the dividend. Using the example above:

(5"2)(5™M) = 5%2+1) = 53 : checks
Ex. 79 = 7M93) = 76 S7M9 = TA3XTN9-3) = 7A3 x 76 = TN(6+3)
73 1

Checking: Here, the numerator is factored by using the inverse of the rule (add the exponents) when multiplying like
values, or variables as in algebra. It is factored to create like values in both the numerator and denominator which can
then be canceled. Since 73 is the smallest power of the value, or variable as in algebra, in question, there is no reason
in this example to factor it. 729 will be factored so that there will be a highest common factor (HCF) of 723 for both the
numerator and denominator which can then be canceled out:

1

7°9 = (7"3)(7"6) = 76 = 76 :Away to factor 709 is: 779 = 723 x7N9-3) = 73 x 7N6)
713 723 1

1

What if the exponent of the same base in the denominator is larger? One answer is to subtract the least value exponent
from the largest exponent of the like or similar base values, and this ensures a result with a positive valued exponent
rather than a negative valued exponent (which requires you knowing about signed values or numbers that will be shown
further in this book).

Ex. ™M = _1_ = _1_
5102 57(2-1) 5M
checking: 5M = (5™1) = _1 : after canceling a common factor of (5M).
512 (5™1)(5™M) 5M
1
also:. 5 = 65 =_1 = _1_ : equivalent fractions, and both equal 0.2
572 25 5 5M
5
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AN EXPONENT OF 0?

Any value, or variable as in algebra, with an exponent of zero (0) is equal to one (1). Besides being logically or
mathematically correct, using 0 as an exponent is sometimes (explicitly) expressed or used to help clarify a simplification
or a derivation process.

Ex. 1070 = 1 : This is easily verified when the exponent in the numerator and denominator are equal. Also, any
value divided by itself is equal to 1:

10_ = 10M = 10*1-1) = 10"0 = 1 In general, or symbolically expressed: number®0 = 1
10 10M 1

(0) indicates that the given base is to be repeatedly multiplied to a value of 1, a total of O (ie. none) times. Since there
won't be any multiplication performed on this value of 1, the result is that this 1 will remain unchanged. Also note that
1070 is the weight of the "ones" digit position (in the decimal number system) expressed with exponential notation.

100 = 1 =1 : weight of the "ones" digit position in the decimal number system
10M = 1x10 =10
102 = 1x10 x 10 = 100 : with 10 as the base, each new value is 10 times more, and therefore,
each preceding value is 10 times less (ie. a division by 10)
Also note:
3M0 =1 and this is also the same value as for example:
520 =1

Hence: 370 =5"0 =1

47" +32%0 =1+1=2

If you had 372 / 322 , the result is 1 since any value divided by itself it 1. Hence both the base (here it's 3) and the
exponent (here it's 2) is essentially eliminated and the result is just 1 as it would be for any other base and exponent
(including 1 also) divided by itself. Mathematically, shown in an expression form, you can eliminate (set to 0) the exponent
by subtracting the exponents. Subtracting exponents is a common form for simplification of the division of like values (or
variables) that have the same base:

372 /32 =1=342-2) = 3*0=1=n"0 : n = any other number
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A FRACTION TO A POWER

A fraction to an indicated power is equal to both the numerator and denominator "raised" to that indicated power.
The exponent (ie. the indicated power) of the fraction is essentially "distributed" (applied to, and essentially multiplied) to
the numerator and denominator exponents.

1™ (1M)r2 1M1x2) 112 1 but large parentheses can also be used

Ex. Ij( 5 ]} A2 [{5"1}) = (6M)M2 5M1x2) = 572 = 25 = 25 :for this book, large brackets will be utilized,

Checking this by performing the indicated operation:

B)"2 = (5)5)_ = 25 =25 : this expressed the extending (showing multiplication) of the indicated power
(1) (1) 1
Ex. [(2)" = _(2)3 = 273
(3"2) (32)"3 376

Likewise, in a reverse-like manner, the division of two values, or variables as in algebra, having the same exponent or
raised to the same indicated power is equal to the fraction (division) of those variables raised to that indicated power.

Ex. 282 =[( 2 )]
32 |(3)

checking: 22 = 4 and {(Lﬂ’? = 22 = _4_
9 ( 9

Ex. 53 = @JAs
773 {(7)

Ex. (3M)(3%3) = 3M4+3) = 3%7 = E 3_1A7
(5

577 577 577
Ex. 3M0 = 343+7) = (3M3)(3"7) = (3"3) (37) = (3"3) ( )
5/7 57 57 (517)
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ROOTS AND RADICALS

Finding the root of a number is mathematically the opposite or "inverse" of finding a power of a number. The
following description may seem complex to the new student, however, after viewing a few examples below, the concept
becomes an understandable and necessary part of mathematics.

Here, you are essentially given the power of some number (ie. a base), and the indicated power (the base's exponent),
and the base (now called a root for this type of mathematical operation) of that power value is to be found. The symbol for
a root operation is the radical symbol (\/' ). The value, essentially the power value, underneath the radical symbol is
now formally called the radicand. The root to be found is indicated by a value correspondingly called an index. This index
means "take or find this specific indicated root of the radicand". The index is essentially the exponent that the root (when
considered as a base) will need to be raised to equal that radicand (when considered as a power value or number).
Some older ways would refer to a radical as a "surd", and an index as the "root extraction number".

Here is the general "root" expression and formula:

root = index\/ radicand : GENERAL ROOT EXPRESSION OR "FORMULA"

This can be rearranged mathematically, to solve for the radicand as:

root Aindex = radicand this is mathematically equivalent to a power expression:
base?exponent = power hence, comparing this to the general root expression above:
base = exponent\/ power : showing that the base of a power is found using the

root of a power, and therefore base=root

Mathematical operation or expression to solve for the index (the indicated root of a radical, or the indicated (as an
exponent number) power of a base value) value is called a logarithm, and it will be discussed more further ahead in this
book. A logarithm is basically equivalent to the index of a root and-or exponent value of a base. As expressed above, to
solve for a value of these root and power expressions that have, contain or include these three values will require having
or knowing the other two values used. Likewise, to solve for the specific value of the logarithm equation will require the
two other specific values (the radicand and corresponding root value, or the base and corresponding power value) of
which it is in reference to.

The radical symbol may look somewhat like a division symbol, and the only casual relationship among theses operations
and the symbol used is that the result, either a quotient or a root, is usually a smaller value. When the index or "indicated
root to be taken" is not explicitly given, it is to be understood as being 2 or the second or "square-root".

It is easy to imagine any of the various or different possible factors of a number, for example:

36 = (12)3) = (HE)AB) = (2)(2)(3)3) = (18)(2) =(9)(4) = (6)(6)

Here, the only factors of the number that are all identical, and have a product of 36, are 6. 6 is the only factor that the
product of itself (here twice, or 2) several times equals the given value of 36. The repeated product of 6, twice, is
mathematically expressed as 6 x 6 = 6”2 = 36 . The expression 6”2 is called the square (or second (2) indicated power)
of 6. This single factor value of 6 is therefore called the square (or second = 2) root of 36. A very common root of a
number to "take" (solve for) is a square root. Squared = second = 2 as a mathematical value. = When solving for the
square root of a number, power or product value, you are effectively solving for a single factor (or base) that when it is
squared or "raised" (increased in value) to the second (2) indicated power, that it will equal that given value.

For special note of a roots similarity and-or its relationship to division: A root can be thought of as a special instance of
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division where if we divide (and sometimes repeatedly) a value by a certain or specific dividend value (called the root), we
will have a final result or quotient that is equal to that same dividend or root value used. For example, the square root of
25is 5. If you were to divide 25 by 5, the result is 5 which is the same value as the divisor. Checking 52 = 25. 5/5=1
shows a complete and pure division (after 2 divisions) with no remainder. For example, the cube root of 8 is 2. If you
were to repeatedly (here 3 times) divide 8, and all the following results by 2 repeatedly, you would have: 8/2 =4, 4/2 =2
and 2/2=1. Checking 2"3 = 8. For example, the fourth root of 16 is 2. 2°4=16. 16/2 =8, and 8/2 = 4, 4/2 = 2, and 2/2=1.
Mathematically, since: radicand = root“index , we then have: radicand / (rootindex) = 1. Checking: 16 /2"4 = 16/16 =
1

baseexponent = power = 672=36 = radicand = root!index
root = index\/radicand =6 = 2V 36 = base = exponent/power

Given a number or value of 9. The two identical factors of 9 are 3 and 3. 9 = (3)(3) = 3*2. We see that this has a form of
the expression: base”exponent Here the base is 3, and the exponent is 2. The expression also has the form of:
roothindex , 3 is the root, and 2 is the index. 3 is equivalent to the second (2) root of the radicand of 9. The first root of
a value it itself.

32=9 and 3 =2V9 : "the square root of 9 is 3" and "3 squared is 9"
: "the second root of 9 is 3" and "3 raised to the second power is 9"
or "the second power of 3 is 9"

Ex. What is the square root of 16 ?

2\ 16 : 16 is the radicand, the index is 2 and is common and understood as the
(indicated) root value if it is not explicitly expressed or indicated:
216 = V16 = 4 -since 4x4 = 42 = 16
Ex. 10 = V100 :since 102 =10x 10 = 100

Ex. What is the third (3) or "cube" root of 75 ?

3V75 =5 :since 53 = 75

checking: 5"3 = 5x5x5 = 25x5 = 75

Extra: log 75=3 , since 5"3=75 : "log" is an abbreviation of the word "logarithm" which is essentially the
5 inverse (or reverse) mathematical operation to that of a power.

"The log or exponent of, or for a base of 5 necessary to produce or be
equal to its power value of 75 is 3".

The word cube comes from concepts of the measurement of volume. Volume is a 3-dimensional (length, width, height)
measurement of spacial (ie., space area). A planar area is measured with units based on only 2 dimension (length and
width). The units of measurement of volume have 3-dimensions (length, width, and height) and the reference unit of
volume also has the same unit of length for each dimension, and is therefore a ("geometric") cube shaped unit of
reference or measurement. A cube shape is essentially the shape of a square box with equal side lengths. Here is how
cube or "cubic" units of measurement are expressed:

units x units x units or simply: unit"3 :a cubic unit , ex. a cubic inch =in*3 , a cubic centimeter = cm”"3 = cc
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For general mathematical expressions and purposes, such as here for powers and roots, that are not necessarily related
to the specific topic of cubic volumes, the value of 3, instead of the word cube, should be utilized.

Frequently, calculators are utilized for finding roots since they have preprogrammed algorithms (steps and procedures to
solve a problem) that operate or function very fast. = Most basic "home" or "4- function calculators" now also include a
generous square root function. These calculators and others are as inexpensive as $1USD as of 2020, and are very
important due to their helpfulness. There are also calculator programs and "apps" (application = programs) available for
computers and-or phones.

Ex. 2V2 ~ (about) 1.414213562 : using a 10 digit calculator. Any least significant digits which cannot be
be entered, processed and-or displayed are truncated (removed), and are
therefore not available for further (and more exact) calculation. What is
displayed is sufficient for 99% of all types of people and professions. Some
values have an endless number of digits, and only a limited number can be
processed either by man and-or machine.

The actual value is often expressed as: 1.414213562. . . : ... indicates further, and possibly, endless digits

Several methods will be presented in this book for calculating any indicated root. The appendix section of this book
includes a method for calculating integer (basically a number without any fractional part) roots. = Many methods for
calculating roots, particularly square roots, have been developed and the one shown in the appendix is perhaps the most
straight-forward and simplest to remember. The appendix also contains many pre-calculated tables.

Probably the oldest method to calculate a square-root of a number is by using an initial good guess at the square-root. If
the guess is correct, the product of the root and the root (ie. root"2) as two factors should equal that number (radicand) of
which the corresponding square-root is to be found. If the product or "square" of the guessed or assumed root is not
equal to the radicand, the guess is typically adjusted by increasing or decreasing a specific digit of it and trying again.
Here, a specific digit usually means the current digit in question or the next least significant digit when you are getting
"closer" to the true root.

Ex. What is the square-root of 9.617?

Since 3 squared equals 9, and 4 squared equals 16, the square root of 9.61 is somewhere between 3 and 4, and that the
square-root of 9.61 appears to be much closer to 3 than 4. Since 9.61 is slightly more than 9, we will adjust the root
estimate value of 3 to a slightly larger value:

Trying 3.1 as the new root estimate and then checking it, we get 3.1 x 3.1 = 9.61, hence 3.1 is the square-root of 9.61:

3.1 =V9.61

Occasionally, the root of a number is exact. Sometimes this root would be called a rational, or rationalized, root. For
example, the square root of 9 is 3, the square root of 64 is 8. Often, the square root of values, such as 2, and even
though it is a constant value (always the same, and never changing) it is irrational or not-resolvable to an exact, specific or
completed value since it will have non-ending and non-repeating decimal digits. Only "in theory" or possibly "conceivable
in the mind" can a number like the square root of 2 have an exact or specific value, and rather than express or write the
approximate answer out to a certain number of decimal places, it is simply expressed or given as just /2

Irrational numbers cannot be expressed as the division of two integers (ie. plain rational numbers). Just because a
calculator displays 8, 9 or 10 digits, don't automatically assume that this is the exact square root, it is however a very
close approximation for nearly all practical purposes. If your calculator can display 9 digits and if the displayed result is
less than 9 digits, only then can you assume this is the exact square root.
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Ex. An area of land is said as being 100 square feet, how long is a side (assuming the land is square shaped, or if it
could be represented as simple to conceive square shape)?

V100 = 10 'since 10 x 10 = 100 , and "technically correct" by using the given units:

V100 ft*22 = 10ftM  :since 10ft x 10ft = (10)(10)(1ft)(1ft) = 100 square feet = 100ft 2

Ex. A small hand-held telescope is noted by the manufacturer as being 9X ("nine times" or "9 power") magnification,
that is, the eye with the aid of the telescope will appear (ie., apparent) to see an object, or its area, as 9 times larger than
the object as seen (ie. 1x or 1 time, no magnification, true size seen) without the telescope. How many times will the
length and width of an object appear to be magnified through this telescope? Since area can be thought of and measured
as a two dimensional "square" concept, calculated by multiplying the length and width dimensions which have the same
numeric values and units of measurement, then doing the inverse by taking the square root of the given area (of the
object as seen magnified) will yield the length (= width for that area, =side) dimension of that apparent area magnification.

V9 =3 since: 3x3 =9

Therefore, an object as viewed through the telescope will appear about 3 times longer and wider (not 9). The total
(magnified) area appears as (3 x 3) = 9 times more or bigger. Below is a graphical representation of this example , the
"x" ="1 times" = "1 power" indicated square is a representation of what the unaided eye without a telescope will see.
[FIG 17]

" X" 3 :9X = "nine times" = "nine power"

Nine of one area. An area of one
increased, magnified, or spread out over
to the same size as an area of nine.
X" The "linear magnification" of 9 power is
V9 =3

You might have a thought that for an 18 power, "18x", telescope that the length and width, or linear (basically means
straight), dimensions seen should double (from 3 to 6) since 18 is twice , or double of 9. Let's check:

V18 = 4.243 : V/"power" =V apparent, area magnification = (apparent) linear magnification =
(apparent) increases in length and width

The result is less than predicted due to the non-linear nature of powers and roots as mentioned previously in this book.
For a "100 power" telescope, the length and width will only appear to be this many times longer;

V 100 = 10

That is, as the "power of the telescope" (shown as a radicand here), increases or "grows" very large, the dimensions of
the object now seen (ie, the root) does not increase or "grow" as fast, but appears to grow less and less. Technically, the
rate of change between the linear magnification and the power or area magnification is decreasing or slowing. A large
telescope with a large lens or mirror may not have as much magnification as most would think it would. Today, digital
image sensors with a very higher density of individual elements (ie. basically pixels) per unit area are helping to effectively
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increase the resolution (ie., "resolve", "fineness", "smallest amount", "precision", "detail") of the image, and which can
then even be "digitally magnified", hence effectively magnifying the initial image that the telescope itself can produce. The
smallest resolution of a digital image is 1 pixel, and if it represent 1 foot of the actual subject of that image, and the
combination of image and subject resolutions can be stated as 1 pixel per foot.

If an already magnified image of an object or area is then magnified again, the resulting magnification,"power" or "times" =
"X", is simply the product of those two magnifications. Ex. If an object is magnified by 100 power, and if that magnified
image (perhaps even considered as an initial, 1x, image) is then magnified by a power of 4, the resulting magnification of
the object is: (100)(4)power = 400 power.

In a telescope or microscope, the image is linear magnified equally in both the horizontal and vertical (or width) directions.
If the linear dimensions of an image or area (A1) are both or equally magnified, say by (n) times longer, the area is
magnified or increased by a (magnification or "power") factor of n*2, and results in A2.

A1 = (horizontal length) x (vertical length) or = (length) x (width) = LW
A2 = (n) horizontal length x (n) vertical length = n?2 (LW) = n*2 A1
The magnification ratio, factor or "power" is: A2/ A1 = n*2, and the linear magnificationis: V n*2 = n

As an extra note, you can make a crude, low-power telescope using two magnifying glasses separated by a foot or two,
but the image will be "upside down". For the larger objective (initial) lens, a low power lens is preferred because a longer
focus distance (ie., focal length) actually increases the magnification. For the eyepiece lens which is used to view the
image from the objective lens, the shorter the focal length of it, the greater the magnification of the entire telescope lens

system. Do not look at the Sun with your eyes, or with a telescope, because the concentrated
and-or focused light it is too "bright" and can burn and damage your eyes. Remind people.

When a value less than 1 is raised to a higher power, such as squared, the result is a smaller value since a
fraction of a fraction is a smaller fraction. Now, in a reverse type of manner, if an indicated root larger than 1, such as a
square root, is then taken on this smaller value, the result is a larger value.

Ex. 0.5%2 = (0.5)(0.5) = 0.25 : Afraction of a value (here, another fraction) is a smaller value.
Ex. Afraction squared is a smaller value

V0.25 = 0.5 : here, the root is larger than the radicand itself.

The square root of a fraction (a proper fraction, less than 1)
will be greater than that given fraction.
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NEGATIVE POWERS OF 10

100 = 1
1071 = 1/10M = 0.1 : 1070/ 10 = 1/10* = 1(10”0) / 10M = 10~0-1) = 1071 =0.1 = "a (1) tenth" = "a tenth"
1072 = 1/10*2 = 1/100 =0.01 :1/100 = "1/one-hundred" = "one/one-hundred" = "one-hundredth"
1/100 = 1/ (10)(10) = (1/10)(1/10) = a tenth of a tenth = one-hundredth
=(0.1)(0.1) = 0.01
= (1/10"1)(1/107-1) = 1/107-2
107-3 = 1/10*3 = 1/1,000 = 0.001 : one-thousandth , extra: 0.123 = 123 thousandths of a (1) unit
104 = 1/10"4 = 1/10,000 = 0.000,1 : one-tenth of one thousandth = 100 millionths
107-5 = 1/10*5 = 1/100,000 = 0.000,01 : one-hundredth of one thousandth
107-6 = 1/1076 = 1/1,000,000 = 0.000,001 : one-millionth = one-thousandth of one thousandth

The square roots of negative powers of 10 will be shown further ahead.
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CHART EXAMPLE THAT SHOWS THE SIMILARITIES BETWEEN POWER AND

RADICAL EXPRESSIONS

Except for the names used, the operands and results of a given power expression and corresponding root expression are
identical in value due to that powers are roots are mathematically the inverse operations of one another.

Operands of a power operation:

Base

NNNDNDN

(0]
—

Exponent Power Power Expression (mathematical notation)
1 2 2™ :two to the first power
2 4 22 :two to the second power
3 8 23 :two to the third power
4 16 2°  : two to the fourth power
5 32 275 :two to the fifth power

Operands of a radical operation:

Root

@
—
o

NNNDNDN

Index Radicand Radical Expression (notation)
1 2 W2 : the first root of two
2 4 2\/4  :the second root of four
3 8 3V/8  :the third root of eight
4 16 4\/ 16 : the fourth root of sixteen
5 32 5\/32  : the fifth root of thirty-two

When these values are equal: power = radicand, base =root, exponent =index , we have:

power = base’exponent = radicand = root”index, and:
base = exponentV/power = root = indexV radicand : aroot is essentially the base of a power value

We now know the notation of the expressions to solve for two of the parts (base and power, or root and radicand)
of either a power or root expression, and we know the similarities of the power and root expressions. To solve for
the exponent or index, a notation called logarithm notation will be used, and this is covered further ahead in this
book.
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MULTIPLYING RADICALS

Radicals that have the same index (indicated root) can be multiplied. When they are multiplied, the product is a
radical with the same index, and the radicand is the product of the radicands. It could also be said that these radicands
and radicals that were multiplied together are factors of this new (product) radicand and radical.

Ex. (2V9 )2V4 ) = 2V9 2V4 = 2/ (9)4) = 2/36 = 6

Checking by rationalizing the radicals first as indicated in step 1 of the order of operations. Rationalizing a radical
expression means ridding or clearing the radical of the radical symbol by solving for the indicated root or expressing it in
another form such as with exponential notation which will be discussed further ahead in this book:

V9 V4 = (3)2) =6
Ex. 3V7 3V2 V5

3V (7)2) V5
3V14 2V5

FACTORING RADICALS

Since radicals with the same index can be multiplied, producing a new radical, we can do the reverse and factor a
radical for possible simplification. To factor a radical, the radicand value is factored. These factors can then become
radicands of radicals which have the same index as the radical from which they were both factored from.

Ex. V16 = 2V (4)4) = (V4 )2V4 )

V16

2\/4 24 : The factored radical, where each has
the same index as the source radical.

I
~
N
—_~
n

I

N

When factoring the radicand for simplification purposes, it is usually best to find factors of it that are indicated powers
whose (indicated) exponent is equivalent to the index of the radicand, such as perfect squares (2), cubes (3), fourths (4) ,
etc., since these radicals are easily rationalized. The indicated root of a value raised to the same indicated power is
simply equal to that given value.

Ex. 2V 18

Since the index is 2, factor the radicand for powers that are perfect squares which are values raised to the second power.
Note that 18 has factors of 9 and 2, or 6 and 3. Choose the factors of 9 and 2 since 9 is a perfect square of 3. That is,
372 =9, and this radicand can be easily rationalized if the indicated root or index is also 2:

2V18 = 2 (9)2) = 2V9 V2 : factored form. simplifying further, we will factor the radicand
of 9 to an indicated (with an exponent) perfect square (2) since the index
is 2:

2\/ 372 2\/7 In short, for example, the square root of any value squared

(particularly when simply indicated as such) is that value:

/32 = Vam V3m o= 3 : Using the concept that the square-root of any value
multiplied by itself (ie squared) is that value, here 3.

32V 2 : Since this is a representation for the square root of 18, this value when squared or raised
to the second power should therefore equal 18:
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checking: (3 2V 2 2 (3)*2 (2VE 2 : after distributing the exponent

=9 2\/? 2\/? : after extending, expressing the indicated square as a multiplication
= 9 2V (2)2) : multiplying the radicands of like radicals with the same index

= 92v4

= 9(2) = 18 : the original radicand used in this example

Ex. 2V 147
2147 = 2/(49)@3) = 2(@9) 2V(3) = 272 23 = 7 23

In short, and as an example to this discussion, the square root of any value squared (especially when indicated as being
squared with an exponent of 2), is that same value.

Ex. 472 = 4 checking:
V16 = 4 :It will be shown further ahead in this book that:
indexV radicand?exponent = radicand”(exponent/index) : even if the exponent = 1
Ex. 3V 53 = 5)5)5) =5 checking:
3V125 = 5

Since a radicand that is a whole number can easily be factored, this leads to another method to calculate the root
of a radicand. You can factor a radicand into radicands that you already know the roots of. You can also completely
factor a radicand to its prime factors and use a small table for the (previously solved, calculated) roots of prime factors.
Here are the approximate roots of the first 16 prime numbers or factors:

V2 = 1.414213562 V 3 = 1.732050808
V5 = 2236067977 >[ 7 = 2.645751311
V 11 = 3.31662479 13 = 3.605551275
V17 = 4.123105626 V19 = 4.358898944
\/ 23 = 4.795831523 V 29 = 5.385164807
V 31 = 5.567764363 \V 37 = 6.08276253
\ 41 = 6.403124237 \V_ 43 = 6.557438524
\/ 47 = 6.8556546 \VV 51 = 7.141428429
Ex. 105 factoring the radicand:

V (7)(5)(3) factoring the radical:

\/77 VE V/? using the above table for the square roots of these values:

(2.645751311)(2.236067977)(1.732050808) = 10.24695077
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The square roots of negative powers of 10 are also very helpful when the radicand contains a fractional part.

V10~ = V110 = V101 = 0.316227766 -V 0.1

V1001 = /1100 = \/ 102 = 0.1 : V 0.01 = V0.1 V0.1 =\[(1021)(107-1)
/100071 = \/1/1000 = \/ 10~-3 = 0.0316227766 : m V 101 =/ 0.001
1000071 = 1/10000 = V 10*4 = 0.01 : \/ 0.0001
Ex. V' 1.05 : compare this to the last example shown above which has the same digits
V 1.05 =V (105)(10*-2) : V(105)(1/100) = V/ (105/100)
V1.05 = V105 V 1072
VV1.05 = (10.24695077)(0.1) : 0.1 = 1/10 = division by 10, so simply move the decimal point 1
\V 1.05 = 1.024695077 place leftward so as to make a smaller number
This can also be solved as:
\V/ 1.05 = \/(105)(0.01) =\ (5) (21) (0.01 : factored to "primes"
= V5 V 21 V0.01 : see the table shown previously for these

roots, and then multiply them together.

We see that a radical that has a radicand that is not whole value, but a value that contains a whole part and a fractional

part, can essentially be changed or reduced to one of solving the product of radicals or roots with radicands that are whole
values.
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A RADICAND RAISED TO A POWER EQUAL TO THE INDEX

The root of a radicand that is raised to an indicated power equal to the index of the radical is equal to the base of
that radicand.

Ex. 2V5%2 = 5 - checking: 2V 5% = 2V25 = 5

: also, since 52 = 5™ x 5M, \/5"2 = \/5"1x5"1 = V5 \|[5 =5

Ex. Given the square root of 10, and multiplying it by the square root of 10, we should have 10:

V100 = 2v10%2 = V(10)(10) = 210 2v10 = 10

Ex. 3V4"3 = 4 :checking: 3V4"3 = 3V 64 = 4 since (4)(4)(4)=64 =43
Ex. 4V2M4 = 2 : checking: 4\/2"4 = 4\V16 = 2

Ex. 3V (202)83 = (2/2) = 4
checking: 3V (22))3 = 3V 272x3) = 3V 2% = 3Ve4 = 4

checking: 3\/(2"2)"3 = 3V43 = 4 since (4"1)(4"1)(4"M) =4"3

By observing the examples given, a basic way to rationalize radicals with a radicand raised to an indicated power
equal to the index, is to place (or "convert"”) the radical into an exponential form. This can be accomplished by
simply removing the radical symbol, and divide the radicands exponent by the index of the radical.

Ex. 2V 5% = 5AQ22) = 5 . 5A(212) is the exponential form of 24/ 522
Ex. 3V 473 = 4A(3/3) = 4M

Ex. 4V 2M = 2M4/4) = 2M

Ex. 3V (2"2)"3 = (2°2A3/3) = (2"2)M = 22 = 4

If the radicand's exponent is evenly divisible by the index, then the radicand is a "perfect (integer) power" of the index.
For example, given the radicands below:

574 is a perfect square (2nd power) of 54(4/2) = 572, since (5"2)"2 = 5%4.
Therefore, the square root of 54 should be equal to 5*2:
2\/ 5 = 5M4/2) = 52

57 is also a perfect fourth (power) of 50(4/4) = 5M since (5M)M = 5M1x4) = 5M
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Hence, 4y 54 = 5%4/4) = 5M = 5 checking:

4/ 625 = 5
Ex. 3V 7% = 7M6/3) = 72 = 49 . 776 is a perfect third power or "cube" of 742: (7/2)"3 =7/6

If the radicand's exponent is not evenly divisible by the index when rationalizing, the radicand can be factored into
factors having exponents equal to the index. This factorization is essentially the reverse of multiplying like values, or
variables as in algebra, where the product is that value and its exponent is the sum of the exponents. Below are some
examples with their intermediate steps.

Ex. 2V 573

2V 503 = 2V (5%2)(5M) = 252 2V5 = BA22) 25 = 52V 5

Note that even though the indicated power of the radicand is not evenly divisible by a value equal to the index, still, the
result can be correctly indicated as such. This is shown below using the last example, and more will be said about this
further in this book.

2\ 5"3 = 5M3/2) or 5.5 and as shown above, this= 5 2V 5 , and: (5™M.5)"2 = 581.5x2) = 5”3

Ex. 3V (72)M

3V (7R = 3V (7A2)M3 (TA2M = 3V (A3 3V TR = (TA2)N3/3) 3V TA2

= 72 3V782 = 49 3/ 7%2 = 49 3V49

OR: 3V (7"2)M = 3V 782x4) = 3V 788 = 3V/(773) (773) (772) =
V743 3783 3/ 7A2 = 7A3/3) TA3/3) 3V 7A2 = (M) (TM) 3VTA2 =
702 3V 782 = 49 3V 722 = 49 3V 49

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 185



RADICALS WHOSE FACTORS ARE ALL "PERFECT POWERS" OF THE INDEX

The above title is short-hand for saying radicals whose factors are all raised to the same indicated power that is
also equal to the index of the radical. This radical can be easily rationalized or simplified by multiplying the base of each
power in the radicand's factors.

Ex. 2V (472) (3°2) : here, the index is 2, and each base is raised to the 2nd power.

(4) (3)
12

checking: 2V (4%2) (3%2)

2V (16) (9) : 16 and 9 are "perfect powers", here, perfect squares which are due to values raised
2V 144 to the second power. Since the index is also 2, these radicand values, when expressed
12 as powers of two, can be used to easily rationalize (ie. remove) the radical expression.

You can also perform a check by "distributing" the index to each factor of the radicand when converting them to their
equivalent or corresponding exponential form so as to rationalize the radical expressions.

2V (442) (312)

2V4r2  2\/3M2 o 2V4x4 2V 3x3
(47N2/2)) (3M(2/2)) Va Va V3 V3
4) (3) 4 3
12 12

Another check is this:

2V (472) (3%2
2\/ (4 x 3)"2
2V 1222 = V144

1272/2)
12
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EXPONENTS THAT ARE LESS THAN ONE OR ARE FRACTIONS

Exponents can be any value, they need not be only integers (essentially the familiar basic counting values). This
process of dividing the exponent of the radicand by the index leads us directly to exponents that are fractions. This is also
a method of rationalizing radicals such as shown on the right hand side of the following equation:

index\/ base”exponent = base”(exponent/index) : a general format for converting between
radical and exponential expressions.
Note that a power or exponential
expression can be a radicand of a radical.
Note also that both sides represent a root.

Ex. 2V 522 = 2Vy25 = 542/2) = 5M Ex. 3y1000 = 3V10"3 = 10~3/3) = 10M = 10
Since a number (ie. base) raised to the first power is still that number, it should be of no surprise that when a number is
raised to a value less than one (ie. a fraction), that the resulting (power) value is smaller than that number, hence we find
it useful as another way to express some root of a number.
Ex. 2V 5" = 5%1/2) : "five to the one-half (1/2 = 0.5) power is equal to the square root of five"

2/5 = 505
Hence, we have found a way to convert a radical form of a root to it's equivalent exponential form and vice-versa.

Ex. 225" = 25%1/2) or= 2505 =5

Ex. 27A(1/3) = 3V27™M :=3

Ex. 27M2/3) = 3V27°2 =9

Ex. 2V 5°3 = 553/2) = 5M.5

Ex. 8181/4) = 4V 81 =3

Ex. 3\/W = (5"3)M4/3) also, by using the "power to a power" rule:

(5°3)N4/3) 5N (311)@4/3)) = 5M2/3 = 5M

In general, if the index is less than the indicated power of the radicand, the result is a power of the radicand, and if the
index is greater than the indicated power of the radicand, the result is a root of the radicand.

Ex. 0510~ = 1042/0.5) = 10 = 10000
2102 = 10M22) = 10M = 10
31002 = 10M2/3) = 1010.667 = 4.642
A/1002 = 10°2/4) = 1005 = 3.16227766.. :also = 10°(2/4) = 10N1/2) = 2V10M
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A RADICAL TO A POWER

One way to rationalize a radical (ie. an expression for a root) which is raised to a power, is to first convert the
radical to its equivalent exponential form. Then use the "power to a power" rule where the exponents are distributed (ie.,
multiplied).

Ex. (2¥ 3 )"5
(2V 3M )15 converting the radical to exponential form:
(3M1/2) "5 "power to a power", "distribute” (multiply) the exponents:

38 (1/2)(5/1))
37(5/2)
Also, converting 3*(5/2) back to radical form:
3N512) = 2V 35
Hence, (2\/? 5 = 2V 375 this equivalence leads to this following statement:
A radical and radicand raised to the same power are equivalent in value. The base of the radicands, and the indexes
of the radicals must also be the same. The reasoning behind this equivalence is due to the fact that multiplication is
commutative. This can be seen in their exponential (power) form before the exponents are multiplied:
(3M/2)M(5/1) is the same as: (375/1)"(1/2) , both expressions are equal to: 3(5/2)
Using the above equivalence, this result can also be seen if the exponents are distributed:
3N (1/2)(5/1)) = 38 (5/1)(1/2)) = 375/2)
Before leaving this discussion, it must be pointed out that converting an exponent that is an improper fraction to a
mixed number can be useful.
Ex. First 7832 = 2V 783 = (V7 3 = 7M5
Now, by converting the exponent to a mixed number:
Since 3/2 = 15 = 1405 = 1+1/2, we have:
783/2 = 7M1 +1/2) = (7TM)(TM]2)

732 = 7\N7T = TM5
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A RADICAL RAISED TO A POWER EQUAL TO THE INDEX

The root of a radical that is raised to a power equal to the index is equal to the radicand value of that radical.

Ex. V5 )2 = 5

checking: (2\/? )2 placing the radical into exponential form :
(5™M1/2))*2 with a "power to a power", distribute the exponent :
5M2/2)
5 =5
or: (V5 )2
(2V5 )(2V5) : "extended method" (it should also be obvious here that the square root of the
same value, is that value, here 5)
2\/ (5)(5) : from multiplying "like" radicals (have same index),
simply multiply their radicands
2V/5%2 = 225 =5 or
2V 522 = 5M2/2) = 5

Note that this is very similar to where the root of a radicand in which the radicand is raised to an indicated power equal to
the index:

(2\@ 2 = 252 =5 : Note also for example, that the square (2nd power) of the square-
root of number (here a radicand) is equal to that number. If we
let letter (r) represent or equal the square root of a number (N), then
(rxr) or r*2 will equal that number: This is verified here
mathematically:

r= VN then
rxr=VN VN : Multiplying both sides by r or /N, or
either (since they are equal in value),
still keeps both sides of the equation in
balance. Note that this is therefore also
the same as simply squaring each side:
"2 = (VN )2 "extending" the right hand side:
M2 = VN VN = NM/22 NM2 = NA(1/2 +1/2) = N”2/2
or = N40.5+0.5) = NM
2 = N
If r was the cube root of N:
r= 3VN raising each side to the third power:

3 =3VN 3VN3VN = (3VN )3 = NM/3 NM/3 NM/3 = NAB3/3)

™3 = N
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THE ROOT OF A FRACTION

The root of a fraction is equal to the root of the numerator divided by the root of the denominator. The indicated
root or index of the roots will also be the same.

EX.ZYE = 2V36 = 6_ =3
4 2V 4 2

Checking using the order of operations more closely where the value (ie. radicand) underneath the radical is simplified
first since the division symbol is an inner grouping symbol for this example, and the radical symbol is an outer grouping
symbol:

2\(ﬁ=2\5=3
4

Here is another check by first converting the radical to exponential notation:

2\( 36 = {36}"(1/2) = _36"(1/2) : After using the fraction to a power rule of:
4 4 47M1/2) : (Distributing the exponent to both the num. and den.)
= _V36_ = _6_ = 3
Va4 2
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RATIONALIZING FRACTIONS THAT CONTAIN RADICALS

There are two basic methods to rationalize (to make sense of) or rid fractions that contain radicals: The equivalent
fraction method, and the equivalent radicand method. They are somewhat similar, but different names are used to
distinguish them. This discussion also shows how to rationalize a radicand that is a fraction. The main goal in this
process is to create a "perfect (indicated) power" of the index , which can then be easily rationalized.

Equivalent Fraction Method:

First, convert both the numerator and denominator to radicals. This creates a fraction of two radicals. Then an equivalent
fraction is made by multiplying the fractions numerator and denominator by the denominator raised to a power such that
the resulting radical in the denominator will be raised to an indicated power that is some multiple of the index. This
denominator, when simplified, is equal to the radicand.

Ex. 3y 2 = 3\/7 = _3\//7 Multiplying the numerator and denominator by (3V 3 )*2 :
3 3V 3 (3V3 ™
_2V2 (3V 3)"2 = 3/ 2 (3/3)"2 After converting the radical in the denominator to its equivalent
(3Y3 ™M (3V3 "2 (3V3 )3 exponential form and simplifying. (3} 3 )3 = 37(1/3)*3 = 37(3/3) = 3M:
3V2 (3V3) (3V3) = 3/ 18 : In the numerator, the radicands were multiplied since
3M3/3) 3 the index (indicated root) is the same for each radical.

Equivalent Radicand Method:

32 = 3V 2 (3% = 3y(@2)9 = 3Y18_ = _3y18_ = 3V18
(37M)(3"2) 373 3V 33 37(3/3) 3

The above concepts should be taken into general account and especially when rationalizing (essentially simplifying)
fractions containing radicals, or rationalizing radicals whose radicand is a fraction.
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A CAUTIONARY NOTE WHEN USING POWERS AND ROOTS WITH FRACTIONS

When creating an equivalent fraction, it is incorrect to "raise" the numerator and denominator to the same power,
perhaps in an attempt at creating an equivalent fraction.

Ex. _4 =l _4"2  or (_4_ )" : /=l or 1= are symbols meaning "is not equal to" or "not equals"

8 8”2 ( 8) Often, this symbol is used: 7&
Checking by taking the decimal form of both sides:
05 /= 0.25 : This is so since the numerator and denominator are not actually being multiplied
by the same identical value when you raise them to the same power. For

this example, the numerator was multiplied by 4, and the denominator by 8.

Likewise, when creating an equivalent fraction, it is incorrect to take the same indicated root of both the numerator and
denominator.

Ex. 16 /= V16 or Y 16 : A fraction, and the root of a fraction are two different values, and not equal.
64 \/ 64 64 This is similar to above example, but the indicated power that the numerator
and denominator values would be raised to would be 0.5 or= 1/2.
Checking by taking the decimal form of both sides:

025 /=/ 05
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ADDING RADICALS

Radicals that have the same index and radicand are said to be "like" or similar radicals. Since the radicals
represent the same value or quantity, simply add their numerical coefficients (the multiplying factor(s)). If a numerical
coefficient is not shown, it is considered as being one (1), and we know that multiplying anything by one is alright since it
does not change it's value.

Ex. V9 +V9o = (M2Ve + (1)2v9

(1+1)2v9
2 2V9 : This result should be easily seen since multiplication is really
repeated addition of the same value. With further simplification:
2 (3)
6
Checking:
2V9 + 2@ Order of operations, step 1 (simplify powers and roots) :
3 + 3 Order of operations, step 4 (additions and subtractions; to combine)
6
Ex. 3V7 +2\7
3+2)V7
5V7 :ingeneral, V7 is to be added to itself (or to an initial sum of O if you will)
3 times, and then 2 more times for a total of 5 times, hence multiply by 5 since it
is essentially being summed (to a starting reference value of 0) a total of 5 times.
Checking:
3 F?+ 2 V7 since multiplication is repeated addition:
(V7 + V7 +V7) + (V7 +V7)
1+1+1+1+1) V7 After clearing grouping symbols, and expressing
5V7 the sum of similar things or values.
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MULTIPLYING RADICALS WHICH HAVE UNLIKE INDEXES

It is possible to multiply radicals that have unlike indexes. First, convert and express each radical into an
equivalent exponential form, then the exponents can be changed to equivalent fractions with like denominators, and this is
essentially creating like indexes for their corresponding radical forms.

Ex. 2V2 3V 4
(2M1/2)) (4™M1/3)) : exponential forms of the radicals

Below, equivalent fractions of the exponents are created in a manner similar to that of adding fractions. A common
denominator of 6 was chosen for the fractions and it is also the lowest common denominator (LCD) of the two.

3 and = 2
6 6

W |

A1

2
Hence, 2%1/2) = 2%3/6) and 471/3) = 4/2/6) :2%0.5 and 470.3333...
Converting each back to its radical form and multiplying:

(27(3/6)) (4"(2/6))

6\ 273 6\ 42 : created radicals with like indexes
6V8 6Y16 = 6 (8)(16) = - multiplying radicands of radicals which have the same index
6V128
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THE ROOT OF A ROOT

The root of another indicated root is equal to a radical whose index is the product (ie., multiplication) of the index
of each radical.

Ex. 3V 2V64 : note here that the inner radicand is actually another radical (indicated root to be taken)

3V 264 = (3)2N64 = 6V64

This is verified below:

Converting the inner radical to exponential form:

3V (644(112))

Then this entire radical is converted to exponential form:

(647(1/2))Y\(1/3)

By using the "(indicated) power to a power" rule of multiplying exponents, we distribute the exponents:
(647M1/2))M1/3) = 647N (1/2)(1/3)) = 647M1/6)

Converting this back to radical form, we get:

6471/6) = 6V 64 : checks

Due to multiplication being commutative, the exponents of a "power to a power" can be exchanged.

Ex. (64%(1/2))N1/3) 647( (1/2)(1/3) ) 647(1/6)

(64N1/3)N1/2) 645( (1/3)(1/2) ) 647(1/6)

Converting both expressions on the above left sides to radical form, we get:

3V 2Ve4 = 2V 3V/64

checking: 3V 2V 64 = 2V 3V 64 first simplifying the "inner radical" radicand:
Ve = V4
2 = 2

This concept can also be used to find some higher integer roots using only square or cube roots. For example, you can
find the fourth (4) root of a number (N) by taking the square root of the square root of the number:

4/ N = 2y 2y N : the right hand expression is like a "factored index" form of a radical expression

The APPENDIX section has a similar method of how to calculate odd roots, such as cube (3rd) roots, using square roots.
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The following discussion is somewhat of an advanced concept, and perhaps not used much in practice, but for
completeness and familiarity, it will be presented since it is based on, and is a natural progression stemming from the
previous discussions.

A radical that has an indicated power of a radicand, is equal to a radical having that radicand base value, and the index is
divided by that indicated power. Expressing this using words as symbolic identifiers or variables:

(index/exponent)\/ radicand

index\/ radicand”*exponent

Also consider in this discussion:

index\/ radicand®exponent = radicand®(exponent/index) : the exponential form of the radical form

Here is the derivation of the first shown equation:

For simplicity, let: i =index, r=radicand, e =exponent , z=1/e ,therefore e=1/z

Ve = M) = Vil T = i(eNT = (VT

Ex. 3/10%2 = (3210 = 1.5V10

Checking, and a verification using what we know already:

3V 100 = 4.6416

107(2/3) = 10”0.6667

(B/2V/10M = 10%(1/(3/2)) = 10%2/3) = 31072
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EXPRESSING RADICANDS LESS THAN ONE WITH INTEGER RADICANDS

This is an infrequently used method of calculating roots, but if you only have a table of the roots of some integers,
it will be very useful. If you plan to calculate roots using other methods, such as those presented in this book, you will at
least get another good lesson in mathematical manipulations here. First, represent the radicand in an equivalent proper
fraction form, then represent this radical form as the division of two radicals. Placing a value less than one into a (proper)
fractional form is discussed ahead in the topic of scientific notation (SN) if you need help doing so.

Ex. V0.5 = V5(10*1) = \V/_S_ =\V5 : calculate the square root of 0.5 using the square roots of 5 and 10
10 V10

or V05=V 50 =V5 =\V50 = V5 \10

100 \/ 100 10 10

Here is another method to calculate this:

V05 =V 052 = V052 = 05 = 05Y1_ = 05Y_1 = 05V2
0.5M V05 V05 V0.5 0.5

By observing the procedure for the last method above, a formula can be written. Letting N represent (be equivalent to)
the radicand in question:

VN =NV_1 :The square root of a value is equal to that value times the square root of its reciprocal.

N From this we also have: 1/N = (1/N)(N/N) = N/N*2 = the reciprocal of a number

A check on this formula can be made by converting the radicals to their equivalent exponential form:

VN=NW5 and NV 1 = NV 1

A 1_ = __N__ = NM-05 = N*.5 = NA1/2) = VN
N VN N~0.5 1

Here is a formula, that is somewhat similar to the above formula, that can be used to calculate roots. It is a good
mathematical lesson, but is perhaps somewhat advanced or excessive, and the reader may simply skip over it.

VN = s : The square root of N is equal to the reciprocal,
1 of the square root of the reciprocal of N.

The derivation of this is as follows: The reciprocal of N is 1/N. To do the "reverse", we will express the reciprocal of 1/N to
have N:

= N : The reciprocal of the reciprocal of N is equal to N. After taking
A the square root of both sides, we have the equation above.

The same should be true for any value, including square root values. The reciprocal of: (1/ vﬂ) , or the reciprocal of the
reciprocal of the square root of N is:
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A A A
1 1 1
== S e S e S \/m : this can also of been solved by inverting
1 V1 1 the denominator, and creating an equivalent
VN VN N fraction.
Ex. VT = 1 ~ 2.23607 : the "wavy" equals symbol: ~ or~=
V0.2 means "approximately" or "about" equal to.

The reciprocal of 5is 0.2

RADICANDS THAT VARY BY A CONSTANT FACTOR

This is a method of evaluating radicals where the radicands differ by a common factor. The result is basically the
same as that of where a radical is equal to a product of radicals whose radicands are factors of the original radicand. If
the many radicands have a common factor, this common factor only needs to be evaluated once. This concept can be of
great use if you are creating a table of roots.

Ex. Here, a constant factor between the radicands is 10, and there are others such as 2 and 5:

Since V10 = 3.16227766 approximately. Now observe this radicand of 100 which is 10 times greater than 10:

V100 = V(10)(10) = V10 V10 = 3.16227766 /10 = (3.16227766)(3.16227766) = 10
= V(10)(©9) = V10 V9 = 3.16227766 V9 = (3,16227766)(3) = 9.48683298

Vv 90
V20 = V(10)2)

20 V10 V2 = 3.16227766 V2 = (3.16227766)(1.414213562) = 4.472135955

A general "formula" for this discussion can be written or expressed mathematically. Below, R is used to represent the
initial radicand, N and F represent factors of the radicand, where F is also a common factor between several radicands
that you already know the root of;:

VR = VFN = VF VN : for the above examples, F = 10 and its root is 3.16227766
R, F and N are examples of what are called "variables" in algebra, as you can see, each is simply a (symbolic)
mathematical representation or placeholder for an actual number value. The actual symbol(s), letters, or words used to

represent a variable is sometimes called the variable identifier or variable name. A variable is a general representation of
many possible numeric values and-or a particular value being solved for.
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LOGARITHMS (LOGS)

For a logarithm (or log) mathematical operation, you are given in the expression a base value and a number (N)
equal to some power of that base, and are to find the (indicated) exponent of the base that would make that base equal to
this power value or "Number". Try to think of a log as simply the operation to find an exponent, and-or that a log is
equivalent to an exponent. The word "logarithm" was from that table values or "entries", such as for exponents and
power values of a given base that were often logged (written or entered) into a (quick "lookup”, find) reference table (list).
Instead of using a fancy symbol such as like how a square root symbol is, the symbol chosen for a logarithm operation is
simply the world "log".

exponent = Log Number : GENERAL LOG EXPRESSION, EQUATION OR "FORMULA"
base

Note, in the expression above on the right side, number is not the exponent of base, but a power of the base, that is:

base?exponent = Number = the actual power value of the base.
The left side of the equation is the indicated or expressed power value.

A simplified notation for a log expression, using simple variable identifiers or names, can be something like this:

e = log N : b=base (of the power value), N=number or power value, e=exponent
b

If no base value is given, it is understood as being 10. Logarithms of base 10 are called "common logarithms" due to the
commonly used decimal system that is based on 10.

If you want to view all the basic algebraic relationship between powers, roots, and exponents or logarithms, then see the
paragraph called: Algebraically Expressing The More Advanced Mathematical Operations, that is further ahead in this
book

Ex. Since 1073 = 1000, if given just the base and the number (a, or the, power of the base), the notation used to solve
for the necessary exponent, of that base so as it would equal that given power value, is the logarithm notation
(expression):

exponent = log 1000 or. exponent = log 1000 : when a base value is not indicated, it is
10 understood or considered as base 10, the
common log base.
exponent = 3 = log 1000 : since 10*3 = 1000 : 3 is the logarithm or exponent.

10 "The log of 1000, using a base of 10, is 3".
Frequently, a calculator with a logarithm function is used to find logs. Generally, "scientific" calculators have function keys
for finding only common and natural logarithms. If the base is not 10 or (e = about 2.72) which is the base for "natural”
logarithms what will be discussed in this book, these calculator functions cannot be immediately utilized. Still, most
logarithms to be found in common everyday home and scientific usage have either a base of 10 or (e).

Ex. Solve log 8 : a sometimes used text alternate notation for this expression may be: log2 8
2

To solve this is to find what would be the exponent of 2 such that the resulting power value of it is equal to 8:

exponent = log 8 : here the base of the logarithm or power is 2, and the number or actual power value is 8
2
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3 =1log 8 since 273 = 8
2

The examples given were very simple and could have been done simply by inspection. More information on finding
exponents will be given ahead in the discussion of: Finding Exponents With Logarithms.

The Number in a logarithm expression must be a positive value greater than 0. A logarithm (ie., the exponent value)
will be a positive value greater than 0 when the number is greater than 1. First, a logarithm is always zero when the
numberis 1: log1 =0 : here n=1, consider: 50 =1, ex. 7*0=1. Now consider when (n) is greater than 1: Ex. log
100 = 2 : here n=100 is greater than 1, and which can be expressed as n>1. Now consider when (n) is less than 1 but
still greater than 0 as required: Ex. log 0.5 = about -0.30103 : here n=0.5 is less than 1, and which can be expressed as
n<1 or (n<1), and the logarithm value is therefore less than 0 and is negative in value.

Considering the above statement, some will say for example that given (-2)*3 = -8 , and therefore: log -8 =3 = log 8
(-2) 2

, and the problem with this is the both the base and Number ambiguity (ie., uncertainty) of the signs of the base and
number. Also consider the base ambiguity of this example: log 4 = 2 = log 4
-2 2

Without the aid of a modern electronic calculator, logarithm tables or mathematical calculation, a mechanical device or
simple mechanical calculator or mechanical computer (that which computes, performs or solves computations) called a
slide-rule can (only) give a good approximation (typically only a couple of decimal places) of a logarithm or anti-logarithm
(finding the number or power value of the base). The slide rule gets its name from that it is similar to two rulers
constructed to be adjustable by sliding one next to (ie., parallel) or against the other. Basically, a result is indicated by the
corresponding value directly opposite and indicated on the other (logarithm) ruler scale. The slide rule is also capable of
other mathematical calculations. The longer the slide rule is, the more precision capable in the result since more
subdivisions (smaller fractional parts) can be drawn or fitted on the indicated scales.

An alternative to calculating machines is to use pre-made tables of values. These tables generally offer more precision
than that capable on a slide rule or graph, but not as much precision as a modern electronic calculator and-or computer.

The first mechanical adding machine is considered to be that made by Blaise Pascal (1623-1662), from France, in about
1642. This machine could also perform subtraction. Gottfried Leibniz built an improved adding machine in the late 1600's.
There have been many designs and improvements for adding machines ever since, and of which included other
mathematical operations.
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SOLVING FOR THE BASE OF A POWER

Given a power value of a base value, and it's indicated exponent, what is the corresponding base? An easy way
to solve for the base is to place the values into exponential form.

4 = log 16 : logarithmic equation form , exponent =log power : power = number
base base
base?4 =16 : exponential equation form , base”exponent = power : power = number

Since the base is being raised to the fourth power, by taking its root with an index equal to the indicated power (the
exponent), the base can be isolated or solved for. This is clearly seen once the radical is placed into exponential form.
This operation must be done to the entire values or expressions on both sides of the equal sign of an equation so as to
keep the equivalence or balance of both sides. More will be said about this during the discussion of equations. Since a
base is effectively the "origin" or "root (of a power)" that the power value (ie., Number) is created or based upon, it should
be reasonably obvious that a root operation on this power value will be needed to solve for the corresponding base.

Base™ = 16 expressing the taking of the 4th root of both sides:
4\/ base™ = 4\/16 expressing or converting the left side to its equivalent exponential form
base(4/4) = 4V 16 : exponential form (a rationalized form)

base = 2

hence, 4 = log 16 or 2™ =16
2
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FINDING THE NUMBER (POWER VALUE OF THE BASE)

Ex. Find number or power value given: 4 = log number
Here, the base value is understood as the common base of 10. Expressing this in exponential form:
10"4 = number

Solving for the fourth power of 10 using repeated multiplication, or "extending" the indicated power:

10M = (10)(10)(10)(10)
1004 = 100(10)(10)
10° = 1000(10)

10° = 10000

number = 10,000
Expressing the indicated power 10%4 in log form:
4 = log 10,000 or= log 1074

10 10

Ex. Find number given: log number = _1_
81 4

Again, placing this information into exponential form is the best way to start:

8171/4) = number or: 8110.25 = number :1/4 = 0.25

Since the indicated power (the exponent) is not an integer, number (the power) cannot be solved for by repeated
multiplication. Converting this "fractional power" to its equivalent radical notation:

817M1/4) = 4V81M = 4V 81 taking the fourth root of 84:
4V81 = 3 = number : root form or by switching sides (formally known as the Symmetric Law):
number = 3
Hence, 1log 3 = _1_ = 0.25 dlogform and 81%0.25 = 3 : exponential form
81 4
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THE LOG OF 1

The log (exponent) of any base to equal a number (the power value of the base) with a value of 1, is zero (0).
This can be shown from the fact that a base with an exponent of zero is equal to one.

Ex. since 100 =1 : extra, 1070 is also the weight of the ones (1's) column or digit position
Converting and expressing this exponential form to its equivalent logarithmic form, we get:

0 = log 1 : using 0 or zero is necessary since if 100 =10, 1070 is needed to express 1
10 When the number is less than 1, specifically between 0 and 1, the log of it will be negative,
hence less than 0.

AN EXAMPLE OF LOGS IN EVERYDAY LIFE

The human ear is said to hear or respond to a sound's intensity or energy level it receives in a logarithmic type of
manner, and not a linear or "direct" equivalent manner. Light intensity seen is another example of a logarithmic-like
sensing or quantification by the body of outside stimulus or input. For example, the sound energy from someone talking
may have hundreds of times more sound energy than someone whispering, however, the human ear will only hear or
represent this as only several times louder. Placing some examples in logarithmic form where the number (a power of the
base) represents the amount of sound energy (actual physical power) or intensity, and the exponent (or logarithm)
numerically represents what energy or volume level that the human ear will apparently or effectively hears, senses or
perceives.

Apparent volume or energy heard expressed Number represents actual amount of energy.
as the log of the actual sound energy

(Logarithm) (Number) : logarithm = exponent of the base, and here, base = 10
pindrop: 1 = log 10
whisper: 2 = log 100
talking: 4 = log 10,000
yelling: 6 = log 1,000,000

Clearly it is much easier to express the large range of number values (that change greatly or exponentially) into a highly
"compressed”, linear-like, and more manageable form such as the logarithmic (ie. exponent) values and representation
presented. For example, note that the number of 100 is 10 times (magnification) more than 10, or an increase of 90 from
a value of 10, but the log value (or exponent) only increased only by 1 to represent this increase. It could be said that
logarithms are "slow (and get slower and slower) growing", and powers are "fast (and get faster and faster) growing".

Extra: In electronic and energy studies, vast increases, gains or comparing two values can be easily expressed and
understood as logarithmic or "compressed" values. The common formula used was initially developed for use with the
Alexander Graham Bell's telephone system. Since this is somewhat of an advanced example below, the reader may skip
of this and review it later.

Ex. A gain, increase or magnification factor can be expressed as: Gain = (output / input), but as we know, gains can be
very large and unwieldy, so Bell made a way to compress these values to be more manageable.

Gain in Bel units: log (output / input) Bels :initial Bel unit, and this after an accepted, standardized revision by others,

this becomes a tenth of a Bel , hence a deciBel. 1 Bel =10 deciBells =
(10) (0.1Bel) = 1Bel
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The deciBel unit is then redefined as: log (output / input) deciBels = dB , and the Bel unit is then ten times this amount:

1Bel=10(1dB) = 10 log (output/input) dB : this is equivalent to: log (100)(output/input)) dB , the value of 100
effectively magnifies the gain before the log is applied, and this helps
to express small gains less than 1.

The Bel unit is also then defined such that a real gain of 10 would be expressed as a gain of 1 Bel or= 10dB.
Areal gain of 2, twice as much or double, is expressed as a gain of 0.3Bel = 3dB

For example: If the output power doubled (ratio=2): 10 Log 2 =10 (0.30103) = 3.0103 dB =~ 3db in gain
If the output power increased by one-million: 10 log (1000000) = 10 (6) = 60 db in gain

For example: If the output halved, such as Pout/Pin=0.5 ,10Log 0.5db =~ 10(-0.301) = -3db : :aloss
For example: If the output is a quarter, such as Pout / Pin = 0.25 ;10 Log 0.25 db =~ 10 (-0.602) = - 6 db : a higher loss

We see above that if the power doubles, the dB values increases by 3, and if the power is halved, the dB value decreases
by -3. To find the actual gain and-or loss ratio (ie., out value / in value) given an amount of dB gain:

Gain = 10%(gain in dB / 10 dB) Ex: 1073 dB /10 dB) = 10%0.301
Ex. 107(-3dB /10 dB) = 10-0.301

2 :>1 isagain
0.5 :<1 isaloss

Other popular use for logarithms are: earthquake intensity measurement, measuring the relative brightness or
"magnitude" of stars, and some types of electronic power measurement. Logarithms can also be used as an excellent
mathematical tool in any field of study where calculations need to be made, and especially for solving for an exponent.
The word "magnitude" essentially means greatness or the level of , and is related to the word magnification which means
an increase, bigger or larger.
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FACTORING THE NUMBER IN A LOG

The log of a number can be expressed as a sum of the logs of the factors of that given number. This can be remembered
as the "(log) product rule" or "(log) factor rule". The log factors must also have the same base as the source logarithm.

log number = log factor 1 + log factor 2 + . . . : . . . = "and so on" since there may be
more than two factors

Ex. log 100 = log 10 + log 10 : using the log factor or log product rule
10 10 10
checking: 2 = 1 + 1
Also: log100 = log(10x10) = log 10 + log 10 = 2 :shows 100 in factored form, or something like:
log 100 = log (50x2) = log (25 x 4) : showing some other factors of 100 for the Number
log100 = log50 + log 2 = log 25+ log4 = 2

The product rule in a reverse manner can be remembered as the "(log) sum rule". The sum of two logs having the same
base is equal to a log with the same base, and a number equal to the product of the numbers.

Ex. log 8 + log4 = log(8x4) = log 32 : log sum rule
2 2 2 2

checking: 3 + 2 = 5 :since 2°3=8, 22 =4, and2"5=32
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THE LOG OF A FRACTION

The log of a fraction is mathematically equal to the log of the denominator subtracted from the log of the
numerator. This can be remembered as the "log quotient rule", or "log of a fraction rule":

log (_numerator ) = log numerator - log denominator : log quotient rule
( denominator )

Ex. log (1000) = log 1000 - log 10 =3-1=2
(10) 10 10
checking: log 100 = 3 - 1 : simplifying first by considering the order of operations
10 step 3; perform multiplications and divisions
2 = 2
Ex. log1 = log_5 : this is a particular and special example featuring the log of 1.
5
log1 = log5 - log5 combining like values or terms of log 5:
log1 = 0 : Clearly, whatever the value of an expression such as the log 5 is, if you

subtracted it from itself, the difference is always 0. The log (regardless of the
base used) of 1 is always equal to 0. This is the reverse of the exponential
rule that the power of any base with an exponent of 0 is always equal to 1.

O=log 1 and base =1 : using any base for the log, and any
base base for the indicated power

A cautionary note about the log quotient rule: This rule can only be used if the number in question is a fraction. If
the numerator and denominator are both logarithm expressions, the log quotient rule cannot be used. It could, perhaps,
be used separately on the numerator and denominator.

Ex. The log rule cannot be used on this expression:

log1000 /=/ log1000 - log10 = 3 - 1 = 2 : (incorrect method)
log 10

This is also incorrect:

log _numerator /= log (log numerator) - log (log denominator)  : (incorrect method)

log denominator Since this value is actually the logarithm of
the result, raising the base used to this
indicated power, as for finding an anti-
logarithm (or the Number), will yield the
result.

This correct result is found if the order of operations is followed more closely where the numerator and denominator are
simplified separately:

log1000 = _3 = 3 : (correct method)
log 10 1
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The reverse of the quotient rule can be remembered as the "log difference rule". The difference of two logs having the
same base is equal to a log with the same base and whose number is the quotient of the minuend number divided by the
subtrahend number.

Ex. log 27 - log9 = log (27) = log 3) = 1 : log difference rule
3 3 3 (9) 3
checking: 3 - 2 = log (3) = 1
3

THE LOG OF A POWER

The log of a number raised to a (indicated, with an exponent) power is equal to the log of that number times the
exponent of that number. This can be remembered as the "log exponent" rule" or "log of a power rule". The result is that
the indicated (with an exponent) power of a number (N), of which the log is to be found, becomes a numerical coefficient
(ie. a multiple, or multiplying factor) of the log of just the base value of that indicated power.

log Number?exponent = (log Number) (exponent) or = (exponent) (log Number) , expressed symbolically:
logN*e = e logN : LOG (INDICATED) POWER RULE, or the
LOG EXPONENT RULE

Ex. log 483 = 3 log 4 : log (indicated) power rule, or the log exponent rule

2 2
checking: log 64 = 3(2)

2

6 = 6

Here is a verification of this rule:

log 573 "extending" the indicated power:
log ((5)(5)(5)) using the log product rule:
log5 + log5 + log5 Since multiplication is repeated addition, adding

their numerical coefficients (here, 1, for each) we have:

(1) logd + (1)log5 + (1)log5 :like values, add their numerical coefficients:

(1+1+1)log5 = 3log5 : the left side is also a "factored" form of the previous line, and
the common factor to all the values summed is (log 5)

There is a simple rule when dividing two log expressions when the base of the logs are the same, and both bases of the
numbers (N), expressed as indicated (with an exponent) powers, are also identical. Below, (x) and (y) represent any
possible value for the indicated exponents of both numbers that are expressed, indicated powers and which have the
same (power) base (here indicated as A) of that indicated power:

log A?x = X this is easily verified using the log exponent rule:
log Aty y

_log A = _xlogA = _x_ : a value divided by itself is 1, or after canceling out the common
log Aty y log A y factors (here, log A) to both the numerator and denominator.
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Even if the base of the indicated power of N is not identical, if you can convert and express N as a power of the other
base, the above method will work. In the following example, the base of the expressed power of 2 is converted to its
equivalent value having a base of 4:

Ex. log 4”3 = log 43 = log 43 = 3 = 2
log 23 log (4"0.5)"3 log 4M.5 1.5

Note that 405 = /4 = 2

checking:
_log 473 = _log 64 = _1.806179974 = 2
log 23 log 8 0.903089987

Another method to simply the original equations is with the exponential log rule:

logd4"3 _ =_3log4_ = _3_ =2
log 4M.5 1.5log 4 1.5

Actually, since the numerator and denominator are both composed of a logarithm expression only, and with no indicated
logarithm base, any logarithm base can then be consistently utilized in the equation for the correct solution. If you happen
to use a base of 8, this can be solved easily since both Numbers (here 64 and 8) are a power of 8. There are a few other
instances shown in this book where any base can be used. Below is a verification of this "any log base" concept:

Given any value, say expressed or represented as N1 (for Number 1), the division of two logarithms of it which always
have the same two and different logarithm bases, always results in the same (constant value) quotient, say F.

Ex. log 64
2 = 6_ = 2 :N =64, b1=2, b2=4
log 64 3
4
Ex. log 16
_ 2 = _4 =2 :N=16, b1=2, b2=4
log 16 2 Though the numbers differ in both equations, notice that
4 the result is always 2 when the same two and different bases

bases are used consistently.
Expressing this into a formula:

log N1
b1 = F F is a constant when the Number is changed and when log bases are used
log N1 consistently (ie., the same used values). Mathematically or algebraically:
b2
log N1 = (F) log N1 : We see that given N, the logarithms with different bases, will only vary by a
b1 b2 constant factor of F (or 1/F) when one is divided by the other.

Given another value, say N2, and using the same bases, the quotient will still be F as shown in the last two examples
above. This can easily be verified when N2 is some indicated power of N1 and using the log of an indicated power rule
and canceling the common factors:
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Let N2 = N1 since (x) can have any possible value, N2 can be any possible value, then:

logb1t N2_ = logb1 N1x = x_logb1 N1 = _logb1 N1 = F
logb2 N2 logb2 N17x x logb2 N1 logb2 N1

We see that regardless of the Number used, given any two bases, there is a common or constant factor (ie. here a ratio
value) between those bases. Mathematically, in the algebraic sense (for a formula) we have:

log N2 = (F)log N2 dividing the two results, we have another interesting result:

b1 b2
log N1 (F)log N1 log N1
b1 = b2 = b2 : Same two numbers (N1 and N2) but using
log N2 (F)log N2 log N2 another log base for both, will be equal.
b1 b2 b2
Ex. _log25_ = _1.397940009_ = 2 : common base of 10, and:
log 5 0.698970004
_loge25 = _3.218875825 = 2 : base of (e), the "natural log base" (about 2.71)
loge 5 1.609437912

This is further verification that different bases (when used consistently within a problem) can still be utilized to achieve the
correct result. Sometimes a log with a base of 10 is converted into one having a log base of (e), and vice-versa. Here,
the value of the Number is adjusted so as the actual proper or true result is maintained.
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THE LOG OF A POWER OF A PRODUCT

The logarithm of an indicated (with an exponent) power of an expressed product of two or more factors can be
expressed as equal to the sum of logarithms where each number (factor of the original expressed Number or product) of
the log is raised to the same indicated power as the expressed product of those factors. This rule is similar to the log
product rule.

log Number®exponent = log ( (factor_1) (factor_2) ... )"exponent = |log factor_1+ log factor 2 + ...

Ex. log (1000 x 10)*2 = log (10002 x 10%2) = log 10002 + log 1072
log(1,000,000) + log (100)

6 + 2
8
checking: log (1000 x 10)"2 OR: log (1000 x 10)"2 OR= 2log (1000 x 10)
log (10,000)"2 log (10,000)*2 2 (log 1000 + log 10)
log 100,000,000 2 log 10,000 2(3+1)
8 2 (4) 2(4)
8 8 : checks

If you were to write a "formula" for the above procedure it would look something like the expressions on both sides of the
equality ("equals") sign below where A and B represent the factors of the Number, and x represents the exponent or
indicated power.

log (AB)"x = log(A*x B*x) = log A*x + log B”x

Using the log exponential rule on both of the equivalent expressions (an equation) above, we can arrive at other useful
"log formulas". We see that the exponent is "distributed" or applied to the exponent of each factor of the number (N).

log (A B*x) = log (AB)*x = xlog(AB) = logA”x + logB*x = xlogA + xlogB = x(logA+logB)
Ex. 5loga +7logb considering the log exponent rule, this can be expressed as:
log a5 + log b7 considering the log factor and log product rule, this can be expressed as:

log (a”5 bA7)
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"SPECIAL" LOG RULE

When the base of the logarithm, and the base of the number are the same, the result or logarithm (ie., the
exponent) is equal to the number's exponent.

Ex. log 10 = log 10M = 1 : special log rule
10 10

checking: 10" = 10

Ex. log 103 = 3
10

checking: log 1000 = 3
10
3 = 3

A check can also be made using the (log) exponential rule:

log 10"3 = 3 log 10 = 3(1) = 3
10 10

If we were to express this concept symbolically or algebraically, so as to be non-specific in values or showing a more
"generalized" formula for any possible values used, we would have something like:

log N%exponent = exponent : here, the log base, and the base of the number are the same value of N
N

Knowing all of the above, it is easy to reason that when the Number is less than the base, that the exponent or log is less
than one. When the Number is more than the base, the exponent or log is greater than one:

log N = 1 : when N=b ,"When the Number (or power of the base) equals the base of the logarithm,
b the log equals 1".
Ex. log 10 = 1
10
log N > 1 : when N>b ,"when N is greater than b", the log is greater than 1
b
Ex. log100 = 2
10
log N < 1 : when N <b , "when N is less than b, the log is less than 1".

b

Ex. log 5 = 0.69897
10
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log1 = 0 :whenN=1 You can now imagine that when the number is less than 1, (N<1), but still
b greater than zero, (N>0), since 0 is not a power value of any base value, that
the log will be less than 0. This requires knowing about "negative or signed
numbers" that are discussed further ahead in this book.

Ex. log 0.99 = -0.00436481 : When (0<N<1), the log is negative or
less than 0. Here, since N is almost or
close to 1, the log is close in value to 0.

When the Number is greater than 0, and less than 1, (ie. between 0 and 1), this can be symbolically expressed as :
log (0<N<1) = (<0) : a value less than 0 is called a negative value, and is indicated
with a negative sign, (-) preceding it, as shown in the example above.
This will account for the logarithms of all the (fractional) values between 0 and 1.
Negative values are used quite a bit when the temperature is below zero degrees
= less than 0 degrees = <0 degrees = <0°. Negative value <0. Ex.-1<0

The fundamental log rules described up to now will be verified in the ALGEBRA section of this book.
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FINDING EXPONENTS WITH LOGARITHMS

Expressing and finding exponents with logarithms is perhaps the greatest use of logarithms.

Ex. Given 10”x = 1000, find the exponent x.

First, take the logarithm (using any consistent base) of each side of the equation:

10~ = 1000
log 10~ = log 1000 using the "log exponent" rule:
x log10 = log 1000 now isolate (solve for) x:

Since log 10 is a factor of the left hand side (of the equation), remove it by dividing it by itself, effectively canceling or
ridding it from that side and thereby isolating x so as it can be solved for. Of course, to keep both sides of the equation in
equivalence or balance, this process must be done to both sides.

1

xlog10 = Jlog1000 = _3 = 3 : Note, you cannot use: log 1000 - log 10 = 3-1= 2 , since both
log10 log 10 1 the numerator and denominator are logarithms.
1

Extra note: The log of a negative numbers (less than 0) are undefined.

If you were to write a generalized representative or algebraic formula for this procedure, it would look something like the
following:

given b’x = N : Here (b) represents the base of the indicated power, (x) is the indicated exponent
of the base, and N represents the number or power value of that base.
logb*x = logN : after taking logs of both sides
xlogb = logN : using exponential rule, solving for (x):
x = _logN : GENERAL FORMULA FOR SOLVING FOR AN EXPONENT
log b (given: N = bx)

Ex. Solve for x given:

x = log 9
3

X = _logN = log9 = 2 : Use any base, but the result of 2 can be found by inspection when you
log b log 3 consider that both numbers have a factor of 3 in them, and then using

a common or consistent base of 3. Note also that:
log9 = log (3x3) = log3+log3 = log3*2 = 2log 3
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FINDING POWERS WITH LOGARITHMS

Both of the processes for finding powers and roots with the aid of logs essentially results in the need for
evaluating an anti-logarithm which is also known as an inverse logarithm. For anti-logarithms, you are to find the number
(ie., power value) given the base and the exponent (ie. the logarithm). You can "think of" an anti-logarithm as the reverse
of finding the logarithm of a number.

Ex. Evaluate: N =103

Note that this example given can easily be solved by repeated multiplication, but this is not the case when the exponent is
not an integer. This simple example was chosen to make the procedure clear.

N = 1073 taking logs of each side, here, using a base of 10; the common log base:
logN = log 1013 this can be expressed as:
logN = 3log10

Equating (3 log 10) equal to the required exponent of the base (here 10) to equal N (a power of that base):
N = 10%3log10) = 1043x1) = 103 = 1000

In general, if you were to write a (algebraic) formula for this procedure, it would look something like:

N = b”x : N = power, b =base, x = exponent , taking the log of both sides of this equation:
log N = log b”*x or:
log N = x loghb therefore, according to the definition of logarithms:
N = 10%(log N) and:
N = 10Mx logb) or= 10%(log b*x) : A GENERAL FORMULA FOR FINDING POWERS

(where N = b”x)

N = 10%(log N) shown above is the general notation for finding antilogarithms (the number) of common (base 10)
logarithms. Another, simpler derivation of this notation is from the log definition itself:

Xx = log N : an expression to find the logarithm of a number using a base of 10, therefore:
10
N = 10”x since x = log N, and using substitution:
10
N = 10%log N) : =107, and if any other log base (b) is considered, this formula would be expressed as:
10 N = bAlog N) = b”x
b

Below are some more examples of evaluating powers with logarithms. Included in the examples is more terminology
associated with the concepts of logarithms.

Evaluate 1074 using logs.

N = 104 taking the log of both sides, we can use any log base, here we will use the common log base of 10:
logN = log 10*4
logN = 4 log 10
logN = 4 (1)
logN = 4.0
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The 4, or the whole portion of the log of (10”4) is technically called the characteristic of the logarithm. The fractional
portion of the logarithm (here it's 0) is technically called the mantissa. Both the characteristic and mantissa are part of
the logarithm or exponent. Expressing this in a pseudo (or algebraic) mathematical statement:

log N = exponent characteristic + mantissa or: characteristic part of the log + mantissa part of the log
characteristic.mantissa : expressed symbolically as decimal mixed number

Therefore, using the inverse log, or anti-log, expression to find the number::

N = 10Mogarithm = 10%exponent :since logarithm = log N , b*logarithm = base”exponent = N
b

N = 10%(characteristic + mantissa) OR:

N = (10”characteristic)(10*mantissa) therefore:

N = (antilog characteristic )( antilog mantissa )

Substituting values for the example just given:

( antilog mantissa )( antilog characteristic )

(‘antilog 0 )( antilog 4 )

(10M0) (10M) or= 10%0+4) = 10"4
(1) (10,000)

N
N
N
N
N = 10,000

Here is a small table to assist in understanding the characteristic and mantissa values (here, using a base of 10):

1070.0 = 1 : characteristic =0 mantissa = 0.0 : log 1 = 0.0
1070.5 = 3.16228 :characteristc =0 mantissa=0.5: log 3.16228 = 0.5
10.0 = 10 : characteristic =1 mantissa = 0.0 : log 10 = 1.0
10M.5 = 31.6228 :characteristc =1 mantissa=0.5: log 31.6228 = 1.5
1072.0 = 100 : characteristic =2 mantissa = 0.0 : log 100 = 20

All the values from 10 up to 99.999... are said to have a characteristic of 1 when base 10 is
being considered. That is, these values are essentially powers of 10 and the characteristic
is the integer (whole number) of the indicated power. For all the values from 10 up to

100, where the characteristic of these values is always 1. Alog value having an integer
value of 1 is characteristic or common of Numbers between, or in, the range from 10 to 100,
and the mantissa value of their logarithms will increase from 0.0 to 0.999999... in this range.
In short, the characteristic value of the logarithms remains the same (here 1) for this range of
values, but the mantissa value of that logarithm increases from 0 to 1 as like a fraction of a
unit does. The (common, base 10) logarithms of values in the range from 100 to 1000 have a
characteristic of 2, and in the same manner, the mantissa will increase from 0.0 to
0.999999... in this range.

When you see a logarithm (ie. exponent) that has a characteristic of 1, you will know that the
anti-logarithm or Number (the power value of the base raised to that indicated power) has
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a value between 10" to 1072 = 10 and 100. When you see a logarithm that has a characteristic
of 2, you will know that the anti-logarithm or Number has a value between 1042 to 10*3 =100
to 1000, and so on.

Ex. Find the common (base 10) antilog of 2.17

Here, 2.17 is a logarithm of some number, hence it's an exponent value. We see that the characteristic of this

logarithm (or exponent) is 2 and the mantissa is 0.17. Since 2 is the characteristic, the corresponding Number
is between 1072 to 1023 = 100 to 1000.

According to the definition of logs:

217 = LogN and therefore:

N = 10217 : N is the number or antilog. Factoring this indicated power value:
N = (1072)(10"0.17)

N = (100) (1.479108388)

N = 147.9108388

When solving for the log of a number, the characteristic portion of the log can easily be found by observation or by
expressing the number in standard scientific notation (discussed further ahead in this book under the topic of SCIENTIFIC
NOTATION which is a form of exponential notation with a base of 10) where the characteristic is equivalent to the whole
part of the indicated (as in the exponent) power of 10, that is, it's equivalent to the log of this power of 10, and the
mantissa is equivalent to the log of the other factor to the power of 10. Since this other factor (to the power of 10) is less
than 10 in value, and the log of (10*1) is 1, its log, and therefore the mantissa, is always less than 1. Another similar
method is to express the number using a slightly modified scientific notation where the number is not between 0 and 10,

but always less than 1. This second method eventually requires that you know about adding signed numbers as shown
below.

Ex. Log of 50 can be found by:

Log50 = Log (5)(10M) or = Log (0.5)(1072)
Log50 = Log 5 + Log 10M or = Log 0.5 + Log 1072
Log50 = 0.698970004 + 1 or = -0.301029995 + 2
Log50 = 1.698970004 = 1.698970004

Again, whenever you see (log N), think of it as being an exponent value:
log N = logarithm = exponent = characteristic part + mantissa part = whole part + fractional part
For this example, on its left side, 1 is the characteristic, and 0.698970004 is the mantissa.

Notice that when a number is factored to any form of scientific notation that the digits remain the same, and only the
power of 10 changes. If numbers of various values with the same digits in them are all factored to standard scientific

notation, then all of them will have the same mantissa portion in their common logarithm. In respect to the above
example:

Log 500 = Log (5)(1072)
Log500 = Log 5 + Log 1072
Log 500 = 0.698970004 + 2
Log 500 = 2.698970004

For comparison, if the digits are the same, the mantissas of the logs are identical:
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(antilog) (integer power of 10) (fractional power of 10)

characteristic mantissa
5 0 0.698970004
50 1 0.698970004
500 2 0.698970004
5000 3 0.698970004

For illustrative purposes, this same sort of "similar digit results" will occur when multiplying (or dividing) any two numbers
with the same digits, for example:

123 1.23
X __ 957 x _ 5.7
7011 7.011 : both products have the same digits

In this book, you can find more about this subject in the topic of LOGARITHMS OF SIMILAR DIGITS

Ex. Evaluate 2.5 using common logarithms.

This example will show that the indicated power value is converted to an equivalent power value, which has a base of 10
and a correctly adjusted exponent, that can be evaluated using common logarithm and antilogarithm tables, etc. For
much of this book, the concepts of the characteristic and mantissa of a logarithm are not used much, but you should have
an idea of what they are.

N = 27M.53

logN = log 2"1.53 : after taking the common (base 10) log of both sides
logN = 1.53 log 2 : log power or exponent rule

log N = (1.53)(0.301029995)

logN = 0.460575893 : characteristic = 0, and mantissa = 0.460575893

Since the characteristic is 0, the antilogarithm or the value of the number must be between 1 and 10 since 100 = 1 and
10M = 10. That is, 0 is a common "characteristic" for the exponents of the values being represented (with a power of a
base of 10) between this range. It can also be stated as that the integer portion of the logarithm in question has this
characteristic value. If the characteristic was 1, the number would be within the range of 10 and 100, but not including
100, or higher, since 10*2 = 100, and the characteristic would actually be 2.

N = (‘antilog mantissa )( antilog characteristic)  using common antilogs or powers of 10:

N = (1070.4605759)(1070) multiplying like values or variables, add their exponents:
N = 1070.4605759 (1) The underlined 9 means rounded to this position.

N = 1070.4605759

Usually, to save space and cost, common antilogarithm (base 10) tables range from 0 to 1 for the exponent, hence the
antilog of the characteristic must be performed by inspection. Since the antilog of the characteristic is an integer power of
10, simply adjust (ie., move) the decimal point in the antilog of the mantissa in accordance with the indicated exponent in
the antilog of the characteristic. It should also be pointed out that log tables are for, or thought as for, the log of numbers
whose values are within the range of 0 to 1, or 0 to 10 (when the number is placed in standard scientific notation). It is
also possible to use log tables in a sort of reverse type of process to evaluate antilogs (finding the Number value).
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After evaluating 10°0.4605759 :
N = 2M.53 = 2.887858435 : correct to 6 decimal places due to the previous rounding above

Ex. Evaluate 25072.5

N = 25072.5
log N = log 25072.5
log N = 2.5 log 250

Let us try to express or place the Number into a value that's within a log table that goes from log 0 to log 1:

logN = 2.5 log (1000 x 0.250)

logN = 2.5 (log 1000 + log 0.250)

logN = 2.5 ( 3 + log 0.250 ) After solving (or from a table) the log of 0.250:
logN = 2.5 (3 +(-0.602059991))

Note, logarithms of values between 0 and 1 are always negative in sign. Negative in sign simply means that the value is
less than zero. More will be said about negative numbers later. Since log 1 = +0, it is easy to reason that the log of a
number less than 1, and between 0 and 1, is less than 0 and is indicated as being negative. Continuing the above
example:

log N = 2.5 (2.397940009) : after combining (formally, it means joining, addition, summing) values in the
second factor, and the result here was essentially due to subtraction.
log N = 5.994850022 : N = antilog (log N) = antilog 5.994850022 = 1075.994850022

We see that the characteristic is 5 and the mantissa is 0.994850022. Using the basic concepts of logarithms, expressing
the antilogarithm of both sides to solve for the number (N):

N
N

1015.994850022
107(5 + 0.994850022) = (1075)(1010.994850022)

Using a table to find the common antilog of 0.994850022, the resultis: 9.882117688. This value is to be multiplied by a
power of 10 (here, indicated as the 5th power), and the easiest way to do that is to simply move the decimal point a
number of places equal to the indicated exponent. Here, the decimal point will be moved 5 places rightward, and this is
the same as multiplying by 105 = 100,000.

N = (1075)(9.882117688)
N = (9.882117688)(100,000)
N = 988,211.7688

Ex. Evaluate 1.74752

To find the value of this indicated power would be very tedious if performed by hand using repeated multiplication.

N = 10%x logb) : basic formula, previously derived, for finding powers given the base and exponent.
N = 10452 log 1.74) factoring 1.74 to have a number less than 1 for solving with a log table:

N = 10752 (log (10)(0.174)))

N = 10~ 52 (log 10 + log 0.174))

N = 1078 (52)(1 + (- 0.759450751)) = 107 (52)(1 - 0.759450751) )

N = 107((52)(0.240549248) )

N = 10" (12.50856091)

N = (1070.50856091)(10M2) using a scientific calculator or common anti-logarithm table:
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= (3.225231628)(10M2) : this form itself would be typical of an acceptable answer

~ 3,225,231,628,000 : approximate, since the last three least significant digits were
dropped or omitted and unused during the calculation using
a 10 digit calculator, or by visual inspection moving the
decimal point.

N
N

Note, as mentioned previously, that any base of a logarithm can be used to evaluate a power as long as it is consistent in
the calculations. Below is an example of the concept using a base of (e) instead of 10. (e) is well defined and roughly
equal to 2.718282, and is used as the base for "natural" logarithms which are often used to mathematically represent
things that happen in nature and expressed scientifically or mathematically. Evaluating powers of 10 usually requires a
table or calculator to solve, however, all powers of (e) can be solved directly from a formula which will be presented further
ahead in this book.

From: N = b"x taking logs (with any base) of both sides:
logN = log b"x and if the log taken had a base of (e) instead of 10,
this must be explicitly expressed as:
In N = In b”x In indicates a natural logarithm, and is usually substituted for the word log when
e e the base is understood as being (e), the natural logarithm base. This can be
also be simply expressed as:
InN = In b”x Solving for N considering the concept of antilogs:
N = e?In b*) or from the "log of a power rule":
N = e*x In b) :Finding a power of a value using natural logarithms (given N = b”x).

The appendix contains a general method for finding any power.
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FINDING ROOTS WITH LOGARITHMS
The process of finding roots with the aid of logarithms is similar to that of evaluating powers with logarithms.
Ex. Evaluate N = 3V 1000 : here, N is the root value. You can use another variable identifier for N, like R.

First, let's convert this radical form to its equivalent exponential form.

3V 1000

N =

N = 1000%(1/3) taking logs of both sides:
logN = log 1000~(1/3) or:
logN = _1 log1000 = log 1000

3 3
Finding N by taking the antilogarithm:
N = 10 (log1000)/3) = 10M3/3) = 10M = 10

If you were to write an algebraic formula for the above procedure, it would look something like this:

N = x\Vb :N =root, x =index, b= radicand
N = b*1/x) : exponential form
logN = log b*1/x) : taking logs of both sides
or: logN = _1logb = logb
X X
N =x({b = 10*logN = 10%((log b)/x) : A GENERAL FORMULA FOR FINDING ROOTS

using logarithms and antilogarithms
An important observation can be made here. The only difference between the (antilogarithm) notation for solving powers
and roots is the placement of the variable(x). For powers, (x), the exponent of the indicated power, becomes a multiplier
to the exponent of 10 (or any proper base used). For roots, (x), the root-index of the radical, becomes a divisor to the
exponent of 10 (or any proper base used).
Forpowers: N = 10%(xlog b)
Ex. 52 = 10Mxlogb) = 1042 log 5) = 10%((2)(0.698970004)) = 10*.397940009 = 25
For roots, (x) (the index or the indicated root) becomes a divisor to the exponent of 10 (or the proper base used).

Roots: N = 10* ((log b)/x)

Ex. V 25 = 10%log b)/x = 10%((log 25)/2) = 107(1.397940009/2) = 1070.698970004 = 5
As like evaluating powers with any base, roots can be evaluated using any base as long as the base is used consistently.

Ex. N =x\V b = e?((Inb)/x) : Formula for finding a root using a power base of (e), and the
natural logarithm base of (). b =radicand, x = index
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Ex. Find the 10th root of 10, using logarithms for the solution.

10V 10 = 104(1/10) = 10%0.1 = e“*(In10/10) = e”(2.302585093 / 10) = /(0.2302585093 = 1.258925412
=~ 1.259 =~ 1.266 =~ 1.25

A proposal by the author of this book, and for logarithm notation in terms of a simple text editor abilities would
be:
x = Log N =log(b ,N) : this is similar to computer programming, function notation with the required
b parameters expressed. The actual values used are called the specific arguments.
or:

X =log N =log(b,N) or= (logb , N)

x =log N =log(b:N) or= (logb:N)
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SIGNED NUMBERS

Signed numbers are numbers preceded by a positive (+) or negative (-) mathematical symbol. Numbers
preceded by the negative symbol (-) are said to be negative numbers and have a value less than 0 or some other
reference value.. Numbers preceded by the positive symbol (+) are said to be positive numbers and have a value greater
than or equal to 0 or some other reference value. If a sign does not precede a number, or the sign is not explicitly
indicated, the number is to be considered as a positive number. For example:

5 =+5 = "positive 5" and -5 = "negative 5"

How can a value be less than 0? A value can be less than 0 when that value is, or is considered as, a negative change,
decrease, loss, or reduction from another given value which is considered as the reference value that change value is in
reference to. That is, the change is in reference to some other value. So that you can get a good feel or understanding
of signed numbers, their are several discussions below.

A very common use of both positive and negative numbers is with temperatures. It is common in cold climate areas to
have a temperature that is "less than 0 degrees" with either the Fahrenheit or Celsius temperature scales. For example,
the temperature may be "negative (or minus) ten degrees", and is indicated as -10°. Since no other reference value was
given, this -10 value is in reference to 0 degrees which is the reference value. A negative sign indicates that a value is
less than the reference value being considered. Here is a helpful "number-line" that is a graphical or visual reference to
consider about signed numbers: [FIG 18]

opposite direction one direction

of measurement of measurement

= : e

less than reference value reference value greater than reference value

The reference value can be any value. either positive or negative in sign. Usually
when a reference or "starting" value is not given of which a number is in reference
to. that number is understood to be in reference to a value of 0.

distance or length from distance or length from
reference value reference value
Pl | l 1 1 | | | | | | 1 | | | |
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The length or distance between any two values is calculated as the difference between those two
values., For example: The difference between +3 and +1 is: {3-1) = 2. The difference between 1
and 0is: (1 -0)=1. The difference between 0 and (-1)is: (0-(-1) = 1. The difference between
+land-1is: {(1-{-1))=1+1=2. The difference between+3 and-1is: {(+3-(-1})=+3+1 =4
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As you can see in the above drawing, the sign of a value also indicates its physical direction and-or location, and in a
mathematical sense, this direction and-or location sign is either: "less than" (ie., - = negative in sign), or "greater than"
(ie., + = positive in sign) a reference value.

If you had a starting or reference value of 5 things, and got 2 more things, this value of 2 can be expressed as :
The change of, in, or applied to the value of 5 was an increase of 2 = positive 2 = +2

If you had a starting or reference value of 5 things, and gave away 2 things, this value of 2 can be expressed as :
The change of, in, or applied to the value of 5 was a decrease of 2 = negative 2 = -2

As we can observe above, signed numbers, in particular when they have a mathematical sign (+, -) symbol, give or assign
a "direction" or further meaning to that number. This meaning could be that the number represents an increase or gain
from an existing or reference value (including 0), and therefore it would be noted with a positive (+) sign or symbol. If the
number represents a loss or decrease from any existing or reference value (including 0, or even a negative value), it
would be noted with a negative ( - ) sign. In short, signed numbers are in reference to some existing or reference value,
and not necessarily in reference to 0 only.

Since signed numbers represent gains or losses with respect to an existing reference value (0 if none was
specified, or if the signed value is a final result of a computation), signed numbers can simply be considered as a
"change-value" or simply as the change (as a verb: to modify, or have an affect, and as a noun: the amount of the
modification or affect, the numeric change value or value of the change) from the reference value. If a value changed to
5 less, this change would be noted as -5 numerically. Of course, to find 5 less of a value, or a value reduced by 5, this
would normally be expressed and processed as a subtraction operation: value - 5 Below, the right hand side of the
equations represents expressions for the signed number concepts:

value - 5 = reference_value - 5 : with signed numbers, value becomes a reference value
for the change or change-value to be applied to, and have
an affect on it

reference_value with the specific change applied to, added to, or combined (+) with it
reference _value + change value

value - 5 (reference_value) + (-5) : the sign of the change value is still attached to

and associated with it

new_value : the resulting or result value due to a change
Considering this example, note that when signed numbers are considered, expressions such as:
reference_value - 5, are to be now considered or understood as actually indicating or meaning:
(reference_value) + (-5) = reference_value (+) -5 : reference_value combined (+) with a decrease value
This is so, since when a value changes to a lower value, that value is said to have decreased, or the change in
that value is said to be a decrease, and the specific amount of this change or the change value is mathematically
said, expressed or represented as negative 5 = -5 , rather than positive 5 = +5 such as if the change was an
increase. You can consider -5 as expressing a change or decrease of 5.
What looks like a subtraction expression, is now to be considered or understood to the be combining (as noted
with the addition or combine symbol of: +) of signed numbers or values rather than a subtraction expression.

The values being combined are called "signed (humeric) values" or "terms". Note that in the original expression
above, and in relation or reference to signed numbers, that the combine symbol (+) can be considered as "hidden"
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or "understood", just as when the positive symbol (+) is considered "understood" when not explicitly indicated for
a value greater than 0.

What if you added or combined two decreases or losses? The answer is that the net or total decreases or losses actually
gets larger or greater in value when they are combined (essentially signed number addition, which is the addition of
signed numbers). The decrease or loss would be said to be greater, a greater loss, hence it would be expressed or
represented as a larger negative value. In a notation-like form:

decrease + decrease = larger decrease : the sum of decreases, so as to find the net or total decrease
(-5) + (-5) : add the losses together and keep the (common) sign that
they are decreases or losses:
-5 -5 : here, shown without the "hidden" addition or combine symbol
-(5+5) = -(10) = -1(10) = -10 :-(5+5) = 1(+5+5) = (-1)(5)+ (-1)(5) = -5-5 = -10

This can also be thought of as:

- (total sum of [signless] decrease values) :And it is also a factored form where (-1) was factored
from each term of:
(-5 + -5) = (-1)(5+5) = -1(6+5) = -(56+5) =-(10)=-10

Any positive number has an equivalent negative number counterpart (an (opposite) correspondence or
resemblance), and vice-versa. Though the signs are different, they both have the same magnitude (essentially the "plain
(signless)" distance or length), value, position or distance from 0. Below is a graphical representation of signed numbers
using a "signed number line" graph. From the reference value, here 0, numbers in one direction are assigned (signed) as
being positive, and for the opposite direction, they are assigned negative signs and are therefore called negative values,
and which could simple be stated or "thought of" as numbers, lengths, distances, changes, etc., in the opposite direction:

-0, ..-5 -4 -3 -2 -1 0 +1 +2  +3  +4 +5 ... 00

oo is the "infinity" symbol which indicates that there is no limit to the possible values, hence "infinity" has no specific,
constant or actual value, and is more of a concept for an unending process. Consider something that is "infinitely big" or
"infinitely small". Outer-space is considered as infinitely big or unending.

A change can be either an increase or a decrease. The opposite of an increase is a decrease. The opposite of a
decrease is an increase. Increases and decreases are counterparts (or the "negative") of each other. If the change is an
increase, the value of that change is noted or expressed with a positive sign: +value. If the change is a decrease, the
value of that change is noted or expressed with a negative sign: -value.

You might now ask, how do you mathematically express the opposite of a positive value, and that is to take the negative,
or opposite of it:

The opposite or negative of a positive value is: - (positive value) = negative value = -value

Ex. - (increase value)=-(+5)=-5. , a decrease value : this is the same as multiplying the initial value by
negative 1 = (-1) = -1, as will be shown later.
Consider that if you multiply a value by 1 that the result
is still that same (unchanged) value:
(value)(+1) = (value) ,and if you multiply that value by
(-1), the result is: (-value), or the opposite, whether
value itself was actually either positive or negative in
sign as a signed value.
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Likewise to mathematically express the opposite of a negative value, you also take the negative or opposite of it, and the
result is a positive value:

The opposite or the negative, of a negative value is: - (negative value) = positive value = +value

Ex. - (decrease value)=-(-5)=+5 , anincrease value : again, this is also the same as multiplying the value by
negative 1 = (-1) = -1, as will be shown later

Choosing any signed number value such as graphically expressed on the signed number line, even if it's a
negative number, all values rightward of any (reference) value are said to be "more positive" or greater (larger) in value.
Likewise, all values leftward, of any value on the line, are said to be "more negative" or less in value (since those values
are headed closer to, or towards that direction on the signed number line).

Here is a signed number, or "change value", line positioned or aligned to be in reference to 7 on the common whole
number line: [FIG 19]

whole number line, reference values

|
I
0 1 2 3 4 5 6 7 8 9 10 11 ...+

-o...-5 -4 -3 -2 -1 0] +1  +2 +3 +4 45 ... +©
signed number line, change values

On the signed number line, or change number line, 0 means no change (yet) applied to the
reference value chosen, and here, it's set or indicated as 7. To the left means a decrease or
loss. To the right means an increase or gain.

Given a reference value of 7, if the change to 7 is a loss or decrease of 1, move to the left of 7
by 1 position for the result. This process can be indicated and automatically calculated
mechanically, by first aligning the 0 change value with the reference value of 7. then move

or slide the (amount of) change indicator ("pointer" or "cursor") to the (-1) position. The result
is indicated directly across from it on the other ruler or number line, and it is 6.

7 combined with a change of (-1)is6. 7+ (-1) = 7-1 = 6: [FIG 20]

whole number line, reference values

| | | | |
I | | | i >
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signed number line, change values

The above concept is also an example of a simple automatic mechanical calculator than can
perform addition or subtraction and display the result visually. This construction is a type of

"slide rule" system that you can construct with two rulers aligned to be in parallel. To the right

of 0 on the signed number or change in values line, you could place a word such as "INCREASE",
and to the left of 0, you could place a word such as "DECREASE". To uses this calculator, move
or position the zero (or "no change") mark of the signed or changed number line directly across
from the reference number in question. Though it may not be apparent, the difference between
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any two corresponding values on these two number lines as set and shown above, has a value
equal to the value in reference (the reference value), and for this example, itis 7:

reference value + change = sum : the change can be either positive or negative.
7 + (-1) =6 mathematically, if change is subtracted from both sides:

sum - change = reference value : again, the change can be either positive or negative
6 - (-1) = 7 : this should be interpreted as: (+6) + (-(-1)) = (+6) + (+1) = 7

We see that when combining a positive value and a negative value, it results in the difference

(or mathematical amount of separation, such as on the number line) between those two values.
Considering 7 as the reference value, the difference between 7 and 6 is (7 - 6) = +1 , hence it can
be said that 7 is 1more than 6, and-or 6 is 1 less than the reference value of 7. Considering 6 as
the reference value, the (signed) difference between it (6) and 7 is (6 - 7) = -1, hence it can be said
that 6 is 1 less than 7. The negative value indicates the result is less than the reference value,
and this would be so, even if that reference value was also negative in sign.

The common whole number line can also be extended (leftward) to include the negative whole numbers
leftward of 0, and so as to make a more functional (mechanical) calculator that can also work with
negative (reference, or starting) values.

Where are the sign symbols from? They are a direct result from the addition, adding, or combination (combine,
combining, "and", "mixed with" or "joined to or with") symbol of: (+), and the subtraction (remove, take-away, reduce,
lessen) symbol (-). However, with signed numbers where the subtraction symbol appears to be utilized, it is rather a
negative symbol (-) associated with a value, and is not a mathematical operation symbol.

Ex. If you had zero and added one to it, the expression would be:

0+1 =1 :adding a number to 0, is essentially not adding anything to that number: 1+ 0 =1, and the result is
that same number

Therefore, if you had 1 and subtracted 1 from it, you would have:

1-1=0 : First, subtracting is applying a decrease or loss. This decrease can be noted mathematically as a
negative change, and the actual value of this change will be assigned a negative sign to indicate
or express this. Here. the decrease or change is 1, and it is expressed as a signed number as:
(-1) or= -1. This change will be applied to the value of 1. 1 combined, added to, or applied with
the change = 1 +change = 1+ (-1). Hence: 1-1istobe understoodas= 1+ (-1).

1-1=0, thisthesameas (+1)-(+1) = (+1) combined with, or appliedto (-1) = +1(+)-1 =0
Just the same, since the order of addition or combining does not matter, and the sum remains

the same, this can be considered a: (-1) combined or applied to or with (+1):

+1(+)-1 = 1(H)+1 = 0

Hence when you see: 1 -1 this can be considered as equal to the sum of two signed values of:
(+1)and (-1) = (#1)+(-1) = +#1-1 = 1-1 = (-1)+(*+*1) =-1+1 =0

If you then take this 0 and subtract 1, as in "1 less than 0 (as the reference value)", you would have:
0-1-=-1 As a check to this, consider adding 1 to each side, and the equation will still be in balance.

Here is where the subtracting operator, operation or symbol becomes the negative symbol
or sign, and continuing this concept of notation: 0 + 1 = +1, we have the positive sign.
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0-1+1=-1+1 : each side can also be expressed as just: +1-1 or= -1+1 since 0 adds nothing.
0 : The combining of an increase and decrease, both having the same value, results as if
no (net, total, or final) change has taken place:
(increase) + (decrease) = 0 = (+value) + (-value) = +value - value =0
Ex. 7 was increased by 3, and then decreased by 3. This can be expressed as:
(7+3)-3 = 10-3 =7 = 74+3-3 =7+0=7
Mathematically: 7+3-3 = 7-3+3 =4+3 =7 = -3+3+7 =7

OR, it can be said that -1 = "negative one" added to nothing is still that same value of -1:

-1)+0 =0+(1) =-1 = 0(+)(-1)=0(+) -1 =0 -1, since when 0 is added to any value, the result is that same value,
or that the value is unchanged. So, this is where signs and terms (numbers preceded by a sign) started into use. Rather
than say -1 means "subtract one", which is a mathematical operation, people now can even use negative-one (-1) to show
that this is a result of a mathematical operation, rather than a mathematical operation that needs to be performed. Writing
an expression for the addition of -1 and +1, both being 1 more or less from 0, their combined (+) sum should be 0:

+1)+ (1) =0 : a value summed or combined to its opposite value is 0, or no value.
A value combined or added to 0 is that same value:

0+1)+(0-1)

(1)*E1) =0 o
A1)+ =-1+1=0 : you can either add -1 or +1 to both sides to see that the equation is still in balance.

Rearranging the elements, operands, or addends to be summed or combined , their sum should still be the same,
no matter what order they are summed or combined together:

+1(+)-1 =0 On the number-line, if given 1, you would go rightward from 0 to +1, then if you were to
take away 1, this is indicated as -1, which means to move along the number-line in the
opposite direction 1 position leftward. Doing this, we arrive back at 0. We see that signed
numbers indicate the new value or change to be added in or combined into the running
sum is to reduce (-), or increase (+) the current total of the sum.

The add or combine symbol (+) can be removed if we consider that the sign goes with each operand that is to
be combined, and then this combine symbol (+) can be eliminated or hidden, and understood that the signed
number operands, or terms, are being added or combined.

Without signed numbers or terms, it would be difficult to solve equations by transposing (essentially eliminating
a term, and moving its signed number counterpart) values from one side of the equation to the other so as to keep
the equations in balance.

In short, a simple explanation of signed numbers goes something like this:
+5 is five more than something, and -5 is five less than something.  or:
+5 is a change that is an increase, and -5 is a change that is a decrease.

If something was 80 degrees and cooled off to 70 degrees, the change in temperature was (80 - 70) = 10
degrees. Since the change in temperature was a decrease in temperature, this would be noted with a
negative sign as -10. If the change in temperature was ten degrees higher, this would be noted as +10.
-10 means a decrease of 10, or 10 less than something (here its 80 degrees, and for another day it could
perhaps mean 10 less than 50 degrees). See, negative numbers don't have to mean less than 0

always, when they are considered as a decrease or a (negative) change from any another value (ie. the
reference, initial or starting value, and not necessarily 0).

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 227



Ex. Consider we have a "running" (continuously updated) current total or sum, that is, we are to add in all new values as
they come along or happen, to the current or accumulated value of the sum. Perhaps we are putting apples into a basket
as we pick them. Sometimes there will be a decrease in the number of apples because someone took some apples out of
this basket. This essentially causes the sum of apples to change to a lesser or lower value. This decrease or change can
be mathematically indicated as a negative sign preceding its (decrease) value. If someone put some apples back into the
basket later, this change can be mathematically indicated as a positive sign preceding its (increase) value. With the
concepts of signed numbers (numbers that mathematically indicate or represent an increase or decrease), we can
mathematically express this running total or sum as a single equation, of running addends or operands, rather than in
multiple steps such as something like:

Equation 1:  first sum = number1 + number2 : perhaps various amounts of apples put in the basket
Equation 2:  second sum = first_sum - number3 : here, number3 is negative in sign since it is the number
of apples that were taken from the basket. This value
or term is being summed or combined to: first_sum

These multiple equations can be mathematically expressed (more simply) as:
sum = number1 + number2 - number3 +/- ...

This expression above is actually a method that would be employed without even knowing the concepts of signed
numbers. Since all changes are to be added into, or applied to, the running sum, and if we do not yet know if a
change will be an increase of a decrease, we will simply write or indicate this expression as the combining (over
time, as changes take place and we know the values of those changes) of known, or yet to be known values.

sum = number1l + number2 + number3 +... : here, the word "number " is essentially a formal
placeholder (ie. a variable) for any possible value,
including its sign, since the value could be either
positive or negative,

Using this form of the expression eliminates what appeared to be a subtraction operation in a running summation
(sum) and then assuming that the other numbers or operands are always positive in value. With this new notation, it is
understood that all terms (a number preceded by its sign) or operands (actual values, constants or variable[any, or
many possible values]) or are always considered as signed values that are to be added or combined using the rules
(which will be discussed ) for signed numbers.
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ABSOLUTE VALUE

| | is the absolute value (mathematical) operation symbol. It is used to transform a signed number into its general
distance or "magnitude" from zero. The absolute value of a signed number is that number without its sign (hence
mathematically equivalent to the positive value).

Ex. |+5] = 5 : "The absolute value of positive five is five".

Ex. |-5] = 5 : "The absolute value of negative five is five".

Both of the signed numbers above have an absolute value of 5 since each of the signed numbers has a distance of 5 from
0. This also shows that +5 and -5 are signed number counterparts. Signed number counterparts obviously will sum to O:
value + (-value) = value -value = 0

Consider the difference between 6 and 7. In reference to 6, it could be said that 7 is an increase of 1 and this could be
mathematically expressed , noted or indicated as: +1. In reference to 7, it could be said that 6 is a decrease of 1, and this
could be mathematically expressed, noted or indicated as: -1.  Still, they (6 and 7) both differ from each other by an

absolute (or real) value of 1:

[+1] = |1 = 1 . if this was a length or distance, it would have to be positive or signless in value
since there is no actual physical length or distance that has a negative value.

WHAT ARE THE SIGNS USED FOR?

Values that represent decreases or losses are noted using a negative sign (-) preceding it, and values that
represent increases or gains are noted using a positive sign (+) preceding it.

What are terms?

Together, a number and its sign is called a term. Terms are the operands of signed number addition or combining. A
single term by itself is sometimes called a monomial or single term expression. The word "mono" means "one" (= 1). To
solve or "simplify" a multiple (sum of) terms expression, often called a multinomial, is to possibly combine (essentially a
summation by signed number addition) the terms into a single term (essentially the sum).

Ex. If the temperature increases by some value, the value of the actual change in temperature would be noted using a
positive sign since the temperature increased. If the temperature decreases by some value, this change in temperature
would be noted using a negative symbol. Hence, the signs help give meaning to values they precede. In this example,
the signs indicate the change in temperature in reference or with respect to an initial temperature of which could also be
either positive (pos.) or negative (neg.) in value.

A general expression, statement or formula for the new temperature, in relation to the old temperature, can be:

(old temperature) + (change in temperature) = (new temperature) : each could be either pos. or neg. in sign

For example, if the old temperature was +80° ("eighty degrees") and the change in temperature was 10° cooler, this 10°
drop or decrease would be noted as: -10°. The new temperature using the formula above is:

(+80°) + (-10°) = +70°

Usually, the addition or combine (to add terms mathematically, considering their signs) symbol would be omitted or
"hidden", but it still should be understood that these terms are being combined, and the expression would be the familiar
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looking:
+85° -10° = +70° showing the hidden or understood combine symbol between terms:  +85 (+) -10 = +70

Here, from now on, it will be understood that the terms (+85°) and (-10°), "positive eighty-five, and negative ten", are being
added or combined. That is, do not think of the (-) symbol as a subtraction symbol, but rather think of it as the negative
symbol that goes with the value of 10, making that term of (-10°). Hence, in a way, there is "no real (formal) subtraction
operation" with signed numbers, and there is really just the addition or combining of signed numbers or terms.
Differences (or the amount of separation) in values may still need to be found, and then a subtraction operation is used on
the signed numbers or terms.

To advance you're mathematical capabilities, it is perhaps better to consider all values as terms or signed values. That is,
don't think of signed values or terms as a "special unique feature", but think of them as more like the "main feature",
particularly for simplifying and solving equations. With some occasional practice, you will naturally gain more familiarity
and confidence using these concepts.

SUBTRACTING A VALUE THAT IS LARGER

With the concepts of signed numbers, it is now mathematically possible to subtract a larger value from a smaller
value. As a graphical illustration, observe the drawing below of the number-line: [FIG 21]
| ] ] | | | | | | | |
| I I | | | | | | | I
-©o...-5 -4 -3 2 A 0 +1 +2 +3  +4 +5 . .. +©

If you subtract 1 from 5, you have 4. This can be accomplished using the drawing above and then by moving 1 position
leftward (to the lesser values) from the (reference, or "starting") position marked 5. Likewise, if you were to subtract 7
from 5, the result can be found by moving 7 positions leftward from 5. The result is: -2. The mathematical method to get
the same results will be shown in the discussions to follow.
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ADDING SIGNED NUMBERS

We know that adding two "common or plain" unsigned or positive numbers equals a larger unsigned or positive
value. Symbolically:

(positive value or term) + (another positive value or term) = a larger positive value or term

Ex. 5+2 =7 which really means when considering the signs as associated with signed numbers (ie. terms, of
an expression):

(+5) + (+2) = +7 : Here, the "hidden" addition operation or combine symbol is explicitly shown between the two terms
that are shown parenthesis. The two terms being summed or combined are: positive five: (+5),
and positive two: (+2). The result of this expression of a sum of terms is a single term having a
value of positive seven, (+7). This may also be expressed sometimes as:

+5 (+) +2 = +7 : here, the implied and understood combine (add) symbol is explicitly indicated or expressed, also:

(+5) (+) (+2) = (+7) :is a possible expression of the above equations

(+5) (+2) = . if the above expressions are expressed this way, it is an error since it now indicates the product
of the two values, rather than the addition of the two values, and the result it actually +10, and

not +7.

Adding or combining a negative value to another negative value is effectively adding or combining a decrease to another
decrease, hence making a larger total or net decrease, and the sign of the sum is therefore negative. Symbolically:

(negative value or term) + (another negative value or term) = a larger negative value or term
Ex. -5-2 = -7 which really means:
5 (+) -2 =-7 : Again, the hidden addition operation or combine symbol is shown here for the understanding that

these terms, or a series of terms, are to be mathematically combined (added) to produce a net
result or sum term.

If a negative value (or decrease) is added or combined with a positive value, or vice-versa, the resulting (signed) sum is
equal to the largest difference of the absolute values of the two, and the sign of this sum is from the operand (here a term)
with the largest absolute value. In other words, subtract (take difference) the lowest absolute value from the highest
absolute value, and keep the sign of the highest absolute value. On the number-line, the resulting sum will be someplace
between those two given values.

(positive value or term) + (negative value or term) = | largest term | - | smallest term | = sign of largest term, difference
Even though the expression is for the sum of two terms, the result is actually found by a difference operation when the
signs of those terms differ (are not the same). The result will neither be a larger positive value, or a larger negative

value, but a less positive value and-or a less of a negative value.

Ex. +5 -2
OR.= -2+5

+3 "positive five added (or combined) to negative two is positive three"
+3 : since addition is commutative (commutative law), you can rearrange the terms
or (signed) operands being combined, added or summed.
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Ex. -5+2
OR. +2-5

-3 1-5]-1+2| = 5-2= 3 applied with the sign of the value that has largest absolute value,

-3 and since 5 is greater than 3, the proper sign will be from its corresponding term. Here, the
term of which 5 was from is: (-5), so therefore, the sign to apply to the resulting sum of the
combining of those two terms will be the negative sign. This is so, since although the
result is less negative, there is still some of its negative value still remaining after the
combine operation, and it must therefore be indicated or expressed as part of the result.
Here, the result is negative three = (-3).

If you want, you can easily verify all these results on the number lines shown previously. It is interesting to note that the
difference or separation between -5 and +2 on the number line is actually +7, and not -3, and this can be shown by
subtracting those two values from each other:

-5-(+2)
+2 - (-5)

-5 -2
+2 +5

-7
+7

7 in absolute value , or:
7 in absolute, signless value

Again, if given a negative value and you then add a positive value to it, the sum may still be negative, as when the largest
of the two signless values was negative, but the sum or result can be said as being "less negative" in reference to its
previous and larger negative value. For example, when +2 is added to -5, the sum is -3. -3 is said to be less negative
than -5.

Ex. If the temperature outside was -20 and then it "warmed up" to -3, this change is usually said to be better or positive
even though it is still below zero (ie. negative) degrees outside. The temperature is headed or getting closer to being a
positive value.

If you are performing addition of signed numbers with a standard "home" calculator which does not have a "sign"
or "change of sign" key, below is a somewhat "wordy", but simple example of how to add or combine signed numbers in
such a situation. First, some calculator that do not have a "sign" key actually allow you to enter negative numbers by first
pressing the "minus" or "subtract" key before entering the number (which is essentially the same as entering: 0 - number =
-number, and then press = or the next operation key, or by pressing: number - and then = , where the calculator assumes
the first operand is 0. For a simple check to see if your calculator can display negative numbers, subtract a larger positive
(or signless) value from any smaller positive value, and the result should be negative in sign (indicated before, or
sometimes after the result). For example, enter: 2 - 3, and the result displayed should look something like -1. If your
calculator does not work with signed values (particularly negative values) you must establish and record the sign of each
operand and result mentally or manually on paper.

Add positive five and negative three using a simple "home" calculator.
(+5) + (-3)
Since subtraction of a number is really equal to the addition (combining to make a sum) of the negative, "opposite” or
"reverse" of that of that number, we can transform this addition problem back into a common subtraction problem by
subtracting the negative, "opposite" or "reverse" of that number.
(+5) + (-1)(-3) : Multiplying by (-1) to have the reverse or counterpart of (-3).
(+5) + (+3) We must change the sign of the operation since we are now
adding two positive numbers for an increase, however we
want to combine (ie. add) a decrease to (+5) as shown in

the original problem, so we must therefore use the common
subtraction operation instead of the addition operation:
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(+5) - (+3) : as mentioned, this subtraction of a value is equal to the addition of that negative
of that value. (+5)- (+3) = (+5) (+) -(+3) =+5 (+) (-3) as first given.
And this will be performed on the calculator as:

5 () 3 : five minus three
+2
Summarizing the results: +5 (+) -3 in common, non-signed number form = +5 (-) +3

Again, the conceived subtracting a number is really adding or combining the negative of that number when working with
signed numbers.

If your calculator does have a (change or enter) sign-key or button (often indicate as: [+/-] ), to enter a negative number,
first enter the absolute (signless) value of that negative number and then press the "sign key" to display the negative
symbol with it. If you press the sign-key again, the value displayed should change back to a positive value.

As an extra note which could be helpful to understanding the difference or separation of absolute values: If the signs of
two values being added or combined are exchanged, the result is opposite in sign, hence both sums have the same
absolute value:

First note that: |-7|+|+2| = 7+2 =9, and |7|-|#2| =7-2 =5

Now consider addition with the operands signs reversed:

+7-2 =+5 and -7+2= -5 , Hence: |+7-2| = |+5| = 5 and |-7+2| = |-5] = 5 :Adifference of 5 for both.
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GETTING LESS AFTER ADDITION

Here is a very understandable descriptive analogy of how something can be less after adding or combining.

There is an empty container, its volume or space is first filled halfway with hot water, then the container is filled (ie.
combined, or added, (+)) to the top with cold water. Surely, the amount of water has increased, but this is not the case for
the temperature. The net (final total or sum) result of the water temperature is that it is not hotter (higher in temperature),
but is now only a warm temperature, and that the temperature of the water is now less and is said as being "cooler",
"lower" or "less" in value as compared to the original, starting, or reference temperature.. This is commonly thought of as:

"hot plus cold, equals warm" : you can view warm as "less hot", or "not as hot" in temperature, and that
or "cold added to hot, equals warm" is similar to saying a value is less positive than before

Note that the cold water temperature is really in reference to the warm water temperature, and vice-versa. For example,
cool 34 degree water can still be called cooler water than 35 degree water, even though its barely noticeable, and when
both are actually cold to most people. To account for all possible temperatures, and all possible changes in temperature,
a (more generalized) equation such as this is written:

temperature + change in temperature = new or resulting temperature.

Ex. Without using any specific units of measurement such as pounds or kilograms, let's say that a force of 10 is being
applied to an object in one direction, and another force of 3 is being applied to the object in the opposite direction. What
is the net , effective, or resulting force?

The force in the opposite direction will be assigned a negative sign. The net or effective sum of the forces is:

force_1 + force_2 = new or resulting force or:
force + change in force = new or resulting force

+10 + (-3) = +10-3 = +7 : The right hand side of the equation shows the expression without the
hidden combine symbol since it should be understood by now that the
individual terms (+10, and -3) of this expression are being combined.

If the force being applied in the opposite direction had a value of 10, the resulting force would be:

+10 + (-10) = +10-10 = O : Objects usually move when a force is applied to it, and here, the object
would not be moving since the net or total force acting upon it is 0.

Ex. Suppose we give an algebraic sign of (+) for the distance an object goes upwards, and a (-) sign for the distance an
object goes in the opposite or downward direction. A ball is thrown straight upwards for 50 units of distance, and due to
gravity, it will fall downwards 50 units of distance. How far (as in the "signed number" or "algebraic" change in distance
from its starting or reference position) did the ball travel?

Total Distance = Sum Of Distances
+50 units (+) -50 units : shown with the implied or hidden combine symbol
+50 units - 50 units combining terms (to simplify):
0 units :the balls ending location is the same as its home, initial or start location

This result might appear to be very odd. You could argue that it went 50 units up, and then turned around and went
another 50 units as it fell back, and hence a total of 100 units of distance. This is of course absolutely true if the distances
are considered as undirected (essentially the signless or absolute values) or non-signed, but because of the directional
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mathematics with signed values, the net distance moved is 0 units, as can be clearly seen since the ball is in the same
position or location as where it started from. The change in distance of it's ending position and its starting position is
essentially 0, whether the ball moved or not.

Although much of this has already been discussed here and there previously in this book, here is another helpful
discussion and an example that shows that the sign of a number indicates the difference or change from another
(reference) value in such a manor so as indicate (ie. with a sign) if the change was an increase or decrease from the
starting or reference value. If no reference value is indicated or known, it is understood that the signed number value is a
simple result of an equation, or a basic measurement (which has a reference value of and for that measurement, usually
considered or understood as 0, such as on a ruler (a reference scale to measure distance or length) or a weighing scale).

If the value is not considered as a difference, or in reference to some value other than 0, but is a final or a resulting value
of some expression, the value is understood at being in reference to a value of O:

Ex. +10 , "positive ten", without any reference value, is understood as being 10 greater than 0
-10 , "negative ten", without any reference value, is understood as being 10 less than 0

If the value is in fact a difference of two values, it indicates the amount of change in the first value so as to be equal to the
second value. This difference can be expressed in two ways:

1. Asignless or "magnitude, absolute or plain common numeric value": Ex. 10 , "ten"

2. A signed numeric value: Ex. +10 = "positive ten" , or -10 = "negative ten"

Now consider two values, let v1 = value_1 , and v2 = value_2
Ex. v1=+10 and v2=+7 > or if just signless values were given: v1 =10and v2 =7

Lets consider v1 was the initial value and v2 is its final, current, new or resulting value after some change in or of v1.
Since these values are different (not the same or identical), a change has occurred to the first, starting or initial value
(here, considered as v1). This change (as a measure of the specific or actual difference (a measure of the separation of
two values)) or differences in values can be calculated with a subtraction (or "difference operation”, since the result of a
subtraction operation is a difference) operation.

vl + changeinvl = v2 or simply:
vl + change = v2 solving for change:
change = v2 - vi since the change (in v1) is actually expressed here as a difference (d) value:
change = d = v2 - v1 = ending value - starting value Note, for an unsigned number system, you must use:
d = highest absolute value - lowest absolute value
d= v2 -Vv1
d = +7-(+10)
d=+7-10
d=-3 : the difference or change was negative, or "negative in value", indicating

the new value is a decrease or less than (<) the starting value. +7 < +10

Knowing there is a difference and its value, it is used to indicate a "numerical comparison or relationship" of one value
with respect (in reference) to another. It will indicate if a value is greater than or less than another, and by how much.

If the specific value of d is positive in sign, it indicates an increase or gain, and that the new or ending value is greater
(>) than the starting value: new value > starting value.
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If the specific value of d is negative in sign, it indicates a decrease, lessening, reduction or loss, and that the new or
ending value is less-than (<) the starting value: new value < starting value

For the example, variable (d), the difference or change value is -3.

ending value < starting value : likewise, mathematically: starting value > ending value
+7 < +10 +10 > 47

Ex. If vi=+7 and v2 = +10

From: change = d = v2 - v1
change = d = (+10) - (+7)
change = d = +10-7
change = d = +3 : a positive change value or difference indicates a gain or increase

has taken place or occurred.
here, ending value > starting value
+10 > +7

If you were to apply a change of (-3) to a value, such as (+10), you would express this operation as an addition or
combining operation of two or more signed values. Here the combining operation is applied to or upon the starting value

of (+10):

starting value + change = ending value , or by switching sides:

ending value = starting value + change
+7 = +10 + (-3)
+7 = +10 -3 this is the same as: +7 = +10 (+) -3
+7 = +7 : checks

We see how useful and important the sign is with its corresponding value, as in a signed number system. If the change
was only indicated as 3 and without the negative sign or an indication of being "3 less", the ending value would commonly
(in an unsigned number system) be calculated to be: +10 + 3 =13 which would be the wrong result and which has a
difference of +6 (ie, 6 higher, off or away) from the true result of (+7). In a sign number system, the sign is always kept
with the value, and generally not to be discarded, so as it will be used in any further calculations so as to achieve the
correct results. The sign is now part of the number or value. (+7) and (-7) are two different numbers. One value, (+7)is 7
more than 0, and the other, (-7) is 7 less than O (or possibly some other reference value). (+7) and (-7) are quite different,
and expressing this difference mathematically or quantitatively, the difference between them is a relatively huge value of:
(+7) - (-7) = +7 +7 = 14. The value or number of (-7) is just as important and useful as (+7) = 7.
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MATHEMATICALLY EXPRESSING SIGNED NUMBER COUNTERPARTS

The mathematical counterpart (corresponding, and "opposite") of a signed value or number is equal to that same
value, but with a sign change. Mathematical counterparts of signed values or numbers have the same (signless, or
unsigned) absolute value, "magnitude" or distance from 0. To change the sign of a value, simply subtract it from O, or just
take the negative of it by multiplying it by (-1).

The negative (-), "reverse”, mathematical or number-line counterpart of a positive value is a negative value. Expressing
this mathematically:

Ex. -(+5) = -5 : the negative of positive five is negative five. This is a single term and expression.
If you add 0 to this term (to create a two term expression and to help understand the result),
it wont change its value: value +0 = 0 + value = value
«(+5)+0 = 0 (+)(-(+5)) = 0(+) -(+5) = 0-5
0-5 = (0)+(-5) = -5 since 0, or no change, added or applied to any value is equal to that
same value. Likewise any value added or applied to 0 is still equal to that same value.

The negative (-), "reverse", or counterpart, of a negative value is a positive value: Expressing this mathematically:
Ex. -(-5) = +5 , or= -(-5) = -1(-5) = +5 = (-1)(-5) =+5 : the negative of negative five is positive five

The expressions on both sides of the equations in the above examples will be mathematically verified in the discussions
to follow, such as the multiplication of signed numbers. Technically, the set of whole (common "counting") numbers and
their corresponding negative counterparts are classified as the "integer" numbers.

MULTIPLICATION OF SIGNED NUMBERS

The product of two positive terms is a positive term, as expected since it is much like the multiplication of two
unsigned values. The product of a negative term and a positive term is a negative term. The product of a negative term
and a negative term is a positive term. All these rules can be verified using repeated addition.

Ex. (+2)(+3) = +6 Essentially, this is an example of "repeated increments (addition)". Here two will be added to
zero (think of the starting point, a sum that is nothing =0) a total of three times. In other words,
three, twos will be summed, or that two will be summed three times.

Note also, (+2)(+3) = (+3)(+2) since the order of multiplying does not matter.

since +2+2+2 or= (+2)+ (+2) + (+2) : shown on the right side with the "hidden"
+6 addition or combine symbols.
Ex. (-2)(+1) = (-2)(1) = -2 : any value times one is still that value. If you were to start at the

0 or "reference" position of a number line and reduce this by 2, by
going in the leftward or the negative direction (essentially a subtraction),
you will arrive at -2.  (+0)+(-2) = +0-2 = -2

Ex. (-2)(+3) = -6 :This is an example of "repeated decrements (subtraction)”, so the result
should then be less, or more negative. Negative two will be added to 0 a total of
three times. This might be more easily seen when rewritten as: (+3)(-2) using the
commutative law. Since the second factor is negative, and not positive, the result
cannot be positive. Instead of repeatedly adding (+3) a total of (2) times, this is
effectively repeatedly subtracting (+3), a total of (2) times, from 0.

since -2-2-2 or (2)+(-2)+(2) = (-4)+(2) = -6
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Ex. (-2)(-3) = +6 This is verified below:

First, it can be shown that:

(-3) = (-1)(+3) = the negative or counterpart of +3 is -3. : adding -1 three times is (-1)+(-1)+(-1) = -1-1-1=-3
Thatis, (-1)(+3) = -(+3) = -3 cor= (+3)(-1)
Then:

(-2)-3) = (:2) (NH3) = (NE2)(+3) = -(-2)(+3)

Essentially then, the negative or counterpart of (-2) will be used as a multiplicand , and for the repeated addition:

-(-2) = +2 : the negative or counterpart of (-2) is -(-2) = +2
"the negative of negative two, is positive two"
-(-2)(+3)
(+2)(+3)
+2+2+42
+6

An alternate verification is:

(-2)(-3)

(-2)(-1)(+3) using the commutative law:

(-1)(-2)(+3)

(-1) (-6) = -(-6) and the negative or counterpart of (-6) is:
+6 = +6

A negative value times a positive or signless value results in a larger negative value, and is due to the repeated addition of
that negative value. It is not too difficult to then understand that a negative value times a negative value should be of the
opposite sign, and cannot have a negative value. The opposite of a negative value is a positive value. Summarizing the
signs of the results or products of signed number multiplication:

(positive value) x (positive value) positive value

(positive value) x (negative value) = negative value
(negative value) x (negative value) = positive value :(negative) (negative value) = - (negative value) = + value
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DIVISION OF SIGNED NUMBERS

If the signs of the dividend and divisor are the same, either both positive or both negative, the sign of the quotient
will be positive, otherwise, it will be negative. All quotients can be verified using the signed number multiplication rules
when multiplying the divisor and quotient together and comparing their product with the dividend.

Ex. +10 = +2 since (+5)(+2) = +10
+5
Ex. -10 = +2 since (-5)(+2) = -10
-5
Ex. -10 = -2 since (+5)(-2) = -10
+5
Ex. #+10 = -2 since (-5)(-2) = +10 = (-1)(5)(-1)(2)
-5 DENE)N2)
- (-1) (10)
+1 (10)
+10

Summarizing the signs of the quotient of signed number division:

positive value_ = positive value : division of values having the same sign
positive value

negative value_ = positive value
negative value

positive value_ = negative value : division of values having opposite signs
negative value

negative value_ = negative value
positive value
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OBSERVATION OF SIGNED NUMBER COUNTERPARTS

The negative (-) or counterpart of a positive value is a negative value.
Ex. -(+5) = -5
Note that the negative symbol preceding (+5) can be interpreted as meaning;
(1)(+5) = -6
The negative or counter part of a negative value is a positive value.
Ex. -(-5) = +5
Note again that this negative symbol can then be interpreted as being multiplied by (-1).
(1)-5) = +5
Also note, -(-5) is actually a single term containing the negative sign that precedes(-5).

Written in this form: (-1)(-5), it is also a single term but it is understood as having a positive sign:

(-1)(5) = +(-1)(-5) or: +((-1)(-5))
+(+5)
+5

So, the apparent subtraction of a term is really adding the negative of that term. Though differences sometimes need to
be found, there is "no real subtraction" operation performed with signed numbers (terms), and there is only their summing
or combining.

Ex. +5-(-2)

This expression is the addition of two terms: (+5) and -(-2) or (-(-2)). The (+5) term is being combined (added) to the
negative of the expression inside the grouping symbol which is the term (-2).

That is, +5 -(-2)

(+5) + (-(-2)) : shown with the "hidden" addition (combine) symbol
OR, (+5) + ((-1)(-2))
+5 + (+2)
+5 42 : now shown without the addition symbol
+7

After practice, many of the intermediate steps will not have to be performed. For the above example:
+5+(-2)

+5 +2
+7

Noting the above discussion, the same can also be said about the positive symbol. These rules are very helpful when
clearing or ridding grouping symbols when simplifying expressions.
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+(+5

) = +1(+5)
+(-9)

+1(-5)

(+1)(+5)
(+1)(-3)

+5
-5

Subtracting a negative number is essentially removing a negativity or loss from the sum, because the result is a positive
value to be added into the sum. Therefore, the result is more positive. Since we are working with signed numbers, it is
best to think of subtracting a negative number as the addition of a positive number:

Ex. First: 2-5 : combining with a negative term

Now with the combining of the negative of a negative term which can be thought of as subtracting a negative
number, and we know this is essentially the addition of a positive number:

2 -(-95) showing the "hidden" addition symbol (+) between the terms:
2 (+) -(-5) D -(-5) = (1)(-5) = +5:
2+5 : the expression resolved to the addition of a positive number
7

Checking, the difference added to the subtrahend (when the original expression is considered as an expression of
subtraction) should equal the minuend:

7 + (-5) removing or hiding the addition symbol:
7 -5
2 : checks
Ex. -2 -(-5)
-2 +5
+3
Checking: +3 + (-5)
+3-5
-2 : checks
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WATCH THOSE SIGNS

Here is a common example where by not observing the signs, an error could result.

Simplify: -3 - 20 +7_ : The term -3 can be understood to have a denominator of 1
5

This is a two term expression, it is a sum of terms.

The first term is: -3 The second termis: - _-20 + 7
5

The lowest common denominator of both terms is (1)(5) = 5. After creating an equivalent fraction of the first term:

_(B)=3) - (-20 +7) combine the numerators over the like denominators:
5 5
15 -(-20 +7) distributing (-1) to clear grouping symbols, this will essentially

reverse the sign of each term in the grouping symbol. You can

5
think of this as multiplying the entirety of what is in the grouping
symbols by (-1), and here, each term in the grouping symbols.
«(-20+7)=-(-13) = +13 = -(-20 + 7) =(-1)(-20) + (-1)(+7) = (+20) + (-7) = +13

-15 +20 -7 combining the negative terms in the numerator:
5
_-22 + 20_
5
-2 an alternate method of displaying this is:
5
2= _(A)2) =N (2) =12 = _(2) = _ 2
5 (1)3) (1) (5) (5) (5) 5
Checking: -3 - -20 +7
5
-3 - -13 showing with a "hidden" addition symbol:
5
-3 (+) - (=13 = -3 (+) (1) (13
(5) +=1(5)
3 +(+¥13) = -3 + (+26) = -3 +26 = -04
( 5)
-04 = 4 = _ _2 : made an equivalent fraction (divided both the num.
10 5 and den. by 2)
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Checking: -3 - -20 +7_

5
3 - (13) = 3 -(28) = B (+) (1626 =
(5)
3 +(+26) = -3 +26 = -04

-04 = : -0.4 is the decimal number equivalent of the fraction on the right hand side

- -2
5

"MINUS" OR "NEGATIVE"?

People frequently use the words minus and negative as interchangeable or meaning the same thing. but as a
good rule, think of minus or the minus symbol (-) as the operation to find a difference (subtraction) of two values, and think
of negative, which happens to have the same sign (-), for values (operands) or results of an operations(s). For example, if
you see (-5) by itself, then it is best to not say that it is "minus five" since if this is perhaps the result of some operation(s),
what are you subtracting (minus is the symbol for a subtraction operation, and not its result) it from if this is the answer or
result you are looking for? It is perhaps more correct to say one of the following when you see something like (-5) by
itself: "five less than 0", or simply: "negative five".

Mathization Ebook V1.0 Table Of Contents Share This Ebook Donate 243



NEGATIVE EXPONENTS

Negative exponents can be created when you are canceling or reducing fractions using the exponent rules when
dividing like values, or variables as in algebra. Typically, a negative exponent is the result when a larger value exponent
in the denominator is subtracted from a smaller value exponent in the numerator.

Ex. _5M_ = 5M+1(-)+2) = 5A+1-2) = 571
512 1 1

Checking by multiplying the divisor and quotient to have a product equal to the dividend:
(5"2)(5"1) = 5M2+(-1)) = 5M : checks
1
Note: _5M = GM) . = _1_
572 (521)(5™M) 5M
1

:if canceling is used. Also: (5™)/(5"2) = 5/25 = 1/5

Since 50 = 1, we have:

1_ = _5"_ = B5%0-1) = 5™M
5M 5M 1
Hence, 5*1_ = 1 : We see that a value with a negative exponent really means, or is equal to, a
1 51 division by that value with a positive exponent. The inverse or "negative" of

multiplication (repeated addition) is division (repeated subtraction). As an
extra note, the inverse or "negative" of a power (which includes both the base
and the exponent; either expressed or simplified to a value) is a root.

Also note that the exponents can also be subtracted in the denominator instead of the numerator:

5M_ = 1 = 1
52 54(2-1) 5M

Hence, a value with a negative exponent in the numerator is really a division by that value with a positive exponent in the
denominator, or in simpler words, multiplying by a negative power is essentially division by its corresponding positive
power.

Ex. Simplify +100(5*-2)

+4
+100(5%-2) = +100(_1) = +100 = +100 = +4_ = +4
1(1) 1(5%2) 5°2 25 1
+1

Negative exponent form is sometimes desired when simplifying the product of multiplying like values (or variables in
algebra), where to simplify is to add the values exponents, and keeping the same value.

Ex. (3"3)(_1) without using direct multiplication to simplify:
(3")
(373)(3*-1) multiplying like values or variables, add their exponents to simplify, keeping that base:
37M3-1) and this can be simplified to:
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372
Or by representing 1 as = 3”0, like values in both the numerator and denominator can be shown:

(3"3)(1) = (3%3)(3"0) = (3M3)(3*0-1)) = (3"3)(3*-1) = (3”%(3-1)) combining the exponents:
(3M) (1 )3™M) 1

312 =9 checking: 3*3/3M =27/3 =9

Another method to convert a power which has a negative exponent to an equivalent value which has the same exponent
which is positive in value comes from the concept of reciprocals, a fraction to a power, and the previous discussion on
negative exponents.
Ex. 3~4 = 1/3"4 =174 /3 = [1/3]"4 = 0.333333333%4 These steps are also verified more below:

1/3% = 1/81 = 0.012345679 = 0.3333333333..°4 = 0.012345679

34 = 4 = 1M_ = (_1_)M
30 34 3

In general, if you were to write a (algebraic) formula for this, you would create something like:

NAx = _1 = (1/N)x : (1/N) is the reciprocal of N and (1/N)”x is the reciprocal of N*x ,
NAX By observation, it could be said that the reciprocal of an expressed
power (such as N”x) is equal to that same indicated power (such as x)
of the reciprocal of the base of that power.

A reciprocal of some value, say N is sometimes expressed as N/(-1), and this is verified here with several intermediate
steps which can be omitted during simplification of expressions:

The reciprocal of N is usually expressed as: _1_= (1)(1) = (1)(N?0) = (1) N*O0-1) = (1) NM-1) = N1 =1

N N NM N

Some formula express reciprocal values using an exponent of (-1), and it may be odd for example to see something such
as (pi) to the negative 1 power:

(Piy-1 = 1 = (@BA4.)01 = 1

(pi) 3.14...
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THE ROOT OF A PERFECT SQUARE

The square root of a positive perfect square (of a value) is both positive and negative in sign, that is, a positive
perfect square has two roots, one is positive, and one is negative.

Ex. What is the square root of 257

\/TZS = %5 : £ means both positive and negative

That is, \V/+25 is +5 and -5, but not both. 25 is said to be a perfect square (value) of both of its square roots.
Checking by squaring (raising to the second power) both roots:
+25

+25 |, symbolically or algebraically expressed: (-n)
checking: (-n)*2 = (-n)(-n) = (-1)(n)(-1)(n) = (-1

(+5)"2
(-5)"2

(+5)(+5)
(-3)(-3)

n’2

A =
(-1)(n)(n) = +1n"2 = nA2

)

Ex. VV 2072 = +20M2/2) = +20M = +20 : to put this radical in exponential form, and at the same time, solving
for the square root, divide the exponent of the radicand by 2

Ex. V478 = 4M8/2) = 4™
Ex. V 50.9796 = +7.14 : usually, a calculator would be used to find this root

Generally, the "principle" (main and positive) roots have more practical or useful importance, and therefore it is usually the
intended and formally defined root of any radical. Negative roots are usually meaningless, such as negative lengths or
distances, but don't completely ignore the possibilities of negative roots, for example, they are very important when
drawing curves that are symmetrical to either an axis of that curve, or to an axis-line of a coordinate system - where the
points [ie. a tiny part of a line or curve] have corresponding or counterpart positive and negative value coordinates
(corresponding locations, or simply the location or "address", of a point [drawn as a dot on paper]).

Here is a note on the difference between a negative valued base being squared, and the negative of a value squared.
Consider this: (-5)22 /=l -5"2

This above is read as: "Negative five square is not equal to the negative of five square.":

(52 =] -5"2
(-5)(-5) /=1 -(5"2)
+25 =/ -(+25)
+25 =/ -25

For -52, due to powers and roots having a higher precedence than combining of terms (signed values, and-or partial or
intermediate sums of the sum), this expression really indicates and is to be evaluated as: -(5*2). To indicate or "force"
the square of negative five, parentheses must be used as shown above as: (-5)*2. You could also say: "the square of
negative five is not equal to the negative of the square of five".

Also consider these possibilities: -(-5%2) /= -(-5)"2 or= -((-5"2)
-(-25) 1=l -(+25)
25 1=l -25
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THE DISTRIBUTIVE PROPERTY , DISTRIBUTION

The distributive property means that the product of two factors, in which one or both is a sum of terms (ie., an
expression), is equal to the sum of all possible products of each of the terms of one factor, with all of the terms of the other
factor. This should be easily seen, as presented below, since multiplication is really repeated addition. Distribution was
also briefly mentioned previously in this book. The word distributive comes from the fact that the terms of one factor are
"distributed”, as in a distribution of something, to be used (here multiplied) with all the terms of the other factor.
Frequently, the words "distribute” and "multiplication" are exchanged or used in place of each other due to their similarity
or process.

Ex. +5(+1+2) So simplify this expression, distribute the +5 factor to each member of the other factor
in the grouping symbols:

+5(+1) (+) +5(+2) : an intermediate step frequently omitted, showing the
"hidden" addition or combine symbol shown here as (+).
+5(+1) +5(+2) distribute or multiply to clear the grouping symbols in each term:
+5  +10 add (combine terms):
+15

Checking, using the order of operations more closely where the expression within the grouping symbols is simplified first:

+5(+1+2) = +5(+3) = +15

Ex. 2(10) = 10(2) expressing multiplication as repeated addition on the left side, and a
factor composed of, or reduced to, partial sums (here of 2) on the right:
10+10 = 10(1 +1)
10(1) + 10(1) = 10(1 +1) : this expression is of the basic format of the distributive property, and the

expression on the right side is essentially a factored form of the left side
where 10 is a common factor to each term, and is then factored out of each
term and expressed as a product on the right side.

For more verification of the distributive property, here is a slightly different way of expressing the above example:

2(10) 10(2) expressing each side using repeated addition:
242+42+42+2+2+2+2+242 10+10 expressing 2 as partial sums:
(+1)+(A+)FA+H)F(A+H)+(A+)+(1+1)+(1+1)+(1+1)+(1+1)+(1+1) = (1)(10) + (1)(10)

10(1+1) = 10(1)+ 10(1) :this expression is of the basic format of the distributive property

You may also consider this:

10 + 10 = 20 dividing both sides by 10 will keep the equation in balance, that is, both expressions will
still be equal:
10 + 10 = 20 the fraction on the left hand side can be considered as the sum of two "like-fractions" that
10 10 have the same denominator of 10:
10 + 10 = 2
10 10
1 +1 =2
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Since the original equation was divided by 10, we can multiply both sides of this new equation by 10 to undo what
was taken out. A multiplication by a number, and then a division by that same number, or vice-versa, will still keep
things in balance since that whole process is essentially multiplying by 1 which does not change a value:

number / number =1, or,= (number)(1/number)=1. :anumber divided by itself equals 1 which equals the
number times its reciprocal.

10(1 +1) = 2(10)

10(1 ) = 20 hence, in relation to original equation, we can see another verification of the distributive law:

10(1 + 1) = 10(1) + 10(1) = 10+ 10 = 20

If you were to create a minimal formula to represent this distributive property concept, letting A, B and C to represent (or
be "placeholders for") any values (not yet specifically known), it would be:

A(B+C) = AB + AC : a symbolic or algebraic formula for the distributive law
Note that AB = (A)(B) =Ax B ="Atimes B", and AC = (A)(C), etc.
Since letter "x" used as the symbol for multiplication might be considered as
a variable, it's use is therefore problematic, and parenthesis or brackets are
recommended where needed, such as to clarify an expression.

This expresses that A times the quantity of B + C, is equal to A times B, plus Atimes C. The right side of the equation is
known as a simpler form of the left side. This is so since it's a simple sum of terms rather than an indicated multiplication
(which itself represents another mathematical operation). The left side of the equation is also known as the factored form
of the right hand equation (where both terms contain a (common) factor of A), and more about this will be said ahead.

A single term is called a monomial, and a sum of two terms is called a binomial. The expressed product of: A(B+C) is
technically a single term product which consists of a monomial (A) times a binomial (B+C). After distributing and
multiplying the factor of A to each term in its binomial factor, the simplified or "simpler" result is a binomial expression that
is a sum of terms.

A(B + C)
AB +AC

AB + AC  : distributed form, showing all possible products of the two factors
A(B + C) :factored form , each term on the left side has a factor of (A) in it

The above is just the basic representation of distribution, and the factors A or (B + C) could actually be composed of more
terms and the basic concepts can still be applied to those just the same.

For additional verification of the distributive property, consider this where it is expressed like a common (vertical)
multiplication problem:

AB+C) = (B+C)A : due to the commutative law, the expressed order can be switched
B+C
X A
(AB) + (AC)
For example: 2(10+8) = 10 + 8 = 18  : this right side is the result simplifying the expression
X 2 X_2 in the grouping symbols first, and then multiplying
20+ 16 36
36
2(10+8) = 2(10)+2(8) :18 multiples of 2, is the same as 10 multiples of 2, plus 8 multiples of 2
20+16 = 36
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Note also that the second (from the left) vertical multiplication expression above essentially shows the right hand
multiplication as a multiplication of its positional sums in the decimal system. It could also be said that 10 and 8 are
"partial sums" of 18. In short, each "partial sum" (whatever values they may be) of the multiplicand is to be multiplied by
the multiplier once. Below, integer numbers 9 and 10 are expressed as the sum of two integer "partial sums". This will
help give a deeper understanding of partial sums that are integers, and of the concepts of distribution such as that
distribution can be "thought of" as either one or all factors converted or expressed as a sum of partial sums of it. After
some intermediate multiplications, the result is essentially that of repeated addition, as expected since multiplication is
essentially repeated addition. Though in these examples, it is easier to simplify the expressions in the grouping symbols
first before using distribution, it also helps verify using the concepts of distribution with values, such as variables, in
grouping symbols that cannot be simplified first or further. Here in a pseudo expression or formula:

(factor1) (factor2)

(factor1) (sum of partial sums of factor2)

(factor1) (partialsum1 + partialsum2) Now expressing the distribution of factor1 to each
partial sum in factor2:

(factor1) (partialsum1) + (factor1)(partialsum2)

Ex. (5)(2) : This example verifies the concepts of distribution.
BG)a+1) The multiplication of 5 and 2, expressed as a repeated addition of 5:
B)(1) + (5)(1) : shows the addition or sum of the partial products of
5 + 5 which are also partial sums of the final product
10

Or, since the result is the same if the order of the multiplication is changed:

(2) (5)

@2)1+1+1+1+1)

(2)(1) + (2(1) + (2)(1) + (2)(1) + (2)(1)
2 +2 + 2 + 2 + 2 : extra, for example, = (2+2)+2+2+2 = (4+2)+2+2 = (6+2)+2 = 8+2 = 10
10 A summation by grouping , showing partial or intermediate sums

Here is a verification of distribution

(5)(1 +1) :afactor expressed as a sum of partial sums
5+5 : multiplication is repeated addition of that value, equating the equivalences:

Since: (5)(2) =
And: (5)(2) =

(5)(1 +1)= 5+ 5 :which would result after multiplying the first factor to each partial sum of the second factor

Consider these partial sum integers that an integer value can have, and even these partial sums can be expressed as
other partial sums.

9 10
(1+8) (1+9)
2+7) (2+8)
(3+6) (3+7)
(4 +5) (4 +6)

(5+5) :afterthis, the values start repeating, for example (6+4) was already expressed as (4+6)
Clearly, an integer (N) will have the whole portion of (N/2) integer partial sums. 9/2=4.5, and 10/2 =5

Note that all the values from 1 to (N-1) will be included in these partial sums. Any value plus 0, is not
considered as a partial sum. Any number or factor can be expressed as partial sum:
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number x 9 = number(9) = number(sum of 9's partial sums) , for example:

number x 9 = number(1+8) = number(1) + number(8) = partial sum or product + partial sum or product = product

In short, if given number added once, and given number added eight times, the sum of those two values is equivalent to

number being added nine times. Number being added nine times is the same as number times 9.

A factor can also be expressed as the sum of more than two partial sums, even up to the point where that factor is
expressed entirely as the sum of values that are 1.

Ex. 7(4) = 7(¥1 +1 +2)
28 = +7(+1) +7(+1) +7(+2) :shown with indicated (ie. expressed) distribution
Now multiplying (it is also distributing, even if just
one term), and it will "clear the grouping symbols".
28 = +7 +7 +14 Now combining the terms on the right hand side:
28 = 28
Ex. +3(2+1) Using distribution (D):
+3(+2) +3(+1) : an expression with indicated distribution and the resulting indicated products
+6 +3 : after distributing to clear grouping symbols, and here its a single multiplication in each term
+9
Ex. +2+(3-7) -(5-7) this can be rewritten for better clarity as:
+2 +1(+3-7) -1(+5-7) distribute (+1) and (-1) to clear grouping symbols:
+2 +1(+3) +1(-7) -1(+5) -1(-7) : expressing the distribution, now multiplying to clear grouping symbols:
+2+3-7-5+7 optionally summing up all positive terms, and negative terms separately:
+12-12
0

Here is another generalized formula of the concept of distribution. Variables, or placeholders representing any value, are
used rather than specific values:

(A +B)(C+D)
A(C+D) + B(C+D) : an intermediate step often not shown. Note that each term now
includes the same factor of (C + D).
AC + AD + BC + BD

OR: (A +B)(C+D)
(A+B)(C)+ (A+B)D) this can be expressed as:
(C)(A+B)+ (D)A+B) : here, each term has a factor of (A + B)
CA+CB+DA+DB this can be expressed as:
AC +BC +AD +BD which can be expressed as:
AC +AD +BC +BD : the same as above
Ex. (+2+3)(+1+4)
+2(+1) +2(+4) +3(+1) +3(+4) :